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ABSTRACT
In this paper we consider the GPQ-metric spaces which are a generalized Partial quasi-metrics and GQ-
metric spaces which are a generalized quasi-metrics.
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INTRODUCTION

Partial metrics were introduced by Matthews (1992) as a generalization of metrics where self-distances
are not necessarily zero, Mustafa and Sims introduced a new structure of generalized metric spaces called
G-metric spaces. We introduce a generalization of a G-metric space which is also a generalization of a
partial metric space.

Let X be a nonempty set and gpq: X xX xX — [0,0), be a function

1a) gpq (X, X, X) < gpq(X, X, y) Whenever X #Y;

1b) Gpg(X, X, X) < Gpg(X, ¥, ¥);

1¢) gpq(X, X, X) < Gpa(Y, X, X);

1d) gpq (X, X, X) < Gpq (X, ¥, X);

2a) Gpg (X, X, Y) < 0pq (X, y, z) Whenever y # z;

2b) gpq (X, Y, X) < Opq (X, z, y) whenever x # z;

2C) Gpq (Y, X, X) < Gpq (X, Y, Z) Whenever X £y , X # z;

2d) Gpq (Vs X, X) < Opq (X, z, y) whenever x #Y , X # Z;

2e) 9q(X, Y, Y) < 0q4(z, X, y) whenever x #z, X # Y,

2f) 94(X, ¥, Y) < 0q(z, y, X) whenever x #z, X # Y,

3) Gp(X, Y, Z) < Gpg(X, &, @)+0pq(a, Y, 2)— gpg(a, a, @) whenever x, y, z € X and

4) x =y = Ziff (gpa(X, X, X) = Gpg(X, ¥, Z) and Gpq(Y, Y, ¥) = Gpa(¥: X, 2)

and gpq(z, Z, Z) = gpg(z, Y, X)) Whenever x, y, z € X.

Then the function g, is called a generalized partial quasi-metric and then (X, gyq) is called a GPQ-metric
space.

1.1. Defnition

A function g: XxX — [0,0) is called a quasi-metric iff (Bukatin et al., 2006; Kiinzi et al., 2006),

1) x =y iff g(x, y) =0=q(y, X) whenever x, y € X,

2) q(X, 2) <q(x, y) + q(y, z) whenever x, y, z € X.

2. GQ-metric Spaces

2.1. Definition

Let X be a nonempty set and gq: XxXxX — [0,00)

is called a quasi-metric iff

D) x=y=ziff gy(X, ¥, 2) = 9a(z, ¥, X) = Go(X, X, X) = go(¥. ¥, ¥) =

0¢(z, z, ) = 0 whenever x, y, Z € X,

2a) gq(X, X, Y) < 0gq(X, Y, Z) whenever y # z;

2b) gq(X, Y, X) < gq(X, z, y) whenever X # z;

2C) gq(Y, X, X) < 0q(X, Y, Z) whenever y # z;

2d) gq(Y, X, X) < gq(X, z, y) whenever y # z;

2e) g¢(X, ¥, Y) < 0¢(z, X, y) Whenever X #z , X £,
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2f) 94(X, ¥, Y) < 04(z, y, X) Wwhenever X #z , X # Y,
3) 94(X, Y, Z) < gq(X, &, @) + gq(a, Y, ) whenever x, y, z, a € X.
Then (X, gg) is called a GQ-metric space.
cleary every G-metric is a GQ-metric space, but every GQ-metric is not a G-metric space.
2.2. Examples
Let X ={a, b} and gq: X x X x X — [0,0) be defined as following:
Ug(a, a, @) = go(b, b, b) = 0;
g(J(ai a, b) = gq(a’ b! a) = 1’
0y(b, 2, 2) = 2;
go(a, b, b) = gq(b, a, b) = gg(b, b, a) = 3;
Then (X, gg) is a GQ-metric space,but Clearly (X, g,) is not a G-metric space.
2.3. Examples
Let X =[0,00) and g4 : X X X x X — [0,00) for all
X, Y, Z € X be defined as following:
_ 0x =y =z
Oo(X, ¥, 2) _{max{x, y, z} otherwise
Then (X, gg) is a GQ-metric space,and a G-metric space.
3. GPQ-METRIC SPACES
3.1. Definition
A partial quasi-metric on a set X is a function pg : X x X — [0,0) such that (Heckmann, 1999),
1a) pg(x, X) < pq(x, y) whenever x, y € X.
1b) pq(x, xX) < pa(y, X) whenever x, y € X.
2) pa(x, z) < pa(x, y) + paly, z) — pa(y, y) whenever x, y, z € X.
3) x =y iff (pa(x, x) = pa(x, y) and pq(y, y) = pa(y, X)) whenever x, y € X.
If pg satis_es all these conditions except possibly (1b), we shall speak
of a lopsided partial quasi-metric.
3.2. Definition
Let X be a nonempty set and gpq : X X X x X — [0,00), be a function
1a) gpq(X, X, X) < gpg(X, X, Y) Whenever X #;
10) Gpa(X, X, X) < Gpa(X, Y, ¥);
1¢) gpq(X, X, X) < Gpa(Y, X, X);
1d) Goq (X, X, X) < Gpq (X, Y, X);
2a) Gpg (X, X, Y) < Gpq (X, Y, 2) Whenever y #z;
2b) gpq (X, Y, X) < Opq (X, Z, y) Whenever X #z;
2C) Gpq (Y, X, X) < Gpq (X, Y, Z) Whenever X £y, X #z;
2d) Gpq (Vs X, X) < Gpq (X, Z, y) Whenever X2y , X#z;
2e) 9q(X, Y, Y) < 0q4(z, X, y) whenever X#£z , X#Y;,
2f) 94(X, ¥, Y) < 04(z, y, X) whenever X#£z , X#y;
2d) 0 < gpg(Y, X, X) < 0pg(X, Z, y) Whenever y #z.
3) Gpo(X, Y, Z) < Gpg(X, &, @)+0pq(a, Y, 2)— gpg(@, a, @) whenever x, y, z € X and
4) x =y = Ziff (Gpg(X, X, X) = Gpg(X, Y, 2) and Gpg(Y, ¥: ¥) = Gpg(Y, X, 2)
and guq(2, Z, Z) = gpq(2, ¥, X)) Whenever x, y, z € X.
Then the function g, is called a generalized partial quasi-metric and
then (X, gyq) is called a GPQ-metric space.
if gpq is a generalized partial quasi-metric on X satisfying
Opg(X, Yy Z) = Opg(Z, X, Y) = Qpq(X, 2, y) = . .. (Symmetry in all three variables) whenever X, y, z € X
then g, is called a generalized partial metric on X.
Kwnzi, Pajoohesh and Schellekens studied another variant of partial metrics, namely partial quasi-metrics,
by dropping the symmetry condition in the definition of a partial metric .we in this study a generalization
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of partial quasi-metrics. If g, is a generalized quasi-metric on X then g, is a generalized partial quasi-
metric on X but it is not necessary to hold vice versa (Kunzi and Vanjer, 1994).

3.3. Examples

let X = [0,00) and (X, d) is an ordinary metric space, let gy, : X xX xX — [0,0), be a function, (X, g,q) can
define GPQ- metrics on X by

1)0pa(X, Y, 2) = max{x, y, z},

2)9pq(X, Y, ) = max{d(x, y), d(y, z), d(x, z)} whenever X, y, z € X.

then gyq is @ GPQ-metric space and is a GP-metric space, Clearly(X, gy) is not a G-metric space and is not
a GQ-metric space.

3.4. Examples

Let X be a set and let f : X — [0,00) not be an one- to-one function. Set gqs (X, y, z) = max{f(z) — f(y) —
f(x)} whenever X, y, z € X. Then gy is not a GQ-metric on X. Clearly gq is @ GPQ- metric and a GP-
metric, but (X, g¢r ) is not a G-metric

3.5. Examples

ifa=b=c=gyab,c)=1;

Opg(as @, b) = gpq(a, b, b) = 2;

Ug(@, @, €) = Gpg(@, C, €) = 4;

Gng(b, €, C) = Gpq(C, b, b) = 6;

Opa(a, b, €) = 8;

Opo(D, @, €) = Gpq(b, €, 0) = - - - =9;

Then (X, gy) is @ GPQ-metric space,but Clearly (X, g,q) is not a GP- metric space and a G-metric space
and a GQ-metric space.

3.6. Lemma

a) Each generalized quasi-metric g,q on X is a generalized partial quasi-metric on X with gy(X, X, X) =0
whenever x € X.

b) If gyq is @ generalized (partial) quasi-metric on X, then its conjugate gn, (X, ¥, 2) = Gpo(z, Y, X)
whenever x, y € X is a generalized (partial) quasi-metric on X.

c) If gyq is a generalized (partial) quasi-metric on X, then g~ defined by goq (X, ¥, 2) = gpg(X, ¥, 2) +
Opg (X, Y, Z) Whenever x, y, z € X is a generalized (partial) metric on X.

3.7. Proposition

Every GPQ-metric space (X, g,,) defines a metric space (X, dg,q ) as follows (Abdeljawad et al., 2012;
Dehghan and Mazaheri, 2012):

d gpg (X, ¥) = Gpa(X, ¥, Y) + Gpa(Y, X, X) = Gpa(X, X, X) = Gpg(y, ¥, y) forall x, y € X.

Proof. 1)dgsq (X, y) = 0 iff (Gpa(X, ¥, ¥) = Gpa(X, X, X)) + (Dpa(Y: X, X) = Gpa(y. ¥, Y)) = 0 iff gpe(X, ¥, y) —
Gpg(X, X, X) = 0 and goq(y, X, X) — Gpg(y, ¥ ¥) = 0, since 0 < gpg(X, ¥, Y)—Gpg(X, X, X)) and 0 < Goq(y, X, X)—
Opq(Y, Y, Y) = 0. so the statements dgpq (X, Y) = 0 and x =y are equivalent.

2) dgpq (Y, X) = Gpa(¥s X, X) + Gpg(X, Y, Y) = Gpa(Ys ¥ ¥) = Gpa(X, X, X) = dgpq (X, y) forall x, y € X.

similary other conditions of a metric space are hold.

3.8. Proposition

Every GPQ-metric space (X, gpq) defines a quasi- metric space (X, fgpq) as follows:

Ggpg (X, Y) = Gpa(X, Y, ¥) + Gpa(Y, X, X) = 20pq(X, X, X) forall x, y € X.

Proof. (1) dgoq (X, ¥) = Ugpq (Y X) = °

S Gpa(X, Y Y) * Gy, X, X) — 20pq(X, X, X)

= Gpg(Y: X, X) + Gpg(X, V2 Y) — 20pq(Y, Y, Y) = ©

S Xy,

(2) gpq (X, Y) + Ggpg (Vs 2) = Goa(X, Vs Y) + Gpg(Y: X, X) — 20pg(X, X, X)

+ Opg(Y: Z,2) + Gpo(Z, Y, Y) — 2054, Y, Y)

= (9pg(%, V2 Y) * Gpa(Y: 2, Z) — Gpa(Y, Y1 Y))

+ (Ipo(Z, Y, Y) + Gpg(Ys X, X) — Gpg(Y, V2 ¥))

= 20pq(X, X, X)
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> pg(X, Z, 2) + Gpg(2, X, X) — 20pq(X, X, X)

= Ogpq (X, 2).

3.9. Definition

Let (X, gyq) be a GPQ-metric space and let { x,} be a sequence of points of X. A point x € X is said to be
the limit of the sequence {Xn} if liMn.m_ Gpg(X, Xn, Xn) = 0, and one says that the sequence {X,} is GPQ-
convergent to x.

3.10. Definition

Let (X, gpq) be a GPQ-metric space. A sequence{x,} is called GPQ-Cauchy if, for every € > 0, there is a
positive integer N such that gpq(Xn , Xm , X)) < € for all n, m, I > N, that is, if gpq(Xn, Xm, X)) = 0, asn, m, |
— 00,

3.11. Definition

A generalized partial metric space (X, gyq) is said to be complete if every Cauchy sequence {X,} in X
converges.

3.12. Lemma

If (X, gpq) is @ GPQ-metric space, then the following are equivalent.

1) {x,} is GPQ-convergent to x.

2) Gpg(Xn, Xn, X) = 0, a5 N — 0.

3) Gpg(Xn, X, X) — 0,85 N — o0,

4) 9pg(Xm » Xn, X) = 0, a5 M — oo,

Proof. The proof is straightforward.

3.13. Definition

Let (X, gpg) be a GPQ-metric space. Then the following are equivalent

1) the sequence {x,} is GPQ-Cauchy

2) for an'y € > 0 ,there exists N € N such that gyq(Xn , Xm, Xi) <€, forall n, m, I > N.

3.14. Definition

Let (X1, Gpqr) and (X, Gpq2) be two GPQ-metric spaces and let f : (X1, gpg1) — (X2, Gpgz) be a function,
then f is said to be GPQ- continuous at a point a € X, iff for a given € > 0, there exists 6 > 0 such that x, y
€ X, and the inequality gpql(a, x, y) <8 + gpqi(a, &, @) implies that gyq(f(a), f(X), f(y)) < € + gpea(f(a), f(a),
f(a)).

A function f is GPQ-continuous on X; iff it is GPQ-continuous at all a €X;.

3.15. Proposition

Let (X1, Opq1), (X2, Opg2) be GPQ-metric spaces.

Then a function f : X; — X, is GPQ-continuous at a point x € X iff it is GPQ-sequentially continuous at
X; that is, whenever {x,} is GPQ-convergent to x one has { f(x,)} is GPQ-convergent to f(x).

Proof. The proof is straightforward.

3.16. Definition

Let (X, gpq) be a GPQ-metric space, A € X. The set A is GPQ-compact, if for every GPQ-sequence {X.}
in A there exists subsequence { x.} of {x,} such that GPQ-converges to x, € A.

3.17. Theorem

Let (X1, 9pq1) and (X2, gpq2) be GPQ-metric spaces and f : X; — X, a GPQ-continuous function on X;. If X
is GPQ- compact, then f(X) is GPQ-compact.

Proof. It is clear, since f is GPQ-sequentially continuous on X.

4. Gg-metric Spaces with Weight

4.1. Definition

An arbitrary generalized quasi-metric space (X, gq) equipped with an arbitrary (so-called weight) function
w : X — [0,00) will be called a generalized quasi-metric space with weight.(It should be stressed that no
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condition of compatibility is assumed at this stage.) Next we define a compatibility condition between
generalized quasimetric and weight that will be crucial for the following investigations.

4.2. Definition

A generalized quasi-metric space with compatible weight on a set X is a triple (X, g4 ,w) where g, : X x X
x X — [0,00) is a generalized quasi-metric on X and w : X — [0,c0) is a function satisfying 2w(x) < g4(X,
Yy, 2) + w(y) + w(z) whenever X, y, z € X.

4.3. Lemma

Let (X, gq,W) be a generalized quasi-metric space with weight. Then clearly w is a compatible weight on
X iff g, defined by &, (X, Y, Z) = gq(X, ¥, 2) + W(y) + w(z) — 2w(X) whenever X, y, z € X is a generalized
quasi-metric on X.

Proof(1) . = g (X, X, X) =& (¥, ¥, ¥) =84 (¥, X, 2) = & (z. ¥, X) = 84 (2, 2, 2) = & (X, Z,'Y)

= & (X, ¥, 2) = Gy(x, ¥, 2) + 0(y) + 0(2) ~ 20(x) = ©

S gy(X, X, X) + 0(x) + o(x) — 20(x) =°

S 9oy, ¥, ) T o(y) + o(y) —20(y) =°

© 04z, 2, 2) + ©(z) + ©(z) — 20(z) = °

SX=y=2z

(2) 8q (X, X, ¥) = go(x, X, y) + 0(x) + o(y) — 20(x)

< 0q(x, ¥, 2) + o(y) + 0(z) — 20(x)

=8 (X, Y, 2),

in the same way

gq (X’ yv X) = gq (Xv z, y)1

g (Y, X, X) <& (XY, 2),

8q (Y, X, X) < & (X, 2, Y).

(3) & (X, Y, 2) = Go(x, ¥, 2) + 0(y) + 0(2) — 20(x)

< 0q(X, @ @) +0g(a, y, 2) + oy) + o(2) — 20(a)

= (94(x, 2, 2) + ©(a) + ©(a) — 20(x))

+ (94, y, 2) + 0(2) + o(y) ~ 2m(a))

= gq (X’ a, a) + gq (a! y! Z)'

then &, is a generalized quasi-metric on X.

< let &, (X, Y, 2) = gy(X, ¥, 2)tox)to(y)—2n(z). since &, (X, Y, z) >,

then 2w(z) < gy(X, y, 2) + 0(x) + o(y).

4.4. Lemma

Let (X, gq) be a generalized quasi-metric space with weight w : X — [0,0). Then w is a compatible
weight on the generalized quasi-metric space (X, g'q) where gy denotes the generalized quasi- metric on X
defined by g'q (X, Y, 2) = 04(X, ¥, 2) + Jqw(X, Y, Z) whenever

X, ¥,Z€ X

Proof. g’y (X, ¥, 2) = Gg(X, Y, 2) + Gau(X, ¥, 2) < Gu(X, &, ) + Go(a, ¥, 2) +

gCIW(Xa a, a) ‘-l'.ng(a, y! Z) = g'q (X’ a, a) + g'q (a’ yv Z)'

4.5. Proposition

If (X, gq,W) is a generalized quasi-metric space with compatible weight, then (X, &,, W) where g, (X, Y, 2)
=min{gq(X, ¥, 2), 1} and W (X) = min{ W (x), 1} whenever X, y, z € X.

Proof. For either case it is well known and easy to see that &, is a generalized quasi-metric on X. Related
arguments show that given X, y, z €X, 2w(X) < gq(X, ¥, z) + w(y) + w(z) implies that min{ 2w(x), 1} <
min{gy(X, Y, 2), 1} + min{w(y), 1} + min{w(z), 1}.
4.6. Lemma

Note that if (X, gqw) is a generalized quasi-metric space with compatible weight, then for any
generalized quasi-metric g'q on X such that g'y(X, Y, z) > gq4(X, Y, z) wWhenever X, y, z € X, (X, g'q ,W) is
also a generalized quasi-metric space with compatible weight.

Proof. The assertion is obvious, since 2w(x)— w(y)— w(z) < g9q(X, ¥, ) <0'q (X, ¥, Z) whenever X, y, z € X.
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