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ABSTRACT 
In this paper, multiple criteria and multiple constraint levels linear programming with fuzzy parameters 

( LPFMC2
) is introduced based on fuzzy relations. The dual of LPFMC2

 is constructed on the basis 

that LPMC2
 can be decreased to a multiple criteria linear programming ( MCLP ). The concepts of 

  - feasible solution and ),(   - maximal and minimal solutions are defined. Finally, the weak and 

strong duality theorems are obtained. 
 

Keywords: Multiple Criteria and Multiple Constraint Levels Linear Programming, Duality, Fuzzy 

Numbers,   - Feasible Solution, ),(   - Maximal and Minimal Solutions 

 

INTRODUCTION 

In this paper, multiple criteria and multiple constraint levels linear programming ( LPMC2
) that is one 

of the important fields of multiple criteria decision making (MCDM) is considered to study. In the linear 

programming )(LP  and multiple criteria linear programming ( MCLP ) models a single person is 

considered in charge of decision making, for example the production manager. This may not be true 
assumption in actual practice. Therefore, we consider a group of decision makers (DMs), including the 
president, chief financial officer and controller share the decision making, responsibility. The preference 
values of each involved manager on resource availability can be treated as an individual level of the 
availability. Then, the obtained model has multiple discrete levels of resource availability. A problem 

with such structure is called LPMC2
. The solution of this problem is called a potential solution (Shi, 

2001). Each potential solution optimizes the LPMC2
 problem under a certain range of decision 

parameters that are the criteria and constraint level weight vectors. 

Shi in his book (Shi, 2001) studied LPMC2
 problem, integer LPMC2

 problem and transportation 

LPMC2
 problem. Shi (Shi, 2001) studied LPMC2

 problems in which objective functions are 

considered as fuzzy decisions. Instead of finding a set of potential solutions for LPMC2
 problem, they 

presented the decision makers goal-seeking and compromise behavior to attain a set of satisficing 
solutions between an upper and a lower aspiration level.  

In the classic LPMC2
, all data are exactly known. However, crisp data may not be available, because 

data in many real applications cannot be precisely measured. On the other hand, duality concept provides 
the useful information about the primal problem.  
Furthermore, solving the dual problem is often easier than its primal. Therefore, this paper studies 

LPMC2
 with fuzzy data )( 2LPFMC  and extends duality concept to LPFMC2

. For this, 

LPFMC2
 is firstly introduced and is converted to an MCLP  with fuzzy parameters (FMCLP) 

and then this problem is transform to an linear programming with fuzzy parameters (FLP ). In this 

situation, the dual of LPFMC2
 can be acquired by applying the concept of possibility and necessity 
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relations on the obtained FLP. We consider the possibility relation for primal problem and the necessity 
relation for dual problem.  
The reminder of this paper is structured as follows. Section 2 is about fuzzy preliminaries. Section 3 

recalls the formulation of LPMC2
 and its properties. In the fourth section, we consider fuzzy version of 

LPMC2
. Section 5 is about maximizing objective function and the next section, we consider fuzzy 

version of LPFMC2
 and extend the duality concept for this problem. Conclusions are given in the last 

section.  
Preliminaries 

Fuzzy set theory which was firstly introduced by Zadeh (Zadeh, 1965; Zadeh, 1999) has been extensively 
applied in much area of science. The basic definitions of fuzzy set theory are as follows: 

Let X  denotes a universal set. Then a fuzzy subset A
~

 of X  is defined by its membership function as  

[0,1]:~ X
A

  

which assigns to each element Xx  a real number )(~ x
A

  in the interval [0,1]. The support of a fuzzy 

set A
~

 on X , denoted by supp( A ), is the set of points in X  in which )(~ x
A

  is positive, i.e.  

0}>)(|{=)( ~ xXxAsupp
A

  

The   - level set of a fuzzy set A
~

 is defined as an ordinary set 


A  for which the degree of its 

membership function exceeds the level  : 

[0,1].},)(|{=][ ~  


xXxA
A

 

We denote the set of all fuzzy subsets of X  by )(XF .  

A fuzzy subset P
~

 of )()( XFXF   is called a fuzzy relation on X , i.e ))()((
~

XFXFFP  . 

A fuzzy relation Q
~

 on X  is called a fuzzy extension of relation P , if for each Xyx ,  

),(=),(~ yxyx
PQ

  

Let d
~

 is a fuzzy quantity. Following notation are used as: 

}]
~

[|{=)(
~

},]
~

[|{=)(
~


 dttsupddttinfd RL   

Let A  and B  are fuzzy sets with the membership functions [0,1]: R
A

  and [0,1]: R
B

 , 

respectively. We shall consider 

)(},,|))(),(({=),( aRyxyxyxminsupBA
BAPos

   

)(  },,>|))(),1((1{=),( bRyxyxyxmaxinfBA
BANec

    

where equations (a) and (b) are respectively called possibility and necessity relations. Possibility and 
necessity relations (a) and (b) were originally introduced as possibility and necessity indices in (Dubois 
and Prade, 1983). This relations can be alternatively written as: 

)<(=),(),(=),( BABABABA Nec

Nec

Pos

Pos
   

where 
Pos

  and 
Nec

  are the membership functions of the fuzzy relation on R. By BA Pos  and 

BA Nec>  we mean AB Pos  or AB Nec< , respectively. 
Multiple Criteria and Multiple Constraint Linear Programming 

In general, MCLP  can be written as:  

Cxmax  
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..ts  

 dAx   

0x   (1) 

The objective function is to maximize q  different criteria written by the )( nq  matrix C  (criterion 

matrix), while the )( nm  matrix A  is the unit consumption of resources and the 1)( m  vector d  is 

the constraint (resource availability) level.  

To construction LPMC2
, we replace d  by an )( rm  matrix D  and the problem (1) is converted 

to:  

Cxmax  

..ts  

DAx   

0x    (2) 

The LPMC2
 implies that x is feasible if Ax  lies in a convex set generated by the columns of D . For 

solving the problem (2), Shi (Shi,) introduced two weight parameters, the constraint parameter 

0>),,(=
1 r

t    and the criteria parameter 0>),,(=
1 q

t    into the formulation. Thus, 

the LPMC2
 can be transformed to:  

Cxtmax  

..ts  

DAx   

0x    (3) 

A solution of LPMC2
 called potential solution is formally defined as an extension of non-dominated 

solution for the multiple criteria program.  

Concepts of Potential Solutions (Seiford and Zhu, 1979) 

A basis J  is called a potential basis a potential solution for the LPMC2
 if and only if there exists 

0>0  and 0>0  such that J  is an optimal basis for the following problem:  

Cxt)(max 0  

..ts  
0DAx   

0x   

Given a basis J  for an LPMC2
  

0}|0>{=)()( 1    DBJi  is called primal parameter set and 

0})(|0>{=)()( 1  

RB

t CRBCJii   is called dual parameter set. 

The matrices R  and B  are sub-matrices of A which R  consists of non-basic variables and B  is a non-

singular matrix. Given a basis J  for an LPMC2
  

)(i  The basis solution  DBJx 1=),( 
 is feasible if and only if )(J . 

)(ii  The solution ),( Jx  is optimal if and only if )(J  and )(J . 
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)(iii  The objective function value of the problem is denoted by  DBCJV
B

t 1=),,( 
, which is 

a function of ),(  . Generally, )(ii  of definition 3 is called the optimality condition.  

 )(i  J  is a primal potential basis if and only if  )(J . 

)(ii  J  is a dual potential solution if and only if  )(J . 

)(iii  J  is a potential basis if and only if the cartesian product  )()( JJ .  

Special Potential Solution 

If the basic variable  DBJx 1=),( 
 is considered as a parameter form with respect the parameter 

 , then the condition 1=
21 r

    can set as a constraint, LPMC2
 becomes a LP  as  

xC k

k

q

k


=1
max   

..ts  

gg

r

g
DAx 

=1
  

1=
=1 g

r

g
  

rgx
g

,1,=0,0,     (4) 

Note that in (4), 
kC  is the k  th row of the )( nq  criterion matrix. A non-dominated solution of (4) 

with 0>  is called a potential solution, and a non-dominated solution of (4) with 0  is called a 

weak potential solution.  

)}(0,| {=* DHdsomeforxdAxxXx   is a weak potential solution if and 

only if there is a 
t

q

t ),,,(=
21

   with },{1,2,1,0 qk
k

  , such that 
*x  solves (4). 

For each given 0>),,,(=)( 00

2

0

1

0 t

r

t   , with 1=0

=1 g

r

g
 , 

*x  is a potential solution of (3) if 

and only if 
*x  is a non-dominated solution of (5):  

),,,(max 21 xCxCxC q  

..ts  
0DAx   

0x    (5) 

Xx *
 is a potential solution of (4) if and only if there is an 0>  and 

t

q

t ),,,(=
21

   with 

},{1,2,1,0 qk
k

  , such that 
*x  solves (6):  

xC k

k

q

k


=1
max   

..ts  

gg

r

g
DAx 

=1
  

1=
=1 g

r

g
  

rgx
g

,1,=0,>0,     (6) 
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LPMC2
 With Fuzzy Parameters 

The extended form of LPMC2
 (2) can be written as: 

qkxcz
jkj

n

jk
,1==max

=1
  

..ts  

rgddPxa
igijij

n

j
,1,=),,,(

1=1
  

njx
j

,1,=0,    (7) 

where )=(=  ororP . Considering data as fuzzy numbers, an LPFMC2
 is as: 

qkxcz
jkj

n

jk
,1=~=~max

=1
  

..ts  

rgddPxa
igijij

n

j
,1,=),

~
,,

~
(

~~
1=1

  

njx
j

,1,=0,    (8) 

By defining the constraint parameter 0>),,(=
1 r

t    and the criteria parameter 

0>),,(=
1 q

t    into the formulation, the problem can be transformed to:  

jkjk

q

k

n

j
xc )~(max

=1=1
  

..ts  

rgdPxa
gig

r

gjij

n

j
,1,=,

~~~
=1=1

  

1=
=1 g

r

g
  

rg
g

,1,=0,>    

njx
j

,1,=0,    (9) 

which is equivalent to  

jkjk

q

k

n

j
xc )~(max

=1=1
  

..ts  

rgPdxa
gig

r

gjij

n

j
,1,=0,

~~~
=1=1

  

1=
=1 g

r

g
  

rg
g

,1,=0,>    

njx
j

,1,=0,    (10) 

Now,we consider matrix A
~

 as follows: 
11 12 1 11 12 1

21 22 2 21 22 2

1 2 1 2

0 0 0 1 1 1
=

0 0 0 1 0 0

0 0 0 0 0 1

n r

n r

m m mn m m mr

a a a d d d

a a a d d d

a a a d d d

A

   
 

  
 
 
 

   
 
 

 
 
 

 
 
 
  
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Also, suppose )0,0,...,0,~...,~,~(=~
21

   r

n
cccc  such that )1,...,=( ~=~

=1
njcc

kjk

q

kj
 , 

t

rn
xxxX ),,,,,,,(=

2121
   and 

T

rm

B ),...,,,1,0,0,...,0(=
~     

  . Hence, model (10) is 

became as follows: 

jj

rn

j
Xc~max

=1

  

..ts  

1,1,=,
~~~

=1
  rmiBPXA

ijij

rn

j
  

njX
j

,1,=0,    (11) 

A fuzzy set X
~

, whose membership function 
X
~  is defined for all Rx  by  



















otherwise

ddxa

xaddxaxa

x
rPP

rPrmrmnmn

mPrrnnP

X

0,

)},(),...,,(

,1),...(,0),
~

...
~~

...~(,0),...,
~

...
~~...~({min

=)(
~1~

1~11

11~11111111~

~







  

is called the fuzzy set of feasible region of the LPFMC2
 problem. For (0,1] , a vector 


]

~
[Xx  is called the  -feasible solution of the FLP  (11). Notice that the feasible region X

~
 is a 

fuzzy set. On the other hand,  -feasible solution is a vector belonging to the  -cut of the feasible 

region X
~

.  
Maximizing the Objective Function 

Now we look for the "best" fuzzy quantities 
k

z~  with respect to the given fuzzy constraints, or, in other 

words, with respect to the fuzzy set of feasible region of (8). Knowing the weights qk
k

1,...=, of the 

objectives we shall deal with the associated problem (11), particularly, with the single objective function 

rnrn
xcxcz


 ~~...~~=~

11
. Special relations are defined by Ramik (Ramik, 2006b). Let ~  be a fuzzy 

relation on R, let a~ , b
~

 be fuzzy sets of R and let (0,1] . It is said that a~  is  -less than b
~

 with 

respect to ~  and write ba
~~~


  if  )

~
,~(~ ba

  and  <)~,
~

(~ ab


. It is called 

~  the  -

relation on R with respect to ~ . Notice that 

~  is a binary relation on the set of fuzzy sets )(RF  being 

constructed from a fuzzy relation ~  on the level of (0,1] . If a~  and b
~

 are crisp numbers 

corresponding to real numbers a  and b , respectively, and is a fuzzy extension of relation ~  then 

ba
~~~


  if and only if ba  . Now, modifying the well known concept of potential solution in 

LPMC2
 optimization or nondominated solution optimization in MCLP , we define maximization (or 

equivalently minimization) of the objective function of FLP  problem (11). We shall consider a fuzzy 

relation ~  on R being a fuzzy extension of the usual binary relation   on R, see also Ramik (Ramik, 

2006a). Here, we allow for independent, i.e. different satisfaction levels:   , where is considered for 

the objective functions   and   for the constraints (Ramik, 2006a). Let 
j

c~ ,
ij

a~  and 
i

b
~

, 
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11,...,=  rmi , rnj 1,...= , be fuzzy quantities on R. Let ~  be a fuzzy relation on R, being 

also a fuzzy extension of the usual binary relation   on R. A  - feasible solution of (11), 


]
~

[Xx  is 

called the ),(  -maximal solution of (11) with respect to ~  if there is no 


]
~

[Xx   such that 

xcxc TT ~~~  .  
Dual Problems and Duality Theorem 

Model (11) is a linear programming and its dual is as follows: 

gm

r

gm
uuu






 1

2=1
=min   

..ts  

rnjcQAu
jiji

rm

i
  1,...,=,~~~1

=1
 

11,...,=0,  rmiu
i

  (12) 

Here, we consider either 
PosP =

~
, 

NecQ =<
~

 or 
NecP =<

~
, 

PosQ =
~

. In problem (11), maximization is 

considered with respect to fuzzy relation P
~

. On the other hand, minimization is considered with respect 

to fuzzy relation Q
~

, which can be formulated analogically.  

In the following duality theorems we present two versions: (I) for fuzzy relation 
Pos  in problem (11) 

and fuzzy relation 
Nec<  in problem (12), and (II), for fuzzy relation 

Nec<  in problem (11) and fuzzy 

relation 
Pos  in problem (12). In order to prove duality results we assume  = . Otherwise, the 

duality theorems in our formulation do not hold, for more details see (Ramik, 2006a). Moreover, we 

assume that each objective function is associated with a weight qk
k

1,...,=0,> , such that 

1=
=1 k

q

k
  where 

k
  may be interpreted as a relative importance of the k  th objective function. The 

corresponding proofs can be found in the study of Ramik (Ramik, 2006a). 

Weak Duality Theorem. Suppose 
kj

c~ , 
ij

A
~

 and 
i

B
~

 are fuzzy numbers, 

rnjrmiqk  1,...,=1,1,...,=,1,...,= . 

(I) Let X
~

 and Y
~

 are respectively the feasible regions of problems (11) and (12) in which 
PosP =

~
 and 

NecQ =<
~

. If 


 ]
~

[),...,,,,...,,(=
2121

XxxxX
rn
  and 




1121
]

~
[),...,,(= Yuuuu

rm
, then  

i

R

i

rm

ij

R

j

rn

jj

R

kjk

q

k

n

j
uBXcxc )(

~
)(~=)(~ 1

=1=1=1=1
    

(II) Let X
~

 and Y
~

 are respectively the feasible regions of problems (11) and (12) in which 
NecP =<

~
 

and 
PosQ =

~
. If 







12121
]

~
[),...,,,,...,,(= XxxxX

rn
 and 


]

~
[),...,,(=

121
Yuuuu

rm



, 

then  

i

L

i

rm

ij

L

j

rn

jj

L

kjk

q

k

n

j
uBXcxc )(

~
)(~=)(~ 1

=1=1=1=1
    

Strong Duality Theorem. Consider 
kj

c~ , 
ij

A
~

 and 
i

B
~

 are fuzzy numbers, 

rnjrmiqk  1,...,=1,1,...,=,1,...,= . 

(I) Suppose ]
~

[X  is the feasible region of problem (11) with 
PosP =

~
, ]

~
[Y  is the feasible region of 

problem (12) with 
NecQ =<

~
. If for some (0,1) , 

]
~

[X  and 1
]

~
[Y  are nonempty, then there 
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exists 

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CONCLUSION 

In this paper, the dual of LPMC2
 when data are fuzzy parameters was presented, while the concept of 

the possibility and necessity relations was used. In continuation, weak and strong duality theorems 
corresponding to these models were stated. As we know, the possibility and necessity relations do not 

have self-duality property. In the future, we will apply credibility theory on LPFMC2
 to obtained its 

dual in which has the self-duality property.  
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