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ABSTRACT

A hyperbola is a set of points where the absolute difference of distances from any point on the hyperbola
to two fixed points (foci) is constant. The hyperbola has key components such as the center, transverse
axis, conjugate axis, vertex, focus, and asymptotes. The properties of hyperbola include relationship
between the lengths of the axes and the distances between elements like the focal distances, tangent,
normal, directrix and vertex.

This research article examines the geometric and mathematical significance of the hyperbola, a
fundamental conic section. Moving beyond its classical definition, the study introduces a set of 104
newly derived theorems concerning the tangent, normal, and focal distances of the hyperbola. Each
theorem is rigorously developed with detailed proofs, step-by-step derivations, and illustrative diagrams
to aid comprehension. Collectively, these contributions expand the theoretical framework of hyperbola
geometry and serve as a significant reference for scholars engaged in advanced studies of conic sections
and related fields. These newly identified properties support the development of Artificial intelligence
techniques for analyzing hyperbolic structures and its applications in mathematical modeling.
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INTRODUTION

A hyperbola [Borowski E.J & Borwein J.M (1991)] can be defined in two equivalent ways: as the locus
of a point whose distance from a fixed point (focus) [Christopher Clapham & James Nicolson (2009)]
and a fixed line (directrix) [Borowski E.J & Borwein J.M (1991)] are equal, or as the set of points for
which the absolute difference of distances from two foci remains constant. Concepts such as foci,
directrix, latus rectum [Borowski E.J & Borwein JM (1991)], and eccentricity [Borowski E.J &
Borwein J.M (1991)] are central to its study. Common occurrences of hyperbolas include the path traced
by the tip of a sundial’s shadow and the scattering trajectories of subatomic particles. Hyperbolas are
significant in various fields, including Astronomy, Physics, and Engineering, for their unique geometric
properties and applications.

This research article extends the traditional study of the hyperbola by introducing newly derived
theorems concerning its tangent [Borowski E.J & Borwein JM (1991)], normal [Borowski E.J &
Borwein JM (1991)], and focal distances [Borowski E.J & Borwein J M (1991)]. Each theorem is
rigorously developed with comprehensive proofs, detailed step-by-step derivations, and carefully
constructed diagrams to facilitate understanding. Beyond these results, the article also establishes
refined mathematical relationships between the tangent, normal, focus, and other essential geometric
elements of the hyperbola.

To support these derivations, a preamble is provided containing the fundamental formulas and
parametric equations [Borowski E.J & Borwein J.M (1991)] of the hyperbola, which serve as the basis
for the logical progression of proofs. Collectively, these contributions enrich the theoretical framework
of its geometry, offering new perspectives for advanced studies in conic sections and related
mathematical fields.

Centre for Info Bio Technology (CIBTech)


mailto:klmaran@yahoo.com

International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)

An Open Access, Online International Journal Available at http.//www.cibtech.org/jpms.htm
2025 Vol. 15, pp. 27-148/Kalaimaran

Research Article

Orbit Paths: In astronomy, the paths of comets around the sun often form hyperbolic trajectories.

Navigation Systems: Hyperbolic navigation systems use the properties of hyperbolas for accurate
positioning.

Acoustics: Hyperbolic shapes are used in the design of certain types of acoustic mirrors and reflectors
to focus sound waves.

In the present scenario, 3I/ATLAS, which is an interstellar object (comet), travels through our solar
system along a hyperbolic path, meaning its orbit is open and it is not gravitationally bound to the Sun.
Its high eccentricity (e > 1) confirms that it originated from interstellar space and will leave the Solar
System again. In such an orbit, the Sun lies at one focus, and the object makes its closest approach at
perihelion before moving back outward. Interstellar objects like this are rare, so observing 3I/ATLAS
helps scientists study material formed in other star systems, offering insights into how planets and
comets develop across the galaxy.

ANALYSIS & DERIVATIONS OF THE EQUATIONS

Analysis Part - A
Referring fig.1,
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Fig. 1
In this figure,
Point O is the centre of the hyperbola, otherwise it is intersection of transverse axis &
conjugate axis. It is also intersection of asymptotes [Borowski E.J & Borwein J M
(1991)].
Points F;& F;  are foci of the hyperbola.
Point U is intersection of transverse axis & directrix.
Point V is a vertex which is a point of intersection of transverse axis & hyperbola.
GH is latus rectum of the hyperbola and its value is equal to 2b*/a
Referring fig. 1,
OV=a .. (A1)
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OB=b ..(A.2)
OF, = OF, = /a? + b2 ...(A.3)
F,F, = 2/a? + b2 L (AD)

Referring fig. 1, VF; = OF; — OV
Substituting eqns. (A.3) & (A.1) in above,

VF, = OF, — OV
~VF; =+a?+b%2-a ...(A.5)

Referring fig. 1, VF, = OF; — OV
Substituting eqns. (A.3) & (A.1) in above,
VF, = OF, + OV

~VF, =a?+b%+a ...(A.6)

a
Referring fig. 1,0U = A

Substituting e = #
~0U=a~+ <ﬂ>
a
_ a
OU =ax ﬁ
a2
oU = ﬁ (A7)
Referring fig. 1,VU = OV — OU
Substituting eqns. (A.1) & (A.7) in above,
~VU=0V-0U
22
~VU=a-— <ﬁ>
_ava?+b?—a?
wyy 2222 +bE—a) (A.8)

Referring fig. 1, UF; = OF; — OU
Substituting eqns. (A.3) & (A.7) in above,

az
UF1 — /aZ + bZ _ <—>

vaZ + b2
. UF _ai+b2——a—’Z
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b2
VaZ + b2

Referring fig. 1, UF, = OF, + OU

UF1 =

Substituting eqns. (A.3) & (A.7) in above,

42
UF, = a2 + b2 + [ ———

’ <\/az+—bz>

a? + b? + a2
AUFy=—

VaZ + b2
UE. = 2a% + b?
2 VaZ+b?

Referring fig. 1,BU? = OU? + OB?

Substituting eqns. (A.7) & (A.2) in above,

~ BU? = Gl 2+b2
i - \VaZ+b2

4
“BUZ = —— + b?
h a? + b?

a* + b%(a? + b?)

~ BU? =

aZ + b2
. BU? — a* + a%b? + b*
TTT T a?4b?
. BU? — a* 4+ b* + a?b?
TTT T a?4b?
- BU2 3 (az + b2)2 _ asz
CTT T a?+b?
. BU = \/(az + bz)z — 32p2

VaZ 152
Referring fig. 1, in right-triangle VOB,
BVZ = OV?2 + OB?

Substituting eqns. (A.1) & (A.2),

.~ BV? = a2 + b?

~ BV =4a? + b2
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Analysis Part - B

— Tangent at P

Normal at P

Fig.2

In this figure,

Point O is centre of the hyperbola, otherwise it is intersection of transverse [Christopher
Clapham & James Nicolson (2009)] & conjugate axis [Borowski E.J & Borwein J.M

(1991)].
Point V is vertex [Borowski E.J & Borwein J.M (1991)] of the hyperbola
Points F;,  is one of the foci of the hyperbola.

Point P is a point considered anywhere on hyperbola.

PF,& PF; are focal distances of point P.

PP’ is focal chord of the hyperbola.

Point Q is foot of perpendicular of point P upon transverse axis.

0)0 is abscissa [Borowski E.J & Borwein J.M (1991)] of point P.

PQ or OR is ordinate [Borowski E.J & Borwein J.M (1991)] of point P.
Point R is foot of perpendicular of point P upon conjugate axis.

Point T is intersection of the tangent and transverse axis, where PT is a tangent drawn at
point P on hyperbola.

or is sub-tangent [Borowski E.J & Borwein J.M (1991)] about transverse axis.

Point S PS is a tangent drawn at point P on hyperbola and S is intersection of tangent and
conjugate axis.

RS is sub-tangent about conjugate axis.

Point M is intersection of normal and transverse axis, where MN is a normal drawn at point
P on hyperbola.

oM is sub-normal [Mark D Licker (2003)] about transverse axis.

Point N is intersection of normal & conjugate axis.

RN is sub-normal about conjugate axis.
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Referring fig. 2,
0Q =

o5 ..(B.1)

bsin(6°)
cos(0°)
Referring fig. 2, UQ = 0Q — OU
Substituting eqns. (B.1) & (A.7),

PQ = OR = ..(B.2)

a a?
ve= (cos(9°)) - <\/m>
L UQ = ava? + b2 — a%cos(8°)
VaZ + b2Zcos(8°)
_ a[\/az-l-ib2 — acos(e")] (.3)
VaZ? + b? x cos(8°) o
Referring fig. 2, VQ = 0Q — OV
Substituting eqns. (B.1) & (A.1),

a
ve= (cos(9°)) —a
‘ _a- acos(0°)
“VQ= cos(0°)
‘ B a[1 — cos(0°)]
O

Referring fig. 2, in right-triangle OQP,
OP? = 0Q? + PQ?
Substituting eqns. (B.1) & (B.2),

09 = () + (L)
cos(0°) cos(0°)
a’ b?sin?(6°)
- cos2(0°) + cos2(0°)
_a% +b?sin?(8°)
cos2(0°)
\/az + b?sin?(0°)
cos(0°)
Referring fig. 2,F;Q = 0Q — OF;
Substituting eqns. (B.1) & (A.3),

“FQ= (cos£26°)) B m

a— Va2 + b2cos(6°)
cos(0°)

-+ UQ

..(B.4)

. OP?

. OP?

..(B.5)

~F1Q=

..(B.6)
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F,Q = 0Q + OF,
Substituting eqns. (B.1) & (A.3),

a
~F — / 2 b2
2Q (cos(9°)) tvats
CF.0 = a+ Va2 + b2cos(6°) B.7
~F,Q= cos(6") ...(B.7)
Referring fig. 2, F{M = OM — OF,
Substituting eqns. (C.7) & (A.3) in above eqn.,
a? + b?
s FM=——| — [ A2 b2
1 <acos(9°)> at
a? +b? —ava? + b2cos(08°)
. F M= ..(B.8)
acos(0°)
Referring fig. 2, F,M = OM + OF,
Substituting eqns. (C.7) & (A.3) in above eqn.,
.~ F,M = 2’ +b" ++/a? + b?
" 727 7 \acos(8°) a
a? + b% + ava? + b2cos(6°)
o F,M = ...(B.9)
acos(0°)
Referring fig. 2, in right triangle F; ON
Substituting eqns. (A.3) & (C.8) in above eqn.,
« F{N? = OF,* + ON?
(a% + b?)2sin?(0°)
~ F.N2 = a2 + b2
1 az+ o b2cos2(6°)
CEN? = (a® + b?)b%cos?(0°) + (a? + b?)?sin?(0°)
o T b2Zcos2(0°)
CEN? = (@ + b?)[b?cos?(8°) + (a® + b?)sin?(0°)]
o T b2cos2(6°)
FNZ = (a% + b?)[b?cos?(8°) + a?sin?(0°) + b2sin?(0°)]
= b2cos2(0°)
CEN? = (@ + b?)[a?%sin?(0°) + b?{cos?(8°) + sin?(08°)}]
o T b2Zcos2(0°)
a? + b?)(a%sin?(8°) + b?
L 2 @ PGSO + b
b?cos?(0°)
(@2 + b2)(a2sin2(8°) + b?2)
~FN = ...(B.10
! bcos(6°) ( )
V(@2 + b2)(a2sin2(6°) + b?2)
~F,N= ...(B.11
2 bcos(6°) ( )
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Referring fig. 2, in right-triangle F; QP,

PF,% = F,Q? + PQ?

Substituting eqns. (B.6) & (B.2),

2
L PF.Z = a—Va? + b?cos(6°) N bsin(0°) 2
R cos(6°) cos(0°)
PR.Z = a% + (a? + b?)cos?(8°) — 2ava? + b2cos(8°) N b?sin?(6°)
cohr T cos2(0°) cos2(0°)
, a%+a%cos?(6°) + b?cos?(0°) — 2ava? + b2cos(6°) + b?sin?(6°)
PF1 =
cos2(0°)
, a%+Db?[cos?(8°) + sin?(6°)] + a*cos?(8°) — 2ava? + bZcos(6°)
PF1 =
cos2(0°)
, a%+Db?+a’cos?(8°) — 2ava? + bZcos(8°)
PF1 =
cos2(0°)
2
, (Va?+b?) + [acos(6°)]? — 2v/a? + b2acos(6°)
PF1 =
cos2(0°)
2
. PF.Z = Vva? + b? — acos(6°)
T cos(0°)
. PF. — Va? + b? — acos(0°) B.12
- PF, = — ...(B.12)
Similarly,
Referring fig. 1 & fig. 2, in right-triangle F,QP,
PF,% = F,Q? + PQ?
Substituting eqns. (B.7) & (B.2),
2
PR = va? 4+ b? + acos(6°)
R cos(0°)
Vva? + b? + acos(06°)
, = ...(B.13)
cos(0°)

Referring fig. 2, in right-triangle V; QP,
VP? = VQ?® + PQ?
Substituting eqns. (B.15) & (B.4),
1—cos(8)]\*> [bsin(6°)\”
VP2 = a[1 — cos(6°)] N sin(0°)
cos(6°) cos(0°)
a%[1 — cos(8°)]> b?sin?(8°
ypr L Rl oS bsin?(8)
cos2(8°) cos2(6°)
_ a?[1 - cos(6°)] + b?sin®(8°)
B cos2(6°)

. VP2
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_ JaZ[1 — cos(8°)]2 + b2sin?(0°)

- VP ...(B.14
cos(0°) ( )
Referring fig. 2, in right-triangle VOS,
VS?% = 0V?2 + 0S?
Substituting eqns. (A.1) & (C.2),
bcos(6°) 2
- Vsz — 12
s+ ( sin(6°) )
b?cos?(0°)
VSZ — 12
at+ sin2(0°)
a%sin?(0°) + b%cos?(8°
A VS2 = ( .) (6°)
sin2(0°)
/a%sinZ(6°) + bZcos2(8°)
VS = ...(B.15
sin(6°) ( )
Referring fig. 2, in right-triangle VOR,
VR? = OV? + OR?
Substituting eqns. (A.1) & (B.2) in above,
bsin(6°) 2
oo VR2 = 2 _—
st <Cos(6°) >
b?sin?(0°)
oo VR2 = 2 _—
st cos2(0°)
2 2(no 2cin2(Q°
- VR? _ a’cos (8°) + b#sin“(6°)
cos2(0°)
\/azcosz(6°) + b?sin?(6°)
~ VR = ...(B.16
cos(6°) ( )

Referring fig. 2, in right-triangle F; OR,
F,R? = OF,% 4 OR?
Substituting eqns. (A.3) & (B.2) in above,

oy 2
CER? = ( =T b2)2 N (bsm(G ))

~ F;R? = a2 4 b? +bczoS$—2(((9?
F1R2 _ aZCOSZ(eo) + bzcosz(e°) n bzsinz(QO)
cos?(6°)
# F,R? = a2c0s2(08°) + b2[cos2(8°) + sin?(8°)]
cos?(6°)
£ FyR? = a2cos2(6°) + b2
cos?(6°)
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B Ja%cos2(8°) + b2
B cos(0°)
Analysis Part - C
Referring fig. 2,

We know that OT X 0Q = a?

aZ

= O_Q
Substituting eqns. (B.1) in above eqn.,

~ FiR

..(B.17)

~ 0T

aZ

(&)
cos(0°)
cos(0°)
a
~ OT = acos(8°) ..(C.DH
We know that OS X OR = b?
b2
~ OR
Substituting eqns. (B.2) in above eqn.,
b2
cos(0°)
cos(0°)
bsin(6°)
bcos(6°)
" sin(6%)
Referring fig. 2, in right-triangle TOB,
BT? = OT? + OB?
Substituting eqns. (C.1) & (A.2),
~ BT? = a%cos?(8°) + b?

s 0T =

~ 0T = a% x

~ 0S

s 0S =

~ 0S = Db? x

...(C.2)

« BT = \/a2cos2(6°) + b2 ...(C.3)
Referring fig. 2, TQ = 0Q — OT
Substituting eqns. (B.1) & (C.1) in above eqn.,

TQ = ( a ) — acos(0°)

cos(0°)
- _a—acos?*(8°)
o TQ = W
- _a[1 - cos?(67)]
“TQ= cos(6°)
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__asin?(6°)
"~ cos(6°)
Referring fig. 2, A MQP & A PQT are similar.
 PQ TQ
QM PQ
PQ x PQ
oM = ————
Q TQ
PQ?
“QM = —
Q TQ

Substituting eqns. (B.2) & (C.4),

. _ (bsin(8°) 2 ~ (asin?(8°)
- QM = <cos(9°)> - < cos(6°) )
. _ (bsin(8°) 2 cos(0°)

= QM= <cos(9°) ) % <asin2 (9°)>

3 b25i1ﬂ12(9°9 ESS(9°)

s~ QM = X
Q cos2(0°)  asinZ6>)
bZ
~ QM= acos(0°)

Referring fig. 2, OM = 0Q + QM
Substituting eqns. (B.1) & (C.5) in above eqn.,

M= a L
B (Cos(9°)) + <acos(6°)>

a% + b?
" acos(6°)
Referring fig. 2, A MON & A MQP are similar.
ON PQ
on = PN

Substituting eqns. (B.2), (C.6) & (C.5),
(bsin(6°)) y (a2 + b? )
cos(0°) acos(0°)
b2
(@)

N = bsin(0°) o a? +b? y acos{8>)
cos(0°)  aces(8) b?
(a® + b?)sin(6°)

- bcos(6°)

Referring fig. 2, VT = OV — OT

~ ON
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Substituting eqns. (A.1) & (C.1) in above eqn.,

~ VT = a— acos(0°)

~ VT = a1 — cos(0°)] ...(C.8)
Referring fig. 2, TM = OM — OT

Substituting eqns. (C.6) & (C.1) in above eqn.,

a? +b?
& TM = [ ————=] — acos(0°)

acos(0°)
a% + b? — a%cos?(0°)
acos(0°)
a%[1 — cos?(0°)] + b?
o TM = [1— cos*(6°)]
acos(0°)
M = a%sin?(0°) + b? 9
. = acos(®%) ...(C.9
Referring fig. 2, in right-triangle TOS,
TS? = OT? + 0S?
Substituting eqns. (C.1) & (C.2) in above eqn.,
bcos(8°) 2
s~ T 2 — )12 - -
S [acos(0°)]* + < Sin(8%) )
b?cos?(0°)
~T 2 _ 4,2 2(no
S* = a“cos“(0°) + —sin2(6°)
. TS? = a%sin?(8°)cos?(8°) + b?cos?(8°)
h h sin?(6°)
. TS? = (a?%sin?(0°) + b?)cos?(6°)
h h sin?(0°)
cos(e")\/a2 sin?(0°) + b?
TS = ..(C.10
sin(6°) ( )
Referring fig. 2, F; T = OF; — OT
Substituting eqns. (A.3) & (C.1),
F,T = +/a? + b? — acos(6°) ...(C.11)

Referring fig. 2, F; T = OF, + OT

Substituting eqns. (A.3) & (C.1),

F,T = /a2 + b2 + acos(8°) ...(C.12)
Referring fig. 2, in right-triangle F; OS,

F,S? = OF,% + 0S?

Substituting eqns. (A.3) & (C.2) in above,
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bcos(6°) 2
~F SZ — 2 b2
1 (@™ +b%) + ( sin(0°) )
b?cos?(0°)
~F SZ — 42 b2
1 am+ bt sin?(0°)
RS2 = a%sin?(0°) + b?sin?(8°) + b?cos?(0°)
R sin?(0°)
RS2 = a%sin?(0°) + b?[sin?(0°) + cos?(8°)]
R sin2(0°)
a%sin?(0°) + b?
oo Flsz = - ( )
sin2(0°)
\/a%sin2(6°) + b?
! sin(8°) (C.13)
Referring fig. 2, in right-triangle MQP,
PM? = QM? + PQ?
Substituting eqns. (C.5) & (B.2) in above eqn.,
2 oo 2
~ PM? = L + bSL(e)
acos(0°) cos(0°)
. PM2 = b* b?sin?(8°)
a2cos?(0°)  cos?(0°)
. PM2 = b* + a?b?sin?(0°)
a2cos2(0°)
. PM2 = b?[b? + a2sin?(6°)]
a%cos2(0°)
b\/b2 + a?sin?(0°)
~ PM = ...(C.14
acos(0°) ( )

Referring fig. 2, in right-triangle MPT,
PT? + PM? = TM?

=~ PT? = TM? — PM?

Substituting eqns. (C.9) & (C.14),

2
. PT2 = a%sin?(6°) + b2\’ by/b? + a2sin?(6°)
- B acos(0°) acos(0°)

[a%sin?(8°) + b?]?  b?[b? + a%sin?(8°)]

- P = a%cos?(0°) a2c0s2(6°)
. prz _ [2%sin?(8°) +b?]? — b2[b? + asin’ (6]
a2cos?(8°)
- PT2 = a*sin*(0°) +b% + 2a2b2sin?(8°) —b% — ab?sin(8°)
a2cos?(0°)
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_ a*sin*(6°) + a®b?sin*(6°)

- PT a?cos?(0°)
T2 = aZsin?(08°)(a%sin?(0°) + b?)
aZcos?(0°)
T2 = sin? (6°)(a252in2 (6°) + b?)
cos?(0°)
sin(6°)+/a?sin?(0°) + b?
L )\/cos(ec’)( ) ..(C.15)
Referring fig. 2, PS = PT + TS
Substituting eqns. (C.15) & (C.10),
S <sin(€)°)\/azsin2 (°) + bz) N <cos((9°)\/azsin2 (0°) + bz)
cos(8°) sin(6°)
S = sin?(8°)+/a2sin2(8°) + b2 + cos?(6°)./a2sin2(6°) + b2
sin(0°)cos(6°)
_ [sin?(6°) + cos?(8°)]y/a2sin2(6°) + b2
sin(0°)cos(6°)
_ \/azsin2(6°) + b? C.16)
sin(6°)cos(0°) AT
Referring fig. 2, RN = ON — OR
Substituting eqns. (C.7) & (B.2),
RN = <(a2 + bz)sin(6°)> B (bsin(6°)>
bcos(6°) cos(0°)
VRN = (a? + b?)sin(6°) — b2sin(6°)
bcos(0°)
N a2sin(6°) +bZsin(82) — bZsin(8°)
bcos(6°)
a%sin(0°)
= beos(0) ..(C.17)
Referring fig. 2, RS = OR + 0S
Substituting eqns. (B.2) & (C.2),
B bsin(06°) bcos(0°)
cos(0°) sin(6°)
_ bsin?(8°) + bcos?(6°)
sin(6°)cos(0°)
_ b[sin?(8°) + cos?(8°)]
sin(0°)cos(6°)
b
..(C.18)

RS=————-—
sin(0°)cos(6°)
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Referring fig. 2, in right triangle PRN

PN? = PR? + RN?

~ PN2 = 0Q? + RN?

Substituting eqns. (B.1) & (C.17) in above,

N2 = ( a )2 N (azsin(e")>2
cos(0°) bcos(0°)

a? a*sin?(0°)

“ PN = cos?(0°) + b2cos2(6°)

PN = a’b? + a*sin?(0°)
b2cos?(6°)

L PN2 = a%[b? + a?sin?(6°)]
b2cos2(06°)

PN = a,/a%sin?(6°) + b2
bcos(0°)

Referring fig. 2, SN = OS + ON
Substituting eqns. (C.2) & (C.7) in above eqn.,
<bcos(6°)> <(a2 + bz)sin(9°)>
sin(6°) bcos(6°)
VSN = b2%cos?(0°) + (a? + b?)sin?(6°)
bsin(6°)cos(6°)
N = b2c0s?(0°) + a%sin?(0°) + b?sin?(0°)

.~ SN =

bsin(6°)cos(6°)
_ a”sin?(8°) + b?[cos?(8°) + sin*(6°)]
bsin(6°)cos(6°)
_a%sin?*(8°) + b?
bsin(6°)cos(08°)
Referring fig. 2, MN = PM + PN
Substituting eqns. (C.14) & (C.19) in above,

~ SN

acos(0°)

A MN = (b\/b2 + a2sin? (9°)> N (a\/b2 + a2sin2(6°)

@+ b?)/b2 + a2sin2(6°)
abcos(0°)

Referring fig. 2, in right-triangle MOS,

SM? = OM? + 0S?

Substituting eqns. (C.6) & (C.2),

s oM2 = a2 +b%\>  [bcos(8°)\°
" B (acos(e")) + < sin(0°) >

~ MN

bcos(0°)
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_ (@ +b*)?  b’cos?(6°)

s SM2 =
a%cos?(0°)  sin?(0°)
. SM2 = (a® + b?)?sin?(8°) + a%b?cos*(6°)
" B a2sin?(0°)cos?(0°)
M = V(@2 + b2)2sin2(6°) + a2b2cos*(8°)
B asin(0°)cos(0°)

Referring fig. 2, in right-triangle TON,
TN? = OT? + ON?
Substituting eqns. (C.1) & (C.7),

2 2Ycin (0O 2

. . o2 (a® + b#)sin(6°)
~ TN- = (acos(e )) + ( bcos(8%)

(a? + b?)?%sin?(0°)
. TN2 — 2202 (A0
-~ TN a“cos<(0°) + bZcos2(8°)
DTN = a’b?cos*(8°) + (a? + b?)2sin?(8°)
" B b2co0s2(0°)
DTN = V(@2 + b2)2sin2(6°) + a%b2cos*(8°)
" - bcos(6°)

Analysis Part - D

...(C.22)

...(C.23)

Fig. 3

In this figure,

Point P is a point considered anywhere on hyperbola. In this figure,

Point Q  is foot of perpendicular of point P upon transverse axis.
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Point R is foot of perpendicular of point P upon conjugate axis.

Point L is intersection of normal & vertical line drawn at point T

Point I is intersection of transverse axis & parallel line drawn to normal at point R
PointJ  is intersection of transverse axis &parallel line drawn to normal at point S

Point K is intersection of transverse axis &parallel line drawn to normal at point O

Point W is intersection of conjugate axis & parallel line drawn to normal at point T
Point X is intersection of conjugate axis & parallel line drawn to normal at point V
Point Y is intersection of conjugate axis & parallel line drawn to normal at point Fy
Point Z  is intersection of conjugate axis & parallel line drawn to normal at point Q
Referring fig. 3, A MON & A MTL are similar.

CON _TL
oM T™
ON x TM
L =—om

Substituting eqns. (C.7), (C.9) & (C.6) in above eqn.,

(a? + b?)sin(6°) a%sin?(6°) + b?
( bcos(6°) ) X ( acos(0°) )

(a2+b2)
acos(0°)

2 +b2)sin(0°) a?sin?(0°) + b?  acos{8)
- bcos(6°) % acos{8%) % az4b2Z
Lo sin(08°)(a®sin?(6°) + b?)

. TL =

~ TL

bcos(8%) ...(D.1)
Referring fig. 3, A MQP & A PT'L are similar.
PL PM
PL = PM X T'P
QM
L= M (~ T'P=TQ)
QM
. pp = MxTQ
QM

Substituting eqns. (C.14), (C.4) & (C.5) in above eqn.,

by/b2 + aZsin2(6°) asin?(6°)
acos(0°) X( cos(6°) )

b2
(acos(9°)>
Lo b,/bZ + aZsin2(0°) « asin?(0°) « acos{8%)
- acos{8>) cos(0°) b2

s PL =
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Lo asin?(6°),/a%sin2(8°) + b2

bcos(6°) - (0.2)
Referring fig. 3, A MON & A TOW are similar.
MN TW
oo m = ﬁ
MN x OT
T oM
Substituting eqns. (C.21), (C.1) & (C.6) in above eqn.,
2 1 h2)./h2 + a2<in2(Q°
s
W= ( a2 + b? )
acos(0°)
S TW = @2 +b2),/b2 + a2sin2(6°) « o) 5 acos(6°)
abees(8%) aZ+b2
o TW = acos(0 )\/azsm2 (6°) + b2 .0.3)
Referring fig. 3, A MON & A VOX are similar.
MN VX
oo W = W
y = MN x OV
oM
Substituting eqns. (C.21), (A.1) & (C.6) in above eqn.,
<(a2 +b?)/b2 + azsin2(6°)> a
abcos(0°)
pVK= (a2+b2)
acos(0°)
cvx =& OVb? +atsin(0) a x 2505885
abeos(8) 2+ b2
. vy = 2a%sin?(6°) + b ...(D.4)
b
Referring fig. 3, A MON & A FOY are similar.
_MN _F,Y
oM O_Fl
o F Y=MN><OF1
! OM

Substituting eqns. (C.21), (A.3) & (C.6) in above eqn.,

(@ + b?)/b2 + aZsin2(6°)
abcos(0°)

(=)
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@2 +b2)/b2 + a2sin2(6°) acos{8%)
~F Y= ab S X\/az+b2Xﬁ
a + b?)(a?sin?(0°) + b?
F1Y:\/( ) 6°) ) ...(D.5)
b
Referring fig. 3, A MON & A FOY are similar.
~MN QZ
“OM 0Q
7 - MN x 0Q
~ OM
Substituting eqns. (C.21), (B.1) & (C.6) in above eqn.,
(@ + b?),/b2 + a2sin2(8°) 9 ( a )
abcos(0°) cos(0°)
~QZ= (az + b2 )
acos(0°)
07 = @2 +b2),/b2 + aZsin2(6°) A acos{8%)
~QZ= abees(82) cos(0°)  aZ+4b2
a\/azsin2 (6°) + b2
~QZ = boos(®%) ...(D.6)
Referring fig. 3, A MON & A IOR are similar.
0l OM
“OR  ON
ol = OM x OR
~ ON
OM X PQ
S0l =——
0 ON
Substituting eqns. (C.2), (B.4) & (C.3),
(a2 + b? ) y (bsin(9°))
. Ol = acos(06°) cos(6°)
R ((a2 + bz)sin(e"))
bcos(6°)
ol = aZ+bZ y bsin{6>) y beos{8%)
"~ acos(0°) T eos(®8) T (a2 +b)sin(6%)
b2
=— ...(D.7
acos(0°) (.7
Referring fig. 3, A MON & A IOR are similar.
~MN IR
oM ol
R— MN x OI
Y

Substituting eqns. (C.21), (D.7) & (C.6) in above eqn.,
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<(a2 +b?){/b2z + azsin2(9°)> ( b? )

abcos(0°) acos(0°)
“IR= (az + b2 )
acos(0°)
IR = @2 +b2)/b2 + a2sin2(6°) o b? y acos{8%)
R abcos(0°) acos(8)  aZ+bZ
b+/a2sin2(8°) + b2
~IR= ...(D.8
acos(0°) (D-8)
Referring fig. 3, A MON & A TOW are similar.
~ON OW
"OM  OT
ow 2 ONxoT
ST oM
Substituting eqns. (C.7), (C.1) & (C.6) in above eqn.,
2 2\ o
((a +b )510n(9 )) y (acos(e"))
. OW = bcos(6°)
" - ( aZ + b? )
acos(0°)
a2 +b%)sin(0° acos(0°
~ OW = ( )xaeeséei}x#
beos{82) 221+ b2
sin(0°) acos(0°)
= XaXxX—-
b
a%sin(0°)cos(8°
W= (6%)cos(8%) ...(D.9)
b
Referring fig. 3, A MON & A V; OX are similar.
) 0X _ ON
"oV, OM
= ON x OV
oM
Substituting eqns. (C.7), (A.1) & (C.6) in above eqn.,
(@%+ bz)sin(9°)>
. OX = ( bcos(6°) x (a)
S ( a® +b? )
acos(0°)
a2 +b%)sin(0°) acos{8)
~0X = XaX—5——>
beos{8%) az+bZ
a%sin(0°
_ ¥sin(®9) ...(D.10)
b
Referring fig. 3, A MON & A F; OY are similar.
) oy _ ON
" OF;, OM
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v ON x OF;
~ OM
Substituting eqns. (C.7), (A.3) & (C.6) in above eqn.,
2 AP o
((a +b )510n(6 )) % aZ T2
. OY = bcos(6°)
R ( aZ + b2 )
acos(6°)
a2 +bH)sin(0°) acos(8Y)
~0Y = b 5 X\/a2+b2><ﬁ
asin(06°)va? + b?
Y= ...(D.11D)
b
Referring fig. 3, A MON & A QOZ are similar.
~0Z ON
“0Q OM
ON x 0Q
W02 =—
0 oM

Substituting eqns. (C.7), (B.1) & (C.6) in above eqn.,
((a2 + bz)sin(6°)) ( a )

) _ bcos(6°) cos(0°)
+0Z= (az + b2 )
acos(0°)
07 = a2 +b%)sin(0°) L acos(8y)
T beos(82) cos(0°)  aZz+4b2
a%sin(0°)
=— ...(D.12
bcos(6°) (D.12)
Referring fig. 3, AJOS & A MON are similar.
0] 0s
“OM ON
ol = 0S x OM
Y
Substituting eqns. (C.2), (C.6) & (C.7) in above,
(beesé@—}" )X<az+b2>
. 0] = sin(0°) aces{8%)
R ((a2 + bz)sin(9°))
bcos(6°)
o = b{aZ+b%) « bcos(8°)
J= asin(0°) = {aZ+b2)sin(6°)
_ b?cos(8°) D13
~ asin?(8°) - (D.13)

Referring fig. 3, AJOS & A MON are similar.
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S]_MN

“0S” ON
0S x MN

SI=—0N

Substituting eqns. (C.2), (C.21) & (C.7) in above,
(bee&é@"—)) 9 <(a2 +b?)/a2sin2(8°) + bz)

sin(6°) abeos(8%)
((a2 + bz)sin(e"))
bcos(6°)
ol = 2 +b2),/a?sin2(6°) + b2 « bcos(8°)
“51= asin(0°) {aZ+b2)sin(0°)
bcos(8°)/a2sin?(8°) + b2
3= asin?(0°) - (D.14)
Referring fig. 3, A OKT & A MON are similar.
) OK _ oM
" 0T MN
_ 0T xOM
~ MN
Substituting eqns. (C.1), (C.6) & (C.21) in above,
o a? + b?
acos(0°) x <—acos(6°)>
(a2 + b2),/b? + aZsin?(6°)
abcos(0°)
a2 +b2 abcos(0°
.-.OK=aees{9_}°><< o)x 6
acost0}/ (a2 4 b2y /b2 + aZsin?(0°)
abcos(6°
©% ...(D.15)

B \/azsinz (6°) + b?
Referring fig. 3, A OKT & A JST are similar.

TK TS

ﬁ=S—]
TS x OK
= g

Substituting eqns. (C.10), (D.15) & (D.14) in above,
<cos(6°)\/azsin2 (0°) + b2> y < abcos(6°) )

T sin(6°) Ja2sinZ(8°) + b?
bcos(8°)/a2sin2(8°) + b2
asin?(6°)
K = cos(8°)+fa2sin2(8%)+b2 abeos{8>) asin?(0°)

X X
sin{6%) \/a%sin2(8°) + b2 ) FaZsinZ(0° 2
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_ a’sin(8°)cos(6°)
\/a%sin2(8°) + b2
Analysis Part - E

b i
]
| o
/ ~ T /
Ol /7 V/F, Q] /M
/ /
// 7 -* //
/| -+ /,
¥ ¥ 4 >
H / - /,
/
7/ B /
/
l" + /
— B /’
% /
—a.sec°— f
/
/
/
/
/
/
/
7/
/
/
/
/
/
/
/
/
/
/
,/
L'e
Fig. 4

...(D.16)

In this figure,

Point V is vertex of the hyperbola.

Points F;  is one of the foci of the hyperbola.

Point P is a point considered anywhere on hyperbola.

PF, & PF, are focal distances of a point P

Point Q is foot of perpendicular of point P upon transverse axis.

Point R is foot of perpendicular of point P upon conjugate axis.

PS is tangent drawn to the hyperbola at point P.

MN is normal drawn to the hyperbola at point P.

Point A4° is intersection of normal & parallel line drawn to tangent at point R
Point B’ is intersection of normal & parallel line drawn to tangent at point O
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Point E’ is intersection of normal & parallel line drawn to tangent at point Q

Point H  is intersection of conjugate axis & parallel line drawn to tangent at point V
Point I’ is intersection of conjugate axis & parallel line drawn to tangent at point F;
Point L’ is intersection of conjugate axis &parallel line drawn to tangent at point M

Referring fig. 4, A OB'M & A TPM are similar.

_OB" PT

oM T™

_ PTxOM

-~ TM

Substituting eqns. (C.15), (C.6) & (C.9) in above eqn.,

<sin(€)°)\/azsin2 (6°) + b2> y ((a2 + bz)sin(6°)>
OB’ =

OB’

cos(0°) bcos(6°)
(azsin2 (8°) + b2>
acos(0°)
OB’ = sin(8°),/a2sinZ(6°) + b2 o (a® + b?)sin(6°) y acos(6)
B cos(0°) beos(82) a2sin?(0°) + b2

, _a(a®+b?)sin?(8°)
bcos(6°)\/a2 sin?(0°) + b?
Referring fig. 4, A OB'M & A QE'M are similar.

QE' OB
QM OM

OB’ x QM
QE' — —Q

oM
Substituting eqns. (E.1), (C.5) & (C.6) in above eqn.,

< a(a? + b?)sin?(8°) > y ( b? )

- OF = bcos(6°),/a2sin2(6°) + b2 acos(6°)
-~ QE = ((az T b2)>
acos(6°)
B afaZ+b%)sin?(0°) y b2 y aces{8%)
bcos(0°)/a?sin?(8°) + b2 2€os(8%)  (aZ+b2
, absin?(6°)

B cos(e")\/azsin2 (6°) + b2
Referring fig. 4, A SPN & A RA'N are similar.

PS _RA’

“SN” RN
 PSXRN
~ SN

Substituting eqns. (C.16), (C.17) & (C.20) in above eqn.,
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<\/azsin2 (6°) + b2>

B sin(0°)cos(0°) a%sin(0°)

N (azsin2 (8°) + b2> % bcos(0°)
bsin(6°)cos(8°)

3 \/a%sin2(8°) + b2 o bsin{8%)cos(8%) o a%sin(6°)

T sinf8%eos®@)  aZsin2(0°) + b2 " bcos(0°)

a%sin(6°)

~ RA'

- cos(8°),/a2sin2(6°) + b2 o (53)
Referring fig. 4, A TOS & A VOH' are similar.
TS VH'
oo ﬁ = W
, TSXO0OV
=—o1
Substituting eqns. (C.10). (A.1) & (C.1) in above eqn.,
<cos(9°)\/a_zsin2 (8°) + b2> < a
, sin(06°)
“VH = acos(0°)
.. TS COE SNV
sin(0°) acos(8%)
L yp = YISt (@) + b2 . (E.4)
sin(6°)
Referring fig. 4, A TOS & A F, Ol are similar.
TS F,I'
,  TSxOF;
=T
Substituting eqns. (C.10), (A.3) & (C.1) in above eqn.,
<cos(6°)\/a.zsin02 (8°) + b2> AT T2
, sin(0°)
Bl = acos(6°)
o 2¢in2(Q° 2
e = SO IV, v
SRl = V@ + b*)(@*sin*(8°) + b*) ...(E.5)
asin(0°)
Referring fig. 4, A TOS & A QOJ' are similar.
TS QJ
, TSx0Q
T oT
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Substituting eqns. (C.10), (B.1) & (C.1) in above eqn.,

(cos(e")\/azsinz(ﬂ") + b2> y ( a )

, sin(0°) cos(0°)
~ Q) = =
acos(0°)
o cos{8°),/a2sin2(6°) + b2 o a o 1
~Q= sin(0°) eos{82) acos(0°)
o \/a%sin2(8°) + b2 E6
~Q= sin(0°)cos(0°) - (E-6)
Referring fig. 4, A TOS & A MOL' are similar.
) TS _ ML’
0T OM
L = TS X OM
~or
Substituting eqns. (C.10), (C.6) & (C.1) in above eqn.,
cos(8°)y/a2sin2(°) + b2 y (a2 + b? )
ML sin(0°) acos(6°)
" a acos(0°)
ML = c0s{8°),/a%sin2(8°) + b2 o a? +b? o 1
- B sin(0°) acos(0°) aeces{8y)
a? + b?),/a2sin2(0°) + b2
ML’=( )\/ 6°) ..(E.7)
a2sin(0°)cos(0°)
Referring fig. 4, A TOS & A MOL' are similar.
) oT _ oM
oS oL
oL = OM x 0S
~ 0T
Substituting eqns. (C.6), (C.2) & (C.1) in above eqn.,
(a2 + b2 ) y (bcos(6°))
oL = acos(0°) sin(6°)
acos(0°)
a’?+b? beos®> 1
~ Ol = X — X
aees{82)  sin(6°)  acos(6°)
b(a? + b?)
| = — ...(E.8)
a2sin(0°)cos(0°)

Referring fig. 1,
Substituting eqn. (A.3) & (A.1) in above,

Va2 + b? — acos(6°)
cos(6°)

Eqn. (B.12) = PF, =
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Va2 4+ b? + acos(0°)
cos(0°)
Multiplying eqns. (B.12) & (B.13),

Eqn. (B.13) = PF, =

va? + b? — acos(6°) Va2 + b? + acos(6°)
PF, x PF, = X
cos(0°) cos(0°)
. PF. x PF. — a% + b? — a%cos?(0°)
o z- cos2(0°)
a?[1 — cos?(8°)] + b2
~ PF; X PF, =
1 2 cos?(0°)
. PE. x PF. — a%sin?(0°) + b? E 9
PRy X PRy = — s ...(E.9)
Eqn. (C.13) = F;T =+/a? + b? — acos(6°)
Eqn. (C.14) = F,T = /a% + b2 + acos(6°)
Multiplying eqns. (C.13) & (C.14),
F,TXF,T= [\/ a?+b? — acos(6°)] X [\/az +b% + acos(6°)]
~ F;T X F,T = a% + b? — a%cos?(8°)
~ BT X F,T = a?(1 — cos?(6°)) + b?
~ F;T X F,T = a%sin?(6°) + b? ...(E.10)
Va? + b2 (\/a2 + b2 — acos(6°))
Eqn. (B.8 FiM =
an. (B.8) = F acos(0°)
VaZ + b2 (\/a2 +b2 + acos(6°))
Egn. (B. F,M =
an. (B.9) = F acos(0°)
Multiplying eqns. (B.8) & (B.9),
Va2 + b2 (\/a2 + b2 — acosz(e")) Va2 + b2 (\/a2 +b? + acos(6°))
FlM X FzM = X
acos(0°) acos(0°)
2 1 p2)(a2 + b? — a%cos2(6°
oo FlM X FzM = (a )(a 4 o8 ( ))
a2cos2(0°)
2 +b2 2 _ 42 2 g° +b2
% F{M X F,M = (@ )(a” — a’cos (67 +b7)
a2cos2(0°)
(a% + b?)(a?[1 — cos?(8°)] + b?)
~F M X F,M =
R a?cos?(0°)
(a? + b?)(a%sin?(8°) + b?)
# F{M X F,M = a0 (@) ...(E.11)
Eqn. (B.6) = F,Q = a— Va2 + b?cos(6°)
an. A5 1Q= cos(0°)
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a+ Va2 + b2%cos(6°)
cos(0°)
Multiplying eqns. (B.6) & (B.7),
a— Va2 + b?%cos(6°) a+ Vva? + b?%cos(6°)
F1Q X F,Q= X
cos(0°) cos(0°)
a? — (a%? + b?)cos?(0°)

Egn.(B.7) = F,Q =

~F;QXF,Q= 2052(0%)
g o)

Abstract of the analysis Part— A, B,C,D & E
The following table is abstract of derived equations in Analysis A, B, C, D & E for various elements of

a Hyperbola

Al OV=a Cl2 FZT — /aZ + b2 + acos(9°)
A2 [OB=b C13 | pg o YAISIn®(6°) + b
! sin(0°)
b,/a?sin?(6°) + b?
A3 | OF, = OF, = +/a? + b2 C.14 | pM =
' : ) acos(6°)
A4 | FiF, = 2y/a% +b? Cl15|pT= sin(6°)y/a*sin?(6°) + b?
cos(8°)
2cin2(AQ° 2
A5 | VF, =a2+b2—a C.16 | pg = YASIn (0)+b
sin(0°)cos(6°)
a%sin(6°)
A6 = a2 +b? C17 | RN = ———
bk aAbiHa bcos(6°)
A £ 18 | RS = b
7% Va? +b? 18 ~ sin(8°)cos(8°)
A8 |vu= a(\/az + b2 — a) C.19 | py = ay/a2sin2(0°) + b2
Va? + b? bcos(8°)
b? 20in2(Q0 2
A9 |\ UFy = ——— c20 | sy = 256D +b
va? + b? bsin(6°)cos(8°)
A.10 | UF, = ﬂ Cc2l MN = (aZ + b2) b2 + aZSiHZ(eo)
| i a’ + b? . B abcos(6°)
A1l | BU = \/(aZ + b2)2 — a2b2 c22 | sy = \/(az + b2)25in2(8°) + a2b2cos*(8°)
‘ _ va? + b2 . h asin(0°)cos(8°)
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2 1 h2)2ein2(Q° 2h2c0ct (00
A2 sz\/m 23 TN:\/(a + b2)2sin2(6°) + a2b2cos*(0°)
bcos(0°)
a sin(0°)[a?sin?(68°) + b?]
B.1 0Q=——— D.1 =
Q cos(6°) TL bcos(6°)
b 3 eo =2 o 2 cin? o 2
B2 |PQ=OR= sin( O) D2 _ asin (8°)/a%sin?2(8°) + b
cos(6°) bcos(08°)
2 + b2 _ 0° o 2cin2(0Q° 2
B3 |uq= a[\/a acos( )] D3 | Tw= acos(0°),/a2%sin2(0°) + b
vaZ + b2 x cos(0°)
a[1 — cos(8°)] a\/aZsinZ(8°) + b2
B4 (VQ=——+—— D.4 —
Q cos(8°) VX = b
2 1 h2ain2(B° 21 1 2<in2(0° 2
B.S OP:\/a + b2sin2(0°) D5 FlY:\/a + b2 x ,/a%sin2(8°) + b
cos(0°) b
— /a2 2 o \/ﬁ
B6 F1Q=a va? + b2cos(6°) D.6 QZ:a a2sin2(6°) + b
cos(6°) bcos(6°)
2 2 o bZ
B.7 FZQ:a+\/a + b?cos(6°) D7 | 01=—
cos(8°) acos(6°)
2 1 h2 71 hZ _ o b+/aZsin2(6°) + b2
B8 |pM= Va7 A D7 (Va7 + 57 —acos(@)) | ¢ |  D/asin (eo)
acos(0°) acos(6°)
VDT (VAT T D + acos(6?) _ a?sin(6°)cos(6°)
B9 | pM= ( ) |po | ow= -
acos(0°)
) 2ain2(Q° 2 a%sin(0°
B.10 F1N=\/a +b x\/a sin2(0°) + b D.10 _ (6°)
bcos(0°) b
2 2 2ain2(0° 2 S (0°VWaZ + B2
B.11 F2N:\/a +bZ x ,/a%sin2(8°) + b DAl Y:asm(G )Waz +b
bcos(0°) b
A/92 2 o 23 0°
B.12 | pF, = -2 + b* — acos(87) D.12 =&(0)
cos(6°) bcos(6°)
2 2 o b2 eo
B.13 PFZ:\/a + b2 + acos(6°) D.13 :#(O)
cos(6°) asin?(8°)
211 — N2 + h2ainZ(0° Y. [22ain2(0° 2
B.14 VP=\/a [1 — cos(8°)]? + b2sin?(6°) D.14 SI:bcos(G) a?sin?(0°) + b
cos(0°) asin2(0°)
2<inZ(Q° 2enc2 (RO abcos(0°)
B.15 VS=\/a sin2(0°) + b2cos2(0°) D.15 | OK =
sin(0°) J/a2sin%(08°) + b2
2r02(00 2ain2(0° a?sin(8°)cos(0°)
B.16 VR=\/a c0s2(0°) + b2sin?(0°) D.16 | TK =
cos(0°) /a?sin?(0°) + b?
B.17 /a%cos2(8°) + b2 E1l P a(a? + b?)sin?(6°)
. iR = cos(6°) . bcos(0°)4/a?sin?(6°) + b2
, absin?(06°)
C.1 | OT = acos(0°) E.2 =
cos(6°)4/a?sin?(0°) + b2
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bcos(6°) , a®sin(6°)
C2 =— E.3 =
sin(0°) cos(0°){/a2sin?(0°) + b2
\/a%sin2(0°) + b2
C.3 | BT = +/a2c0s2(0°) + b2 E4 | vyH =
\/a cos2(6°) D)
inZ(0° 2 2 2cin2(0Q° 2
c4 _asin (6°) £S5 FlI,:\/a + b2 x \/a%sin2(8°) + b
cos(6°) asin(0°)
b2 Ja2sin? (09 1 b2
C5 QM =—— E6 | Q= a*sin®(6%) +b
acos(0°) sin(0°)cos(6°)
a2 + b? 2 2 2¢in2(0° 2
C.6 = . E7 ML’=(a + b?),/a2sin2(0°) + b
acos(8°) a2sin(0°)cos(0°)
2 1 h2)ein(Ao 2 112
cq ON:(a + b?)sin(0°) Eg ' l.)(a + b?%)
bcos(0°) a2sin(0°)cos(0°)
a%sin?(8°) + b2
C8 | VI =al|l- 0° E.9 PF; XPF, = ———F—F—
a[ COS( )] 1 X 2 COSZ(eo)
2cin2 0° b2
co |Tm= S ) +b7 E.10 | F,T X F,T = a%sin?(6°) + b2
acos(0°)
o). [22<inZ (0O 2 a® + b?)(a®sin?(0°) + b?
C.10 TS:COS(O) a2sin?(0°) + b E11 FlMszMz( )2( a E ) )
sin(8°) a?cos%(0°)
a®sin?(0°) — b?cos?(0°)
C.11 | F,T = /a2 + b2 — acos(6°) E12 | F1Qx F,Q = c0s2(0°)

DERIVATIONS OF THE THEOREMS

Previously, equations have been derived and tabulated above. By using the equations from the table,
now theorems have been developed as below. Totally 104 theorems have been developed and proven

by using these above equations.

THEOREM- 1:

2 2
In a Hyperbola 2z 1,
PN =QZ

Proof of the theorem

a,/a%sin?(6°) + b2

Egn.(C.19) = PN =

bcos(6°)
a,/a%sin2(6°) + b2
Egn. (D. 7=
an.(D.-6) = Q bcos(0°)
Equating Eqns. (1.1) & (1.2),

PN = QZ

Eqn. (1.3) is mathematical expression of the theorem.

L (1.1)

. (1.2)

.(13)
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THEOREM- 2:

2 2
In a Hyperbola 2 b2 =1,
PM = IR

Proof of the theorem

b+/a2sin2(0°) + b2
acos(0°)
b+/a?sin?(6°) + b?
! acos((6°)) - (2.2)
Equating Eqns. (2.1) & (2.2),
PM = IR ..(23)

Eqn. (2.3) is mathematical expression of the theorem.

Eqn. (C.14) = PM = .21

Egn.(D.8) = IR =

THEOREM- 3:
2
In a Hyperbola z

y2

- b

OZ = RN

Proof of the theorem

a%sin(68°)

—_— ...(31
bcos(6°) (3.1)
a?sin(6°)

— ...(3.2
bcos(0°) (3:2)
Equating Eqns. (3.1) & (3.2),

0Z =RN ...(3.3)

Eqn. (3.3) is mathematical expression of the theorem.

Eqn.(D.12) = 0Z =

Eqn.(C.17) = RN =

THEOREM- 4:
2
In a Hyperbola 7z

y2

oL

oI = QM

Proof of the theorem
2

acos(6°)
b2
acos(6°)
Equating Eqns. (4.1) & (4.2),
0ol =QM .. (4.3)

Eqn. (4.3) is mathematical expression of the theorem.

Eqn. (D.7) = Ol = . (4.1)

Eqn.(C.5) = QM = ..(4.2)

Centre for Info Bio Technology (CIBTech)




International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)

An Open Access, Online International Journal Available at http.//www.cibtech.org/jpms.htm
2025 Vol. 15, pp. 27-148/Kalaimaran

Research Article

THEOREM- 5:

2 2
In a Hyperbola 2 b2 =1,
VH' = F4S

Proof of the theorem

B \/a%sin2(8°) + b2

Eqn.(E.4) = VH' = Sin(8) ...(5.1)
Eqn.(C.13) = F;S = Valsin?(6°) + b2 5.2
qn' . 1° — S]n(eo) s ( . )
Equating Eqns. (5.1) & (5.2),
Eqn. (5.3) is mathematical expression of the theorem.
THEOREM- 6:
2 2
In a Hyperbola 2z - 1,
PS =QJ'
Proof of the theorem
Eqn. (C.16) = PS = VaZsin?(8°) + b2 6.1
an. L& ~ sin(6°)cos(8°) - (61)
Eqn. (E. 6) = ,_\/azsin2(6°)+b2 62
an. L& U= sin(0°)cos(6°) - (62)
Equating Eqns. (6.1) & (6.2),
PS = QJ’ ...(6.3)
Eqn. (6.3) is mathematical expression of the theorem.
THEOREM- 7:
X% y?
In a Hyperbola 2 - 1,
BV = OF,
Proof of the theorem
Eqn. (A.12) = BV =4/a? + b? ..(7.1)
Eqgn. (A.3) = OF, = ya? + b? ..(7.2)
Equating eqns. (7.1) & (7.2),
BV = OF; ...(7.3)

Eqn. (7.3) is mathematical expression of the theorem.
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THEOREM- 8:
2
In a Hyperbola 2 b2 =1,

MN x PN = F{N?

Proof of the theorem

(a2 + b?) /a2sin2(8°) + b2
abcos(0°)
a,/a%sin?(6°) + b2
bcos(0°)
Multiplying eqns. (8.1) & (8.2),

(a® + b?),/a?sin2(8°) + b2> y <a\/azsin2 (0°) + b2>

Eqn. (C.21) = MN = ..(8.1)

Eqgn. (C.19) = PN = ..(82)

MN X PN =
( abcos(0°) bcos(6°)

a% + b?) x (a?sin?(08°) + b2
o MNx PN =& )bzc(osz(e°)( )+b) ... (83)
a%sin?(0°) + b?
bsin(0°)cos(6°)
(a% + b?)sin(6°)
bcos(0°)
Multiplying eqns. (76.4) & (76.5),
a%sin?(6°) + b? (a® + b?)sin(8)

bs%&é@%cos((ﬂﬂ) % ( bcos(6°) >

a%? + b?) x (a?sin?(0°) + b?
~SNxON =" )bzc(osz(6°)( ) +b) .. (86)
VaZ +b? x \/a2sin?(6°) + b2

bcos(6°)

Egn. (C.20) = SN = .. (84)

Eqn.(C.7) = ON =

..(8.5)

SNxON=<

Eqn.(B.10) = F;N =

Squaring above eqn.,

_ (a® +b?) x (a®sin*(6°) + b?)
b2cos2(0°)

Equating Eqns. (8.3), (8.6) & (8.7),

MN x PN = SN x ON = F;N? ...(8.8)

Eqn. (8.8) is mathematical expression of the theorem.

F,N2

..(8.7)

THEOREM- 9:

2 2

y
az b2

PM x QE' =TQ x QM = PQ?

In a Hyperbola =1,
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Proof of the theorem

b+/a2sin2(0°) + b2

Eqn.(C.14) = PM = 2c05(6%) ..(9.)
, absin?(6°)
Eqn.(E.2) = QE' = ...(9.2)
cos(8°)y/a%sin2(08°) + b2
Multiplying eqns. (9.1) & (9.2),
. [ byfedsin®(e° 2 absin?(0°)
PM X QE' = X
acos(6°) c0s(0°)+[a2sin (8 + b2
~PM X QE' = b®sin®(6°) 9.3
h QB = cos2(0°) - 93)
asin?(0°)
Eqn. (C.4 TQ=——F"— ..(9.4
qn. (C.4) = TQ c0s(8%) (9.4)
2
Eqn. (C. M=——F— .. (9.
an.(C.5) = QM = s (95)
Multiplying eqns. (9.4) & (9.5),
TO X OM = asin?(0°) « b?
Qx QM= cos(0°)  acos(0°)
. TO X OM = b2sin?(6°) 06
~TQXQM = 02 (0% ..(9.6)
Eqn.(B.2) = PQ = bsin(8°%)
an. 15 Q= cos(0°)
Squaring above eqn.,
b?sin?(6°)
PQ? = ——— .. (9.
Q cos2(6°) (9.7)
Equating Eqns. (9.3), (9.6) & (9.7),
PM x QE' = TQ x QM = PQ? ...(9.8)
Eqn. (9.8) is mathematical expression of the theorem.
THEOREM- 10:
2 2
In a Hyperbola 2z - 1,
0] x OT = 0S?
Proof of the theorem
Eqn.(D.13) = 0] = bcos(8°) 10.1
qn. (D. ]_asinz(e") ...(10.1)
Eqn. (C.1) = OT = acos(8°) ...(10.2)

Multiplying eqns. (10.1) & (10.2),
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b2cos(0°)
asin?(0°)
b?cos?(0°)
sin2(0°)
bcos(6°)
sin(6°)

0] X OT = < > X acos(0°)

0] X OT = ..(10.3)

Egn.(C.2) = 0S =

Squaring above eqn.,
b?cos?(6°
o OSZ = ( )
sin2(0°)
Equating Eqns. (10.3) & (10.4),
0] X OT = 0S? ...(10.5)

Eqn. (10.5) is mathematical expression of the theorem.

.. (10.4)

THEOREM- 11:
2
In a Hyperbola Z

yZ

=L

TW x PN = VX?

Proof of the theorem

acos(8°)y/a?sin?(8°) + b2
b
a,/a%sin?(6°) + b2
bcos(0°)
Multiplying eqns. (11.1) & (11.2),
acos{8%),/a?sin2(8°) + b2> o <a\/azsin2 (©°) + b2>
b bees{82)

Eqn.(D.3) = TW = ..(11.2)

Egn. (C.19) = PN = ..(11.2)

TWXPN=<

a%(a?sin?(0°) + b?)
» TW x PN = = ...(11.3)
a\/azsin2 (6°) + b2
b

Eqn.(D.4) = VX =

Squaring above eqn.,

_ a*(a%sin?*(8°) +b?)

= =

Equating Eqns. (11.3) & (11.4),
TW X PN = VX2 ...(11.5)

Eqn. (11.5) is mathematical expression of the theorem.

VX2

. (11.4)

THEOREM- 12:

2 2

y

In a Hyperbola 2z - 1,

PS XTS = PM x VX = F,§?
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Proof of the theorem

\/a%sin2(8°) + b2
sin(6°)cos(6°)
cos(8°)y/aZsin2(0°) + b2
sin(6°)
Multiplying eqns. (12.1) & (12.2),
\/a%sin2(8°) + b2 y c0s{8°),/a%sin2(8°) + b2
sin(0°)eesf8>) sin(6°)
+ PSX TS = a%sin®(6°) + b* 12.3
- = S (67 ...(12.3)
by/a2sin2(8°) + b2
acos(0°)
a,/a%sin?(6°) + b2
b
Multiplying eqns. (12.4) & (12.5),

\/aZsin2(6°) + bz) o <\/a25in2(6°) + bz)

sin(0°) sin(0°)

Eqn. (C.16) = PS =

..(12.1)

Eqn. (C.10) = TS =

.. (12.2)

PSXTS=<

Eqn. (C.14) = PM = .. (12.4)

Eqn.(D.4) = VX =

..(12.5)

PMXVX=<

. PM x VX = 250 (0%) + b7 12.6
. = ...(12.6)

Eqn.(C.13) = F;S = Valsin?(6°) + b?
an. L == sin(08°)

Squaring the above eqn.,

2
FS7 _ \/azsin2(6°) + b?
= sin(6°)

a%sin?(0°) + b?
oo Flsz = - ( )
sin%(0°)
Equating eqns. (12.3), (12.6) & (12.7),
PS x TS = PM x VX = F,;S? ...(12.8)

..(12.7)

Eqn. (12.8) is mathematical expression of the theorem.

THEOREM- 13:

X2 y?
In a Hyperbola 2z - 1,

OL' X ON = OM?

Proof of the theorem
b(a? + b?)
a?sin(0°)cos(6°)

Eqn. (E.8) = OL' = ..(13.1)
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(a® + b?)sin(6°)
bcos(0°)
Multiplying eqns. (13.1) & (13.2),
b(a? + b?) ) « ((a2 + bz)si-HG@"—))

Eqn.(C.7) = ON =

..(13.2)

a2sin{8>cos(0°) bcos(0°)
(a% + b?)?

a%cos?(0°)

a? + b?

acos(0°)

OL'XONZ(

» OL' X OM = ..(13.3)

Eqn.(C.6) = OM =
_ (a? + b?)?
" a2co0s?(0°)
Equating eqns. (13.3) & (13.4),

OL' x ON = OM? ...(13.5)

. OM? ..(13.4)

Eqn. (13.5) is mathematical expression of the theorem.

THEOREM- 14:
2

x 2
In a Hyperbola z

y

bz

RS X SN = PS?

Proof of the theorem

b
sin(6°)cos(6°)
a%sin?(6°) + b?
bsin(6°)cos(6°)
Multiplying eqns. (14.1) & (14.2),

Eqn.(C.18) = RS = .. (14.1)

Eqn. (C.20) = SN = .. (14.2)

a%sin?(0°) + b?
RS X SN = (

b
sin(G")cos(G")) % (bsin(G")cos(B")
*» RS X SN = 2%sin®(6°) + b* 14.3
" "~ sin2(8°)cos2(6°) - (14.3)
\/azsinz (6°) + b2
sin(6°)cos(6°)

Eqn. (C.16) = PS =

Squaring above eqn.,
a%sin?(8°) + b?
psz = 2 (8°)
sin2(0°)cos2(0°)
Equating eqns. (14.3) & (14.4),
RS x SN = PS? ...(14.5)

.. (14.4)

Eqn. (14.5) is mathematical expression of the theorem.
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THEOREM- 15:
2
In a Hyperbola 2 b2 =1,

RS X RN = 0Q*

Proof of the theorem

b
a%sin(0°)
beos(6°)
Multiplying eqns. (15.1) & (15.2),

Eqn. (C.18) = RS = ..(15.1)

Eqn.(C.17) = RN = ..(15.2)

B b a’sin{e)
RS xRN = (si-&é@"—}cos(9°)) % <bcos(6°)>

2

a
~RSXRN =—75>—— ...(15.3
cos?(0°) (15.3)

Eqn.(C.16) = 0Q =

cos(0°)
Squaring above eqn.,

a2

0Q? =———

Q cos2(0°)
Equating eqns. (15.3) & (15.4),
RS X RN = 0Q? ...(15.5)

.. (15.4)

Eqn. (15.5) is mathematical expression of the theorem.

THEOREM- 16:

2 2

Yy _
az b

OU X OF; = 0S x RN =TS X RA’ = OK X PN = TK x PS = RS X OW = a?

In a Hyperbola 1,

Proof of the theorem
2

Eqgn. (A.3) = OF, = \/a + b2 ...(16.2)
Multiplying eqns. (16.1) & (16.2),
2

Neeames: m) Xfai b
« OU x OF; = a2 ...(16.3)
bcos(6°)
sin(6°)
a’sin(6°)
bcos(6°)

Eqn.(A.7) = 0U = ..(16.1)

OUxOF1:<

Eqn.(C.2) = 0S = ..(16.4)

Eqn.(C.17) = RN = ...(16.5)
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Multiplying eqns. (16.4) & (16.5),

(e ) ()
OSXRN =|——F| X -
sin{8%) bees(8%)
~ 0S X RN = a2 ...(16.6)
cos(8°)y/aZsin2(0°) + b2
Eqn. (C. 10 TS = ...(16.7
an.(€.10) = e (167)
a%sin(0°)
Eqn.(E.3) = RA' = ...(16.8)
cos(8°)y/aZsin2(0°) + b2
Multiplying eqns. (16.7) & (16.8),
o 2cin2 (00 2 a2 : o
TS X RA"= SiR{e) X< o) [aZcinZrno z>
~ TS X RA' = a? ...(16.9)
abcos(0°)
Eqn.(D.15) = OK = ...(16.10)
\/a%sin2(8°) + b2
a,/a%sin?(6°) + b2
Eqn. (C.19 PN = ..(16.11
an- ( )= bcos(6°) ( )
Multiplying eqns. (16.10) & (16.11),
abeos(02) 2inZ(Qo 2
OK X PN = < ) X (a )
[a25in2(6%) + b2 bees(8%)
~» OK X PN = a? ...(16.12)
a?sin(6°)cos(8°)
Eqn.(D.16) = TK = ...(16.13)
/a?sin2(8°) + b2
Eqn.(C.16) = PS = Valsin?(6) + b? 16.14
an. L ~ sin(8°)cos(6°) - (16.14)
Multiplying eqns. (16.13) & (16.14),
aZSi]qEQO) 999(90) 2cin2( 00 2
TK X PS = < > X _
JaZsnEe5 1 52) |\ sn(@eose)
~ TK x PS = a? ...(16.15)
b
Eqgn. (C.18 RS=——— ..(16.16
an. ( )= sin(6°)cos(6°) ( )
a%sin(8°)cos(6°)
Eqn.(D.9) = OW = 0 ..(16.17)
Multiplying eqns. (16.16) & (16.17),
RS X OW = ( b ) X a’sing6® -
- sin EQO)ESSEQOB b
~ RS x OW = a? ...(16.18)
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Equating eqns. (16.3), (16.6), (16.9), (16.12), (16.15) & (16.18),
OU X OF, = 0S x RN = TS X RA’ = OK x PN = TK X PS = RS x OW = a2

Eqn. (16.19) is mathematical expression of the theorem.

...(16.19)

THEOREM- 17:

2 2

y

In a Hyperbola 2z - 1,

0S X OR = VFy X VF, = UF; X OF, = OT X OI = 0] x TQ = S] x QE' = OK x PM = b>

Proof of the theorem

bcos(0°)
sin(6°)
bsin(0°)
cos(6°)

Multiplying eqns. (17.1) & (17.2),

bees8>) bsin{8%)

~ 0S X OR = b?

Eqn.(A.5) = VF; =ya?+b%?—-a

Eqn.(A.6) = VF, = a?+b%? +a

Multiplying eqns. (17.3) & (17.4),

Eqn.(C.2) = 0S =

Eqn.(B.2) = OR =

OSxOR=<

VFy x VF, = (Va2 + b2 —a) x (va? + b2 +a)

~ VF; X VF, = a2+ b?—a2

oo VF1 X VFZ = bZ
b2

Eqn. (A.3) = OF; = ya? + b?
Multiplying the eqns. (17.7) & (17.8),

2
Va2 +b2
~ UF; X OF; = b?
Eqn. (C.1) = OT = acos(8°)

b2
acos(6°)
Multiplying the eqns. (17.10) & (17.11),
b2

OT X Ol = aces8) X ————
acos{8%)

UF1 XOFl =<

Eqn.(D.7) = 0l =

=~ OT X Ol = b?
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b2cos(0°)
Eqn. (D13) = 0] = W(eo) (1713)
asin?(0°)
Eqn. (C 4) = TQ = W .. (1714)
Multiplying the eqns. (17.13) & (17.14),
bZ o inZ2 (A0
0] X TQ = | — 9 & 6%
asinz(8>) cos{82}
~» 0] X TQ = b? ...(17.15)
bcos(0°)/a%sin%(0°) + b2
Eqn. (D.14) = §J = a‘éinz B .. (17.16)
, absin?(6°)
Eqn. (E.2) = QE' = : .. (17.17)
cos(8°){/a%sin2(0°) + b2
Multiplying the eqns. (17.16) & (17.17),
b o 2cin2 (00 2 absi 2(Qo
- (T, s
asinz(6% o) [32cin2(@o 2
« S] X QE' = b? ...(17.18)
abcos(0°)
Eqn.(D.15) = OK = _ ...(17.19)
\/azsmz (6°) + b2
b+/a?sin?(0°) + b2
Eqn. (C.14) = PM = Vo ZICI;S((GO)) ..(17.20)
Multiplying the eqns. (17.19) & (17.20),
beos(8) b/aZsinZ (%) + b2
OK X PM = < 2 ) X ( )
[a25in2(8°) + b2 acos(8%)
« OK X PM = b? ...(17.21)

Equating eqns. (17.3), (17.6), (17.9), (17.12), (17.15), (17.18) & (17.21),
0S x OR = VF, X VF, = UF; X OF; = OT X Ol = 0] x TQ = SJ X QE’ = OK x PM = b? ..(17.22)

Eqn. (17.22) is mathematical expression of the theorem.

THEOREM- 18:

2 2

In a Hyperbola 2z % =1,
(UF, — UF,) X OF; = 2a*
Proof of the theorem
. _ 2a’ +b?
qn. (A.10) = UF, = —m ...(18.1)
b2
Eqn.(A.9) = UF; = NEearaw ...(18.2)
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Eqn. (A.3) = OF; = +/a? + b2 ...(18.3)
Subtracting eqn. (18.2) from (18.1),

UF. — UF, = 2a% + b? b?
2 T \Vazrpz) \Vazro?

2a% +bZ—h2
~ UF, —UF, = W
~ UF, —UF; = L ..(18.4)

VaZ+ b2
Multiplying above eqn. & eqn. (18.3)
= (UF, — UF,) x OF, = <ﬁ> X +[aZ+b2
= (UF, — UF,) X OF, = 2a? ...(18.5)
Eqn. (18.5) is mathematical expression of the theorem.
THEOREM- 19:

2 2
In a Hyperbola Z e 1,
OT x OM = 0S X ON = S] X OB' = OK x MN = TK x ML' = a® + b*
Proof of the theorem
Eqn. (C.1) = OT = acos(8°) ...(19.1)
Eqn.(C.6) = OM = ﬂ ..(19.2)
acos(6°)
Multiplying eqns. (19.1) & (19.2),
OT X OM = aees{8% X <ﬂ>
aeostsy
~ OM X OT = a? + b? ...(19.3)
Eqn.(C.2) = 0S = M ..(19.49)
sin(6°)
2 1 h2\ein(A°
Eqn. (C.7) = ON = & ;Czs)(selg(e ) ..(19.5)
Multiplying eqns. (19.4) & (19.5),
0S x ON = <b€9§€9_)> x <(a2 * bz)ﬁé@g})
S G beos(6)

~ 0S X ON = a2 + b? ...(19.6)
Eqn. (D. 14) = §] = 225 )a‘/sizsgz§e )+ b .. (19.7)
Eqn.(E.1) = OB’ = a@” + bsin’(67) ...(19.8)

bcos(8°)/aZsin?(8°) + b2
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Multiplying eqns. (19.7) & (19.8),
o 22 (N0 ;_z)x< a(az +b2) : 2@0) >
2

S]xOB’:<

asin2{8%) o\ [o2i2rpo
« S] X OB = a2 + b2 ...(19.9)
abcos(8°)
Eqn. (D.15) = OK = ...(19.10)

\/a%sin2(8°) + b2

(a® + b?),/a%sin2(8°) + b2
abcos(6°)
Multiplying eqns. (19.10) & (19.11),
aISEBS(QO) (aZ + bZ) Za-zsi]q;&(gO) ' Is;&
2 oin2(0o ) X abecos(8%)
. OK X MN = a% + b? ...(19.12)
a%sin(0°)cos(0°
Eqn. (D.16) = TK = (6%)cos (8 ...(19.13)
\/a%sin2(8°) + b2
(@ + b?),/a%sin?(6°) + b2
Eqn.(E.7 ML' = ...(19.14
an. (E.7) = a2sin(0°)cos(0°) ( )
Multiplying eqns. (19.13) & (19.14),
2Z5in(0%)cos(8) <(a2 +b?) [agsmzego) b2
X ;
2oinZ(00 z) aZsin{8%)cos(6%) )
~ TK x ML = a2 + b2 ...(19.15)
Equating Eqns. (19.3), (19.6), (19.9), (19.12) & (19.15),
OT X OM = 0S X ON = S] X OB’ = OK X MN = TK X ML = a% + b? ...(19.16)

Eqn. (C.21) = MN = ..(19.11)

OKXMN=<

TKXML'=<

Eqn. (19.16) is mathematical expression of the theorem.

THEOREM- 20:

2 2

Yy _
az b

OP? — (PF, X PF,) = a? — b?

In a Hyperbola 1,

Proof of the theorem
J/a% + b2sin2(8°)
cos(0°)

Egn.(B.5) = OP =

Squaring above eqn.,
_a’ +b?sin(8°)

cos?(0°)
Eqn. (E.10) = F; T X F,T = a?sin?(8°) + b? ...(20.2)
Subtracting eqn. (20.2) from (20.1),

. OP2

...(20.1)
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0P — PF. x PF (az + bzsin2(9°)> <azsin2 (8°) + b2>
—rh 2= -

cos?(0°) cos?(0°)
a% + b?sin?(0°) — a%sin?(0°) — b?
. OP2 — PF; X PF, =
1 2 cos2(0°)
a? — a%sin?(0°) + b%sin?(0°) — b?
. OP2 — PF; X PF, =
1 2 cos2(0°)
a?[1 — sin?(8°)] + b?[sin?(8°) — 1]
. OP2 — PF; X PF, =
1 2 cos2(0°)
a%cos?(8°) — b?cos?(6°)
. OP2 — PF; X PF, =
1 2 cos2(0°)
aZ — b?) x-cos2(6°%)
.. OP? — PF; X PF, = ( )2 .
cos2(08%)
~ OP? — PF; X PF, = a? — b? ...(20.3)

Eqn. (20.3) is mathematical expression of the theorem.

THEOREM- 21:
2
In a Hyperbola z

y2

=L

F{R? — VR?* = p?

Proof of the theorem

\/a2c052(9°) + b?

Eqn.(B.17) = F,R = cos(0°)

Squaring above eqn.,

_a’cos?(8°) + b?

F,R? = ...(211
! cos?(6°) (21.1)
/a%cos2(8°) + b2sin2(8°)
Eqgn. (B.16 VR =
an. ( )= cos(0°)
Squaring above eqn.,
a%cos?(0°) + b?sin?(0°
VR? = © ) ..(21.2)

cos2(0°)
Subtracting eqns. (21.2) from (21.1),

F,R? — VR? = a%cos?(8°) + b? B a%cos?(0°) + b2sin?(6°)
cos?(6°) cos2(6°)

- F.R% — VRZ = a?cos2(0°) + b? — [a%cos?(8°) + b?sin?(8°)]
o B cos?(0°)
“ F.R? — VRZ = aZeos2(8%) + b? —aZeos2(8%) — b?sin?(0°)

! cos?(0°)

b?(1 — sin?(8°))

. F.RZ _VR2 —
- F;R? — VR s
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b2 58526909
Eesz(eo)
. F;R? — VR? = b?

~ F,R? —VR? =

Eqn. (21.3) is mathematical expression of the theorem.

..(21.3)

THEOREM- 22:

P
In a Hyperbola 2 1,

PL+TW = a x PN

Proof of the theorem
asin?(6°),/a2sin2(6°) + b2
bcos(0°)
acos(8°)y/a?sin?(8°) + b2
b

a,/a%sin2(8°) + b2
bcos(6°)

Adding eqns. (22.1) & (22.2),

asin?(6°),/a%sin2(8°) + b2> N (:;1005(6")\/a25in2 (6°) + b2>

Egn.(D.2) = PL =

Eqn.(D.3) = TW =

Eqn. (C.19) = PN =

PL+TW =
+ ( bcos(6°) b

[asin?(8°) + acos?(8°)]/a2sin2(8°) + b2
bcos(6°)

[asin?(8°) + acos?(8°)]/a2sin2(8°) + b2
bcos(6°)

a,/a%sin?(6°) + b2

bcos(0°)
Equating Eqns. (22.3) & (22.4),
PL+ TW = PN

Eqn. (22.5) is mathematical expression of the theorem.

~PL+TW =

~PL+TW =

~PL+TW =

.. (22.1)

..(22.2)

..(22.3)

.. (22.4)

..(22.5)

THEOREM- 23:

2

y
In a Hyperbola 2z

2
1,

FiT X F;T=PT XTS =TW X PM = S] X PL

Proof of the theorem

Eqn. (E.10) = F; T X F,T = a?sin?(8°) + b?

sin(e")\/azsin2 (6°) + b2
cos(0°)

cos(e")\/azsin2 (6°) + b2
sin(0°)

Eqn.(C.15) = PT =

Eqn. (C.10) = TS =
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Multiplying eqns. (23.2) & (23.3),
sin{82),/aZsin?(0°) + b2> y <c—es{9°—}\/azsin2(6°) + b2>

PT><TS=< - -

~ PT X TS = a%sin?(6°) + b? ...(234)
acos(8°),/a2sin2(6°) + b2
b
by/a2sin2(8°) + b2
acos(0°)
Multiplying eqns. (23.5) & (23.6),
acos(8%),/a%sin%(6°) + b2 o b/a?sin%(6°) + b2
b acos(8%)
~ TW X PM = a?sin?(08°) + b? ...(23.7)
bcos(8°)/a2sin2(8°) + b2
asin?(0°)
asin?(08°),/a2sin2(8°) + b2
bcos(6°)
Multiplying eqns. (23.8) & (23.9),
beos{82),/a2sin2(8°) + b2 y asin2(8°),/a?sin?(6°) + b2
asiﬂzée°) bees(9°)
« S] X PL = a2sin?(6°) + b2 ...(23.10)
Equating Eqns. (23.1), (23.4), (23.7) & (23.10),
F,T x F,T = PT x TS = TW x PM = S] x PL ...(23.11)

Eqn. (23.11) is mathematical expression of the theorem.

Eqn.(D.3) = TW = ..(23.5)

Eqn. (C.14) = PM =

..(23.6)

TWXPM=<

Eqn.(D.14) = §] =

..(23.8)

Eqn.(D.2) = PL = ..(23.9)

S]xPL=<

THEOREM- 24:

P
In a Hyperbola 2 - 1,

e v v
F,T x F;T/ \PF;x PF,) F.S2

Proof of the theorem
Eqn. (E.10) = F;T X F,T = a%sin?(8°) + b?
Reciprocating above eqn.,
1 1
“FTXF,T  aZsin?(8°) + b2
a%sin?(0°) + b?
cos?(0°)

... (24.1)

Eqn. (E.9) = PF, X PF, =

Reciprocating above eqn.,
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1 _ cos?(6°)
PF, X PF,  a2sin2(0°) + b2
Subtracting eqn. (24.1) from (24.2),

( 1 ) ( 1 ) 3 ( 1 ) cos?(6°)
F,T X F,T PF, x PF,/  \a2sin2(0°) + b2 a2sin2(0°) + b2
_ ( 1 ) ( ) 1 — cos?(6°)

“\F,;T x F,T PF1 x PF, a2sin2(0°) + b2

) 1 sin?(6°)
h (FlT X FZT) (PF1 X PFZ) (azsin2(9°) + b2> ... (24.3)

.. (24.2)

\/a?sinZ(8°) + b2
sin(6°)
Reciprocal of square of above eqn.,
1 sin?(0°)
F,S? - a2sin2(0°) + b2
Equating eqns. (24.3) & (24.4)

()~ (prmewms) = 245
“\F,;T x F,T PF, x PF,/  F;S2 - (245)

Eqn. (24.5) is mathematical expression of the theorem.

Eqn.(C.13) = F;S =

..(24.4)

THEOREM- 25:

2
In a Hyperbola z

y2

=L

TM x OT = F,T X F,T

Proof of the theorem
a%sin?(0°) + b?

Eqn.(C.9) = TM = 2c05(6%) ..(25.1)
Eqn. (C.1) = OT = acos(8°) ...(25.2)
Multiplying eqn. (25.1) by (25.2),
TM X OT = <a25in2(6°) + b2> X ac0s(8)

acos(6%)
=~ TM X OT = a?sin?(0°) + b? ...(25.3)
Eqn. (E.10) = F;T X F,T = a%sin?(8°) + b? ...(25.4)
Equating eqns. (25.3) & (25.4)
TM X OT = F; T X F,T ...(25.5)

Eqn. (25.5) is mathematical expression of the theorem.
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THEOREM- 26:

2 2

Y _
az b

(0P? —VR?) x b? = PQ* x a®

In a Hyperbola 1,

Proof of the theorem
J/a% + b2sin2(6°)
cos(0°)

Eqn.(B.5) = OP =

a% + b?sin?(0°)

~ OP2 =
cos2(0°)

.. (26.1)

/a%cos2(8°) + b2sin2(8°)

Egn.(B.1 R=
qn.(B.16) =V c0s(89)

Squaring above eqn.,
20c2(Q° 2¢in2(A0
# VR = 2% (20)5;}:0)51“ ©®) ...(26.2)
Subtracting (26.2) from (26.1)
a% + b?sin? (6°)> <a2 cos2(8°) + b?sin? (6°))
cos?(0°) cos2(0°)
a2 — a2c0s2(0°) +bZsinZ(0°) — b2sin(8°)
cos2(0°)
a%(1 — cos?(6°))
cos2(0°)
a%sin?(6°)
cos2(0°)
Multiplying the above eqn. by b?
a’b?sin?(0°)
cos2(0°)
bsin(6°)
cos(6°)

OP? — VR? = <

~» OP?2 —VR? =

~ OP?2 —VR? =

.~ OP%2 —VR? =

~ (OP2 —VR?) x b? = ..(26.3)

Egn.(B.5) = PQ =
b?sin?(6°
=
Multiplying the above eqn. by a2
a’b?sin?(0°)
cos?(6°)
Equating eqns. (26.3) & (26.4),
(OP? — VR?) x b%? = PQ? x a2 ...(26.5)

Eqn. (26.5) is mathematical expression of the theorem.

~PQ?xa?% = ..(26.4)

Centre for Info Bio Technology (CIBTech)




International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)

An Open Access, Online International Journal Available at http.//www.cibtech.org/jpms.htm
2025 Vol. 15, pp. 27-148/Kalaimaran

Research Article

THEOREM- 27:
2
In a Hyperbola 2 b2 =1,

FiRXOT =BT xa

Proof of the theorem

Eqn. (B.17) = F,R = JaZcos2(8°) + b2
an. 5 e cos(8°)

Eqn. (C.1) = OT = acos(8°) ...(27.2)

Multiplying eqn. (27.1) by (27.2),

JJa%cos2(8°) + b2
€os(6%)

~ F{R x OT = a,/a2c0s2(8°) + b2 ...(27.3)

. (27.1)

F1R><OT=< )Xaeesréec’—)

Eqn. (C.3) = BT = \/a%c0s2(8°) + b2

~ BT x a = ay/a2c0s2(6°) + b2 ... (27.4)
Equating eqns. (27.3) & (27.4),
F.RXOT =BT xa ...(27.5)

Eqn. (27.5) is mathematical expression of the theorem.

THEOREM- 28:
2
In a Hyperbola z

y2

=L

0Z x OT? = OW x a?

Proof of the theorem

a%sin(0°)
beos(6°)
Eqgn. (C.1) = OT = acos(6°) ...(28.2)
Multiplying the eqns. (28.1) & (28.2),
0Z x OT? = (ﬂ) x a%cos?(0°)
a*sin(6°)cos(6°)

b
a%sin(0°)cos(6°)
b

Multiplying the above eqn. by a2
_a*sin(6°)cos(8°)
b
Equating eqns. (28.3) & (28.4),
0Z x OT? = OW X a? ...(28.5)

Eqn. (D.12) = 0Z = ..(28.1)

~ 0Zx 0T? =

..(28.3)

Egn.(D.9) = OW =

OW X a?

..(28.4)
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Eqn. (28.5) is mathematical expression of the theorem.

THEOREM- 29:
2
In a Hyperbola 2

yZ

_ﬁzl’

0] x OF% = OM x 052

Proof of the theorem
b2cos(0°)
asin?(6°)
Eqn. (A.3) = OF, = \/a + b2
Squaring above eqn.,
~ OF;% = a% + b? ...(29.2)
Multiplying the eqns. (29.1) & (29.2),
b?cos(6°)
asin?(0°)
b?(a% + b?)cos(8°)
asin?(0°)
a? + b?
acos(6°)
bcos(0°)
sin(6°)

Eqn. (D.13) = 0] = ..(29.1)

O]xOF12:< )x(a2+b2)

~ 0] X OF,% =

..(29.3)

Eqn. (C.6) = OM = ..(29.4)

Eqn.(C.2) = 0S =
b?cos?(0°
052 = PPeos(@)
sinZ(0°)
Multiplying the eqns. (29.4) & (29.5),
OM x OS2 = a% + b? o b?cos?(6°)
~ \aecos(6) sin?(0°)
b?(a% + b?)cos(8°)
asin?(0°)
Equating eqns. (29.4) & (29.5),
0] X OF;% = OM x 0S? ...(29.7)

Eqn. (29.7) is mathematical expression of the theorem.

..(29.5)

=~ OM x 0S? =

..(29.6)

THEOREM- 30:

2 2

Y _

a? b

FiT X F;T  F{M X F,M
OT?> ~  OF*

In a Hyperbola 1,

Proof of the theorem
Eqn. (E.10) = F; T X F,T = a?sin?(8°) + b? ...(30.1)
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Eqn. (C.1) = OT = acos(8°)
~» 0T? = a%cos?(0°) ...(30.2)
Dividing eqn. (30.1) by (30.2),
FiT X F,T  (a’sin*(8°) + b?)
0Tz (a2c052(6°))
(a? + b?)(a?%sin?(8°) + b?)
a?cos?(6°)

..(30.3)

Eqn. (E.11) = F;M x F,M =

Eqn. (A.3) = OF,; = ya% + b?
~ OF;% = a% + b? ...(30.5)
Dividing eqn. (30.4) by (30.5),
FiM X F,M (a2+b2)(a% + b? — a’cos?(6°)) 8 1
OF,> acos?(0°) aZ 4+ b2
FiMxF,M _ a?[1 - cos?(6°)] + b?
" OF%2 a%cos?(0°)
_FMxF,M  a%sin*(6°) + b?
" OF2  aZcos?(8)
Equating eqns. (30.3) & (30.6),
F,TxF,T _F;MxF,M
0T2 ~  OF,

..(30.4)

..(30.6)

..(30.7)

Eqn. (30.7) is mathematical expression of the theorem.

THEOREM- 31:
2
In a Hyperbola z

y2

=L

VQ x0T =VT X a

Proof of the theorem

a[1 — cos(8°)]
cos(0°)

Eqn. (C.1) = OT = acos(8°) ...(31.2)

Multiplying the eqns. (31.1) & (31.2),

a[1 — cos(6°)]

 eos(@)

=~ VQ X OT = a?[1 — cos(6°)] ...(31.3)

Eqn.(C.18) = VT = a[1 — cos(6°)]

Multiplying above eqn. by ‘a’

VT x a = a?[1 — cos(6°)] ...(31.4)

Equating eqns. (31.3) & (31.4),

VQXOT=VTxa ...(31.5)

Eqn.(B.4) => VQ = ..(31.1)

VQXOT=< >><aees€93}
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Eqn. (31.5) is mathematical expression of the theorem.

THEOREM- 32:
2
In a Hyperbola Z

yZ

- b

OX X0l =PQ Xa

Proof of the theorem
a%sin(0°)

Eqn. (D.10) = 0X = —

..(32.1)
bZ
acos(0°)

Multiplying the eqns. (32.1) & (32.2),

0X x O] aZsin(0°) b?
*Ob= < b > % (acos(9°)>

absin(0°)
cos(0°)

bsin(6°)

cos(6°)

Multiplying above eqn. by 'a'
absin(0°)

" cos(8%)

Equating eqns. (32.3) & (32.4),

OXxO0l=PQxa ...(32.5)

Eqn. (32.5) is mathematical expression of the theorem.

Egn. (D.7) = Ol = ..(32.2)

«» 0X X Ol = ..(32.3)

Eqn.(B.2) = PQ =

PQ x a ..(32.4)

THEOREM- 33:
2
In a Hyperbola 2z

yZ

B

OF,> — OB? = 0V?

Proof of the theorem

Egn. (A.3) = OF, = \/a + b2

. OF;% = a% + b? ...(33.1)
Egn.(A.2) = 0B =D

~ OB? = b? ...(33.2)
Eqn.(A.1) = 0V =a ...(33.3)
Subtracting the eqn. (33.2) & (33.1),

OF;* — OB? = a?4+b2—b2

. OF;? — OB? = a2

-~ OF;%* — 0B% = 0V? ...(33.4)
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Eqn. (33.4) is mathematical expression of the theorem.

THEOREM- 34:
2
In a Hyperbola Z

yZ

- b

UF, x OF, = 2a® + b?

Proof of the theorem

2a% +b?

Eqn. (A.3) = OF, = /aZ + b2
Multiplying the eqns. (34.1) & (34.2),
UF, X OF, = C%) X +faZ+b2
« UF, X OF, = 2a? + b?

Eqn. (A.10) = UF, =

Eqn. (34.3) is mathematical expression of the theorem.

..(34.1)

..(34.2)

.. (34.3)

THEOREM- 35:
2
In a Hyperbola z

yZ

ﬁ =
BT? + (F{T X F,T) = a* + 2b?

1,

Proof of the theorem

Eqn. (C.3) = BT = \/a%c0s2(6°) + b2

~ BT? = a%cos?(8°) + b?

Eqn. (E.10) = F;T X F,T = a?sin?(8°) + b?

Adding eqns. (35.1) & (35.2)

BT? + (F;T X F,T) = a%cos?(8°) + b? + a%sin?(8°) + b?
~ BT? + (F;T X F,T) = a?[cos?(8°) + sin?(08°)] + b? + b?
- BT? + (F,T X F,T) = a2 + 2b?

Eqn. (35.3) is mathematical expression of the theorem.

..(35.1)
..(35.2)

..(35.3)

THEOREM- 36:
2

y
In a Hyperbola 2z

2
1,

(PF1+PF2)a=F1F2 X OQ

Proof of the theorem

Va2 + b? — acos(0°)
cos(0°)

Va2 4+ b? + acos(6°)
cos(0°)

Eqgn.(B.12) = PF, =

Eqgn. (B.13) = PF, =
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Adding eqns. (36.1) & (36.2),
va? + b? — acos(0°) Va2 + b? + acos(6°)
+
cos(6°) cos(6°)

VaZ T 57 —acos(8) + VaZ T DZ +-acos(e%)
cos(0°)

PF, + PF, = <

o PF1 + PFZ =

2vVa? + b?
cos(0°)

Eqn. (A.4) = F,F, = 2\/a2 + b2 ...(36.4)
Egn.(B.1) = 0Q =

= PF; + PF, = ..(36.3)

p—c ..(36.5)

Multiplying eqns. (36.4) & (36.5),

FiF; x 0Q = (2y/a2 +b2) x

F,F, x0Q 2vaZ +Db?
a - cos(6°)
Equating Eqns. (36.3) & (36.6),
F1F, x 0Q

cos(0°)

..(36.6)

PF1 + PFZ =

s (PF]_ + PFz)a = FlFZ X OQ (367)

Eqn. (36.7) is mathematical expression of the theorem.

THEOREM- 37:

P
In a Hyperbola 2z e 1,

PL+TW = PN

Proof of the theorem
asin?(8°),/a2sin2(8°) + b2
bcos(0°)
acos(8°)y/a?sin?(8°) + b2
b

Egn.(D.2) = PL =

..(37.1)

Egn.(D.3) = TW =

..(37.2)
Adding eqns. (37.1) & (37.2),

aSinz 60 2gin? eo +b2 eo 2 i 2 eo +b2
PL+ TW = (6°)y/a2sin2(6°) + acos(6°),/a2sin2(8°)
bcos(6°) b

aSinZ 0° 2gin2 B° +b2+ 2 9° 22 0° +b2

~PL+TW = ( )\/a sin?(6°) acos“( )\/a sin?(0°)
bcos(8°)
25in2(0°) + b2 x [asin?(8°) + acos2(8°
~PL+TW = \/a sin®(0°) [asin“(6°) + acos*(0°)]
bcos(6°)
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~ PL+TW =

ay/a2sin2(8°) + b2 x [sin?(6°) + cos?(6°)]

bcos(6°)
a,/a2sin2(8°) + b2
bcos(0°)
a,/a%sin2(6°) + b2
bcos(6°)
Equating Eqns. (37.3) & (37.4),
PL + TW = PN

~PL+TW =

Eqn. (C.20) = PN =

Eqn. (37.5) is mathematical expression of the theorem.

..(37.3)

..(37.4)

..(37.5)

THEOREM- 38:
2
In a Hyperbola =z

yZ

_ﬁzl’

RA'XVH' = RS X 0X = a x 0Q

Proof of the theorem
a%sin(0°)
cos(6°)\/azsin2 (6°) + b2

Eqn.(E.4) = VH' = Valsin?(6°) + b?
an- 45 B sin(6°)

Multiplying eqns. (38.1) & (38.2),

Eqn.(E.3) = RA' =

RA’xVH’:< a’sin o )x( s

COS(GO)-VLE\—S-I-H—GQ%—‘I-—b—z inZz(8° 2
22

~RA'"XVH' =
cos(0°)

b
sin(6°)cos(6°)
a%sin(0°)

b
Multiplying eqns. (38.4) & (38.5),

Eqn. (C.18) = RS =

Eqgn.(D.10) = OX =

3 b a’sinfe>)
RS X 0X = (sin(@l)cos(6°)> % ( b >

a2

~ RS X 0X =
cos(0°)

Eqn. (B 1) = 0Q = ﬁ(eo)

Multiplying above eqn. by ‘a’,
2
a

0Qxa= cos(6°)

sto)
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Equating Eqns. (38.3), (38.6) & (38.7),

RA’X VH' = RS X OX = a x 0Q ...(38.8)

Eqn. (38.8) is mathematical expression of the theorem.

THEOREM- 39:
2
In a Hyperbola 2

yZ

_ﬁzl’

PFl XFzT:PFz XFlT

Proof of the theorem

Va2 + b? — acos(0°)

Eqn. (B.12 PF; = ..(39.1
qn ( ) = 1 Cos(eo) ( )
Eqn.(C.12) = F,T = +/a% + b2 + acos(0°) ...(39.2)
Multiplying eqns. (39.1) & (39.2),
Vva? + b? — acos(0°
PF; X F,T = % X (\/ a2 +b?2+ acos(6°))
cos(0°)
. PE. X F.T = a% + b? — a%cos?(0°)
R cos(6°)
a%[1 — cos?(8°)] + b2
o PFy X F,T = )
* PF; X F T—aZSinZ(GO)—l_b2 39.3
PR X T = s ..(39.3)
Eqn. (B.13) = PF, = Y2 1 0” *acos(6) 39.4
qn. (B. 5 = c0s(89) ..(394)
Eqn.(C.11) = F;T = +/a% + b2 — acos(0°) ...(39.5)
Multiplying eqns. (39.4) & (39.5),
va? + b? + acos(0°
PF, X F;T = ) X (V a? +b? — acos(6°)>
cos(0°)
. PE. X E.T = a? + b% — a%cos?(0°)
e . cos(0°)
a?[1 — cos?(8°)] + b2
~ PF, XF,;T =
2 1 cos(6°)
P, x FyT = o (0 + b 39.6
PRy X FyT == ..(39.6)
Equating eqns. (39.5) & (39.6),
PF, X F,T = PF, X F; T ...(39.7)

Eqn. (39.7) is mathematical expression of the theorem.
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THEOREM- 40:
2
In a Hyperbola 2 b2 =1,

PM xVX = PT xVH'

Proof of the theorem

b+/a2sin2(0°) + b2

Eqn. (C. 14 PM = .. (401
an- ( )= acos(0°) ( )
a,/a%sin?(0°) + b2
Egn.(D.4) = VX = v b( ) ..(40.2)
Multiplying eqns. (40.1) & (40.2),
by/a?%sin?(6°) + b2 2sin?(0°) + b?
PM X VX = \/ ®%) X a\/asm( )
acos(0°) b
. PM x vy = S8 + b 403
- = <05(6) ...(40.3)
sin(8°)/a2sinZ(8°) + b2
Eqn. (C.17 PT = ..(40.4
gn.(C.17) = o) (40.4)
Eqn.(E.4) = VH' = Ja?sin?(6°) + b2 40.5
qn. (E. = Sin(e°) ..(40.5)
Multiplying eqns. (40.4) & (40.5),
sin{8%),/a?sin?(0°) + b2 25in?(0°) + b?
PT X VH' = v ) X \/a51r.1( )
cos(8°) sin(8%)
~ PT X VH' = a’sin®(6°) + b” 40.6
- = 05(69) ... (40.6)
Equating Egns. (40.5) & (40.6),
PM X VX = PT x VH’ ...(40.7)
Eqn. (40.7) is mathematical expression of the theorem.
THEOREM- 41:
X2 y?
In a Hyperbola 2z - 1,
F{NXTW = F{Y X VX
Proof of the theorem
Eqn. (B. 10) = F N_\/az+b2><\/azsin2(9°)+b2 411
qn. (B. 1N = bcos(6°) ..(41.1)
acos(0°)/a%sin?(06°) + b?
Eqn.(D.3) = TW = (6 0 % ...(41.2)

Multiplying eqns. (41.1) & (41.2),
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beos(82) b

ava? + b2 x (a?sin?(8°) + b?)

b2

VaZ +bZ x y/a2sin%(8°) + b2
b

a,/a%sin2(8°) + b2

b
Multiplying eqns. (41.3) & (41.4),

VaZ +bZ x y/a?sin?(6°) + bZ) y <a\/azsin2(9°) + b2>

Va2 + b2 x /a2sin2(0°) + b2 a 9}./a2sin2(0°) + b2
FleTW=< J/aZsin?(8°) . (2cest8/a%sin?(6°)

#F,NXTW = .. (41.3)

Egn.(D.5) = F,Y =

.. (41.4)

Eqn.(D.4) = VX = ..(41.5)

F.Y X =
1Y XV ( b b

ava? + b2 x (a®sin?(0°) + b?)
b2

Equating Eqns. (24.5) & (24.6),

FiN X TW = F,Y x VX ...(41.7)

Eqn. (41.7) is mathematical expression of the theorem.

~FYXVX = .. (41.6)

THEOREM- 42:
2
In a Hyperbola =z

yZ

_ﬁzl’

FiN XTS = F1Y X F1S = F;I' x VX

Proof of the theorem

VaZ + b2 x \/azsin2(6°) + b2
bcos(6°)

B cos(6°),/a2sin2(8°) + b2

- sin(6°)

Multiplying eqns. (42.1) & (42.2),

VaZ + bZ x ,/a%sin?(6°) + b2> y <ees€9°—)\/azsin2(9°) + b2>

Eqn. (B.10) = F;N =

.. (42.1)

Egn. (C.10) = TS .. (42.2)

beos(8°) sin(6°)

Va? + b2(a%sin?(8°) + b?)

bsin(6°)
VaZ + b2 x \/azsinz(e") + b2

b
\/az sin?(0°) + b?
sin(6°)

Multiplying eqns. (42.4) & (42.5),

FleTS:<

#FNXTS = .. (42.3)

Eqn. (D.5) = F,Y = .. (42.4)

Eqn. (C.13) = F,S =

.. (42.5)

Centre for Info Bio Technology (CIBTech)




International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)

An Open Access, Online International Journal Available at http.//www.cibtech.org/jpms.htm

2025 Vol. 15, pp. 27-148/Kalaimaran
Research Article

Va? + b2 x /a?sin2(8°) + b2 a?sin?(0°) + b?
FLY x FyS = J/a?sin? (6°) o [Y22sin (%)
b sin(6°)
Ry xE S_m(azsin2(9°)+b2) 26
- Fy 1S = bsin(0%) ...(42.6)
. VaZ +bZ x \/a%sin2(8°) + b2
Eqn.(E.5) = F;I' = 2sin(6) ...(42.7)
a/a%sin?(0°) + b2
Eqn.(D.4) = VX = \/ b( ) ...(42.8)
Multiplying eqns. (42.7) & (42.8),
Va? + b? x ,/a?sin?(8°) + b2 ay/a%sin?(0°) + b2
FI'x VX = \/ © X v )
asin(0°) b
e Va? + b?(a’sin?(6°) + b?) 429
-~ Fy = bsin(8") ...(42.9)
Equating Eqns. (42.3), (42.6) & (42.9),
FINXTS =F,YXF;S=FIxVX ...(42.10)
Eqn. (42.10) is mathematical expression of the theorem.
THEOREM- 43:
2y
In a Hyperbola 2 - 1,
FiN X F{I' =F{SXxMN =VX x ML’
Proof of the theorem
Eqn. (B.10) = F N_\/a2+b2x\/azsin2(6°)+b2 431
qn. (B. 1N = bcos(6°) ..(43.1)
VaZ + b2 x \/a2sin?(8°) + b2
Eqn. (E. FI' = ..(43.2
qn ( 5) = 1 aSin(9°) ( 3 )
Multiplying eqns. (43.1) & (43.2),
Va2 + b? x ,/a?sin2(8°) + b2 Va? + b? x ,/a?sin2(0°) + b2
bcos(6°) asin(0°)
(a? + b?)(a?sin?(0°) + b?)
~FNXFI = ..(43.3
! ! absin(6°)cos(6°) (43.3)
Eqn. (C.13) = F,S = Va?sin?(8") + b2 43.4
gn. (C. 1S = Sin(8°) ..(434)
(a2 + b?),/a2sin2(8°) + b2
Eqn. (C.21 MN = ..(43.5
an. ( )= abcos(6°) ( )

Multiplying eqns. (43.4) & (43.5),
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3 \/a%sin2(8°) + b2 (a2 + b?) /a2sin2(°) + b2
F1S X MN = < sin(6°) % abcos(6°)

(a? + b?)(a?%sin?(0°) + b?)
absin(06°)cos(6°)
a,/a%sin2(8°) + b2
b
(@ + b?),/a%sin2(0°) + b2
a2sin(6°)cos(0°)
Multiplying eqns. (43.7) & (43.8),

ay/a2sinZ(0°) + bz) y ((32 + b?),/a2sin2(6°) + b2>

«# F;S X MN =

...(43.6)

Eqn.(D.4) = VX =

...(43.7)

Eqn. (E.7) = ML’ = ...(43.8)

VX x ML' =
( b aZsin(0°)cos(0°)

(a® + b?)(a?sin?(8°) + b?)
absin(6°)cos(6°)

Equating Eqns. (43.3), (43.6) & (43.9),

F,N x F,I' = F;S x MN = VX x ML’ ... (43.10)

~ VXX ML' =

...(43.9)

Eqn. (43.10) is mathematical expression of the theorem.

THEOREM- 44:

2y
In a Hyperbola 2 - 1,

PSXPL=PT XQZ=TLxXx0Q=TM x0Z

Proof of the theorem

\/azsinz (6°) + b2
sin(6°)cos(6°)
asin?(6°),/a2sin2(6°) + b2
bcos(0°)
Multiplying eqns. (44.1) & (44.2),
\/a%sin2(8°) + b2 9 asin®(8°),/a%sin2(8°) + b2
sin{8%)cos(0°) bcos(6°)
asin(08°)(a?sin?(0°) + b?)
~PSXPL= ...(44.3
% bcos2(0°) ( )
sin(6°),/a2sin?(6°) + b2
cos(0°)
a,/a2sin2(8°) + b2
bcos(6°)
Multiplying eqns. (44.4) & (44.5),

Eqn. (C.16) = PS = .. (44.1)

Eqn.(D.2) = PL =

.. (44.2)

PSXPL=<

Eqn. (C.15) = PT = .. (44.4)

Eqn. (D.6) = QZ = .. (44.5)
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PT X QZ = ( 050

asin(0°)(a?sin?(8°) + b?)
bcos2(0°)
sin(08°)[a%sin?(0°) + b?]
bcos(6°)

“PTXQZ=

Egn.(D.1) = TL =

Egn.(B.1 =—
an.(B-1) = 0Q cos(6°)

Multiplying eqns. (44.7) & (44.8),

sin(0°)[a%sin?(0°) + b2]> ( a )

bcos(6°) % cos(0°)
asin(0°)[a%sin?(0°) + b?]
bcos?(6°)
a%sin?(0°) + b?
acos(0°)
a%sin(0°)
bcos(0°)
Multiplying eqns. (44.10) & (44.11),
a%sin?(6°) + b? aZsin(0°)
acos(0°) ) % (bcos(6°)>
asin(8°)[a?sin?(0°) + b?]
bcos2(0°)
Equating eqns. (44.3), (44.6), (44.9) & (44.12),
PSXPL=PTXQZ=TLXx0Q=TM X 0Z

TLxOQ:<

~TLx0Q=

Eqn.(C.9) = TM =

Eqn.(D.12) = 0Z =

TMXOZ=<

~TM X 0Z =

Eqn. (44.7) is mathematical expression of the theorem.

sin(6°)/a2sin2(6°) + b2 a,/a2sin2(6°) + b2
% bcos(6°)

)

... (44.6)

... (44.7)

...(44.8)

... (44.9)
.. (44.10)

.. (44.11)

.. (44.12)

.. (44.13)

THEOREM- 45:

2 2

Y _
az b

TM X PN = PT X SN = PS XTL

In a Hyperbola 1,

Proof of the theorem
a%sin?(6°) + b?
acos(6°)
a,/a%sin?(6°) + b2
bcos(0°)
Multiplying eqns. (45.1) & (45.2),
a%sin?(0°) + b? « a,/a2sin2(8°) + b2
acos(0°) bcos(0°)

Egn.(C.9) = TM =

Eqn. (C.19) = PN =

TMXPN=<
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(a2sin?(8°) + b2)*/2

~ TM X PN = ...(45.3
% bcos?(0°) (45.3)
sin(8°)/a2sinZ(8°) + b2
Eqn. (C.15) = PT = o5() .. (45.4)
Eqn. (C.20) SN a’sin’(6°) + b° 45.5
.(C. = SN = .. (45.
an bsin(6°)cos(6°) ( )
Multiplying eqns. (45.4) & (45.5),
i o 2qin2 0°) + bZ 2cin2 0°) + b2
PT ¢ SN = smé@—}\/asm( ) o a.sm( )
cos(0°) bsin{8%)cos(0°)
. PT x SN = (a%sin®(6°) + b7)"/2 45.6
h - bcos?(6°) - (45:6)
Eqn. (C.18) = PS = Valsin?(8°) + b2 45.7
an. L& ~ sin(6°)cos(8°) - (45.7)
sin(08°)[a%sin?(0°) + b?]
Eqgn.(D.1 TL = ..(45.8
an. (D.1) = bcos(6°) ( )
Multiplying eqns. (45.7) & (45.8),
\/a%sin2(8°) + b2 sinf8)[a%sin?(0°) + b?]
PS X TL = - X
sin{8%)cos(0°) bcos(6°)
. psx L = ES @)+ b%)"/2 45.9
- = boos? (%) ...(45.9)
Equating eqns. (45.3), (45.6) & (45.9),
TM x PN = PT x SN x PS X TL ...(45.10)
Eqn. (45.10) is mathematical expression of the theorem.
THEOREM- 46:
2 2
In a Hyperbola 2 - 1,
PT XTM = PM XTL
Proof of the theorem
sin(e")\/azsin2 (6°) + b2
Eqn. (C.15) = PT = o5 ... (46.1)
Eqn.(C.9) = TM = a%sin’(6°) +b” 46.2
gn. (C. = 2c05(8%) ...(46.2)

Multiplying eqns. (46.1) & (46.2),
sin(6°)+/a2sin2(6°) + bz) y (azsin2 (0°) + b2>

PT X TM =
% ( cos(8°) acos(0°)
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sin(8°) (a2sin2(8°) + b?)*/2

~PTXTM= ...(46.3
% acos?(0°) (46.3)
b+/a2sin2(0°) + b2
Eqn. (C.14) = PM = 205(E) .. (46.4)
sin(8°)[a%sin?(0°) + b?]
Egn.(D.1 TL = ..(46.5
an.(D.1) = bcos(8°) ( )
Multiplying eqns. (46.4) & (46.5),
b 2'290 +b2 in(0° 2-260 +b2
PM x TL — \/a sinZ(0°) sin(0°)[a“sin“(0°) ]
acos(6°) bcos(0°)
3
sin(8°) (a%sin?(8°) + b2) /2
~PMXTL= ...(46.6
acos2(6°) (46.6)
Equating eqns. (46.3) & (46.6),
PT x TM = PM x TL ... (46.7)
Eqn. (46.7) is mathematical expression of the theorem.
THEOREM- 47:
X2y
In a Hyperbola 2 - 1,
TLx ML' = MN xTM
Proof of the theorem
sin(0°)[a%sin?(0°) + b?]
Egn.(D.1 TL = ..(471
qn. (D-1) = bcos(6°) ( )
(@ + b?),/a%sin2(0°) + b2
Eqn.(E.7 ML’ = ..(47.2
an. (E.7) = a2sin(0°)cos(0°) ( )
Multiplying eqns. (47.1) & (47.2),
: o 2-290 +b2 2+b2 2'260 _|_b2
TL x ML’ = sin{82)[a“sin”(6°) ] N (a ?\/a sin”(6°)
bcos(0°) a2sin{8%cos(0°)
3
(a2 + b%) x (aZsin2(6°) + b2)/2
~ TLx ML = ...(47.3
% a%bcos2(0°) ( )
(a2 + b?),/a2sin2(8°) + b2
Eqn. (C.21) = MN = oSt . (47.4)
Eqn. (C.9) = TM = a%sin’(6°) +b” 475
gn. (C. = 2c05(8%) ..(47.5)

Multiplying eqns. (47.4) & (47.5),
(@2 + b?) /aZsin2(8°) + b2> y <azsin2 (8°) + b2>

MN X TM =
% < abcos(0°) acos(0°)
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(a2 + b?) x (a%sin?(8°) + b2)*/2

~MN X TM = ..(47.6
% a?bcos?(0°) ( )
Equating eqns. (47.3) & (47.6),
TL X ML' = MN x TM ..(47.7)
Eqn. (47.7) is mathematical expression of the theorem.
THEOREM- 48:
2 2
In a Hyperbola 2z - 1,
TLXTS =TM xXTW
Proof of the theorem
sin(08°)[a%sin?(0°) + b?]
Eqn.(D.1 TL = .. (481
an. (D-1) = bcos(6°) ( )
cos(8°),/a2sin2(8°) + b2
Eqn.(C.1 TS = ..(48.2
qn.(C.10) = TS Sin(@%) (48.2)
Multiplying eqns. (48.1) & (48.2),
TL X TS = <sin{92}[azsin2 (6°) + b2]> y €05{8%)/a2sin2(8°) + b2
beos(6%) sin{8%)
a?sin?(8°) + b2)*/2
L TLx TS = (2SI () +b7) ..(483)
b
Eqn.(C.9) = TM = a’sin®(6°) +b” 48.4
gn. (C. = T acos(8) ..(48.4)
acos(6°)+/a%sin?(0°) + b2
Eqn.(D.3) = TW = ( )\/ b ©% ..(48.5)
Multiplying eqns. (48.4) & (48.5),
a%sin?(8°) + b? acos{82),/a?sin2(0°) + b?
TM><TW=< (6°) )x( \/aZsin2(8°)
aces(b) b
(a%sin?(6°) + b?) /2
~ TM X TW = = .. (48.6)
Equating eqns. (48.3) & (48.6),
TL X TS = TM x TW ..(48.7)

Eqn. (48.7) is mathematical expression of the theorem.

THEOREM- 49:

2 2

Yy _
a> b

PS XxVH' = F,S xQJ’

In a Hyperbola 1,
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Proof of the theorem

\/a%sin2(8°) + b2
sin(6°)cos(6°)

Eqn.(E.4) = VH' = yalsin?(6) + b?
an. L& B sin(0°)

Multiplying eqns. (49.1) & (49.2),

\/aZsin2(8°) + b2> y (\/azsinz(ﬂ") + b2>

sin(6°)cos(6°) sin(0°)

Eqn. (C.16) = PS =

.. (49.1)

..(49.2)

PS x VH' = (
a%sin?(0°) + b?
sin2(08°)cos(0°)

Eqn. (C.13) = F, S = /a?sinZ(8°) + b2
an. & e )

Eqn. (E.6) = QJ' = \/a?sin2(8°) + b2
qan. L& U= sin(0°)cos(6°)
Multiplying eqns. (49.4) & (49.5),

\/aZsin2(6°) + b2> o <\/a25in2(6°) + bz)

sin(0°) sin(0°)cos(0°)

~PSXVH' = ..(49.3)

.. (49.4)

..(49.5)

FISxQ]’=<

a%sin?(0°) + b?
sin?(6°)cos(0°)
Equating eqns. (49.3) & (49.6),
PS x VH' = F,S x QJ' ...(49.7)

~FiSxQ) =

.. (49.6)

Eqn. (49.7) is mathematical expression of the theorem.

THEOREM- 50:

2 2
In a Hyperbola 2z 1,

F1S X QZ = PN X VH'

Proof of the theorem
J/a?sin2(6°) + b2
Eqgn.(C.1 F;S =
gn.(C.13) = F;S Sin(8°)
a,/a%sin2(6°) + b2
bcos(0°)
Multiplying eqns. (50.1) & (50.2),

\/a%sin2(8°) + bz) N (a\/azsinz(e") + bz)

..(50.1)

Eqn.(D.6) = QZ = ..(50.2)

FiSxQZ = < sin(6°) bcos(6°)

a(a?sin?(0°) + b?)
bsin(6°)cos(6°)

#FSXQZ= ...(50.3)
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a,/a%sin2(8°) + b2

Egn.(C.19) = PN = bcos(@) ..(50.4)
Eqn.(E.4) = VH' = Valsin?(6°) + b 50.5
qn. (E. = Sin(8°) ..(50.5)
Multiplying eqns. (50.3) & (50.4),
a/a%sin?(06°) + b? 2sin?(0°) + b?
PN x VH' = v ) X \/a51r.1( )
bcos(6°) sin(6°)
. PN x VH' = a(a?sin?(0°) + b?) S0.6
" "~ bsin(6°)cos(6°) - (50.6)
Equating eqns. (50.3) & (50.6),
F1Sx QZ = PN x VH' ...(50.7)
Eqn. (50.7) is mathematical expression of the theorem.
THEOREM- 51:
2 2
In a Hyperbola 2 o 1,
PT X F{Y = PL X F{I'
Proof of the theorem
sin(e")\/azsin2 (6°) + b2
Eqn.(C.15) = PT = c0s(8) ..(51.1)
Va2 + b2 x ,/a2%sin2(6°) + b2
Eqn.(D.5) = F,Y = v b ) ..(51.2)
Multiplying eqns. (51.1) & (51.2),
sin(8°)+/a2sin?(8°) + b2 VaZ + bZ x ,/a2sin2(6°) + b2
PT x F,Y = ( )\/a sin?(06°) o a \/a sin?(0°)
cos(0°) b
1/2_|_b2' g° 2-290 +b2
# PT X F,Y = =2 sin(6)(a”sin” (6°) + b7) ..(51.3)
bcos(6°)
asin?(8°),/a2sin2(8°) + b2
Eqgn. (D. 2 PL = ..(51.4
an.(D.2) = bcos(6°) (G14)
VaZ + b2 x /a2sin?(8°) + b2
Egn. (E. F,I' = ...(51.
qn. (E.5) = F; asin(6”) (51.5)
Multiplying eqns. (51.4) & (51.5),
PLx E.I' = asin®(8°)y/a2sin(8°) + b2 y VaZ + b2 x \/a2sin?(8°) + b2
v bcos(8°) asin(6°)
Va2 + b2sin(8°) (a%sin?(6°) + b?)
~PLXFI' = ..(51.6)

bcos(6°)
Equating eqns. (51.3) & (51.6),
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PT x F,Y = PL X F, I’

Eqn. (51.7) is mathematical expression of the theorem.

THEOREM- 52:

2 2

Y _
az b

(F1M X F,M) x OT = (F1T X F,T) X OM

In a Hyperbola 1,

Proof of the theorem
(a? + b?)(a?%sin?(0°) + b?)

Eqn.(E.11) = F{M X F,M = 22c052(0%) ..(52.1)
Eqgn. (C.1) = OT = acos(6°) ...(52.2)
Multiplying eqns. (52.1) & (52.2),

2 4 12)(A2cin2(A° 2
F1M X F,M x OT = <(a th ;zz(:ozlzrze((; ) +b )> X (acos(6°))

2 4 1h2)(42cin2(A° 2
W F,M X F,M x 0T = 2P )S:Ozl(réoge ) +b°) ..(52.3)
Eqn. (E.10) = F; T X F,T = a?sin?(8°) + b? ...(52.4)
Eqn.(C.6) = OM = ﬂ ..(52.5)

acos(0°)

Multiplying eqns. (52.4) & (52.5),
F,T X F,T x OM = (a?sin?(0°) + b?) x <%>

2 4 1h2)(42cin2(A° 2
CFLT X F,Tx OM =8 +P )ﬁozl(goge ) +b7) ..(52.6)
Equating eqns. (52.3) & (52.6),
FiM X F,M x OT = F;T X F,T x OM ...(52.7)
Eqn. (52.7) is mathematical expression of the theorem.
THEOREM- 53:

2 2
In a Hyperbola 2z 1,
FiSXTW =TS xVX
Proof of the theorem
Eqn. (C.13) = F,S = ‘/aZSir_lz(eo) Lk ..(53.1)
sin(0°)

Eqn. (D.3) = TW = acos(eo)‘/azsmz(eo) L ...(532)

Multiplying eqns. (53.1) & (53.2),
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a?sin?(0°) + b? acos(0°)y/a%sin?(0°) + b?
Bs x Tw = (VASin?(0) 4 b7 | (acos(@%)y/alsin?(0%)
sin(0°) b
B S TW = acos(8°)(a%sin?(0°) + b?) £33
Cot B bsin(6°) - (533)
cos(8°)y/a2sin2(°) + b2
Eqn. (C.10) = TS = (@) ..(53.4)
a/a%sin?(0°) + b2
Eqn.(D.4) = VX = \/ b( ) ..(53.5)
Multiplying eqns. (53.4) & (53.5),
\/a%sin2(8°) + b2 \/a%sin2(8°) + b2
X = X
TS x VX ( sin(6°) ) ( sin(0°)
acos(8°)(a%sin?(0°) + b?)

X = s .

TS x VX 556" (53.6)
Equating eqns. (53.3) & (53.6),
F,S X TW = TS x VX ...(53.7)
Eqn. (53.7) is mathematical expression of the theorem.
THEOREM- 54:

2y
In a Hyperbola 2 - 1,
a2

0Q XTQ = PQ x RN = PT x RA' = PN x QE' = (PQXB)
Proof of the theorem
Eqn.(B.1 = ..(54.1

an. (B.1) = 00 = s (541)
Eqn. (C.4) = TQ = asin”(9°) 54.2

qn. (C. Q= 05(6%) ..(54.2)
Multiplying eqns. (54.1) & (54.2),
00 X TO = ( a ) y asin?(0°)

QxTQ= cos(0°) cos(0°)
=~ 0Q X TQ= a%sin”(6°) 54.3
~0QxTQ= 0s2(6%) ..(54.3)
Eqn. (B.2) = pq = 25n®?) 54.4

gn. (B. Q_cos(9°) ..(544)
Egn.(C.17) = RN = 2%sin(6°) 54.5

qn. (C. = beos(89) ..(54.5)

Multiplying eqns. (54.4) & (54.5),
PQ x RN = <bsin(9°)> « (azsin(9°)>

cos(0°) bcos(6°)
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a%sin?(0°)

“cos?(6°)

sin(8°)/a2sinZ(8°) + b2
cos(0°)

a%sin(0°)
Eqn. (E.3) = RA’ = ... (54.8)
cos(8°)y/aZsin2(8°) + b2

Multiplying eqns. (54.7) & (54.8),

sin(0°)+/a2sinZ(8)+b2 a%sin(0°)
cos(6°) ) * <cos(e°)via%smiee%+b%>

~PQXRN = ...(54.6)

Eqn. (C.15) = PT = ... (54.7)

PTXRA'=<

a%sin?(06°)
cos2(0°)
a,/a%sin2(6°) + b2
bcos(6°)
Eqn. (E.2) = QF' = absin®(6°) .. (54.11)
cos(8°),/a2sin2(8°) + b2
Multiplying eqns. (54.10) & (54.11),

~PTXRA' = ...(54.9)

Eqn. (C.19) = PN =

.. (54.10)

PN x QE' = <a Zoin2(00 2) X( absin?(8°) )
bcos(8°) cos(0°)-/aZsinZ(6) + b2

a%sin?(0°)

cos2(0°)

bsin(6°)

cos(6°)

~ PN x QE' = ..(54.12)

Eqn.(B.2) = PQ =

2cin2(AQ°

PQ? = b“sin“(0°)

cos2(0°)

22

Multiplying above eqn. by bz
, _a’  bEsin?(8°) a?
APQRRX =

b%2  cos?(0°) bz
a®> a’sin’(6°)

. 22
P X = ...(54.13)

Equating eqns. (54.3), (54.6), (54.9), (54.12) & (54.13),

OQxTQ:PQxRN=PT><RA’=PN><QE’=(PQx%)Z .. (54.14)

Eqn. (54.14) is mathematical expression of the theorem.
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THEOREM- 55:
2
In a Hyperbola 2 b2 =1,

0Q XTW =TS X RN

Proof of the theorem

Egn.(B.1) = 0Q =

p— ..(55.1)

acos(6°),/a2sin2(6°) + b2
b

Eqn.(D.3) = TW = ..(55.2)

Multiplying eqns. (55.1) & (55.2),
a aces{8%),/a2sin2(8°) + b2
ees{@%) % < b )
a%,/a2sin2(8°) + b2
b
cos(8°)y/aZsin2(0°) + b2
sin(6°)
a%sin(0°)
bcos(6°)
Multiplying eqns. (55.4) & (55.5),

€05{8%),/a2sin2(8°) + bz) 8 (a%in{@%)

OQXTW=<

~0QXTW = ..(55.3)

Eqn. (C.10) = TS =

.. (55.4)

Eqn.(C.17) = RN = ..(55.5)

sin{e>) bees{8)
a?,/a%sin2(6°) + b2
b
Equating eqns. (55.3) & (55.6),
0Q X TW =TS x RN ...(55.7)

TSXRN=<

# TS X RN = ..(55.6)

Eqn. (55.7) is mathematical expression of the theorem.

THEOREM- 56:
2
In a Hyperbola 7z

y2

b?
OV x F;N = PN x OF,

=1,

Proof of the theorem

Eqn.(A.1) = 0V =a ...(56.1)

VaZ + b2 x ,/a2sin2(6°) + b2
bcos(6°)

Eqn. (B.10) = F;N = ..(56.2)

Multiplying eqns. (56.1) & (56.2),

Va2 + b2 x \/azsinz(e") + b?
bcos(6°)

OVxF1N=a><<
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ay/(a% + b2) x (a2sin2(8°) + b2)

» OV X FyN = - (563
1 bcos(6°) ( )
a,/a%sin2(8°) + b2
Eqn. (C.19 PN = ..(56.4
an- ( )= bcos(6°) ( )
Eqgn. (A.3) = OF, = ya? + b? ...(56.5)
Multiplying eqns. (56.4) & (56.5),
ay/a2sin2(8°) + b2
PN x OF; = X y/a? + b?
1 ( bcos(0°) at+
ay/ (@2 + b2) x (a%sin?(6°) + b2)
s PN x OF; = - (566
! bcos(6°) ( )
Equating eqns. (56.3) & (56.6),
OV x F;N = PN x OF, ...(56.7)
Eqn. (56.7) is mathematical expression of the theorem.
THEOREM- 57:
2y
In a Hyperbola 2 - 1,
0F1 XFlN = MNX OV
Proof of the theorem
Eqn. (A.3) = OF, = ya? + b? ...(57.1)
Eqn. (B.10) = F N_\/a2+b2x\/azsin2(6°)+b2 572
qn. (B. 1N = bcos(6°) ..(57.2)
Multiplying eqns. (57.1) & (57.2),
VaZ + b2 x \/azsinz(e") + b2
— Ja2 2
OF; X F;N = \/a% + bZ x ( 5eos (0
(a® + b?) x ,/a%sin2(8°) + b2
s OF; X FyN = - (57.3
1 1 bcos(6°) ( )
(a® + b?),/a%sin?(6°) + b2
Eqn. (C.21 MN = ..(57.4
an. ( )= abcos(6°) ( )
Eqn.(A.1) = 0V =a ...(57.5)
Multiplying eqns. (57.4) & (57.5),
a? + b?) x /a2%sin2(8°) + b2
MN x OV = ( ) \/ ) X a
abcos(0°)
a? + b?) x /a2sin2(8°) + b2
AMNx OV = & )Xy ©% ..(57.6)

bcos(6°)
Equating eqns. (57.5) & (57.6),
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OF, x F;N = MN x OV

Eqn. (57.7) is mathematical expression of the theorem.

..(57.7)

THEOREM- 58:

2 2
In a Hyperbola 2 b2 =1,

OM X OB = ON x OI

Proof of the theorem

a? + b?

acos(0°)

bsin(0°)

cos(0°)

Multiplying eqns. (58.1) & (58.2),

OM x PQ = <a2 + b? > o (bsin(6°)>

acos(0°) cos(0°)

b(a? + b?)sin(6°)
acos2(06°)

(a® + b?)sin(8°)
bcos(6°)

b2

acos(6°)

Multiplying eqgns. (58.4) & (58.5),

(a® + b?)sin(6°) b?

bcos(0°) ) % (acos(6°)>

b(a? + b?)sin(8°)
acos2(0°)

Equating eqns. (58.3) & (58.6),

OM x PQ = ON x OI

Eqn.(C.6) = OM =

Eqn.(B.2) = PQ =

~ OM x PQ =

Eqn.(C.7) = ON =

Eqn.(D.7) = 0l =

ONXOI=<

~ ON x 0] =

Eqn. (58.7) is mathematical expression of the theorem.

.. (58.1)

..(58.2)

..(58.3)

.. (58.4)

..(58.5)

..(58.6)

..(58.7)

THEOREM- 59:
2
In a Hyperbola 7z

y2

bz

PM x OV = PQ X F4S

Proof of the theorem

by/a2sin2(0°) + b2

Eqn.(C.14) = PM = acos(0°)

Eqn.(A.1) = 0V =a
Multiplying eqns. (59.1) & (59.2),

Centre for Info Bio Technology (CIBTech)

.. (59.1)

...(59.2)




International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)

An Open Access, Online International Journal Available at http.//www.cibtech.org/jpms.htm
2025 Vol. 15, pp. 27-148/Kalaimaran

Research Article

b4/a%sin?(0°) + b2
PM x OV = Va?sin?(6°) X a
acos(0°)
- PM X OV — by/a2sin2(68°) + b2 593
h - cos(8°) - (593)
Egn.(B.2) = PQ = bsin(6%) 59.4
qn. (B. Q_cos(6°) ..(59.4)
Egn.(C.13) = F;S = Yalsin?(6") + b2 59.5
gn. (C. 1S = Sin(8) ..(59.5)
Multiplying eqns. (59.4) & (59.5),
bsin{8%) a?sin?(0°) + b?
PQ X F;S = X v : )
cos(8°) sin(8%)
. PO X F S_b\/azsin2(9°)+b2 506
~PQXF;S= <05(8") ..(59.6)
Equating eqns. (59.3) & (59.6),
PM x OV = PQ x F;S ...(59.7)
Eqn. (59.7) is mathematical expression of the theorem.
THEOREM- 60:
2y
In a Hyperbola 2 - 1,
OL' X 0X = OM x OV
Proof of the theorem
Eqn. (E.8) = 0L’ = - 2@ +b9) 60.1
an. L& ~ aZsin(6°)cos(6°) - (60.1)
a%sin(0°)
Egn.(D.10) = OX = — ..(60.2)
Multiplying eqns. (60.1) & (60.2),
b 2 + b2 a2shq Ego)
OL' x 0X = - (a ) X
aZsin(8°)cos(0°) b
'OL’XOX—a2+b2 60.3
- ~ cos(8°) +(603)
E (c6):>01v1—az+b2 60.4
gn. (C. = 2005(6% ..(60.4)
Eqn.(A.1) = 0V =a ...(60.5)

Multiplying eqns. (60.4) & (60.5),

OM X OV = 2’ + b’ X
~ \acos(6°) &
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~OM X OV = ﬂ ...(60.6)
cos(6°)

Equating eqns. (60.3) & (60.4),

OL' X OX = OM x OV ...(60.7)

Eqn. (60.7) is mathematical expression of the theorem.

THEOREM- 61:
2
In a Hyperbola z

yZ

=L

PF1><0F1=a><F1M

Proof of the theorem

Va2 + b2 — acos(6°)
cos(0°)

Egn. (A.3) = OF, = \/a + b2 ...(61.2)

Multiplying eqns. (61.1) & (61.2),

Va2 + b2 — acos(6°)
cos(6°)

Eqn. (B.12) = PF, =

.. (61.1)

PF1 XOFl =<

>xw/a2+b2

Va2 + b2 (\/a2 + b2z - acos(6°))
cos(0°)
Va? + b2 (\/a2 + b2 — acos(6°))
acos(0°)

o PF1 X OF1 =

..(61.3)

Eqn.(B.8) = F;M =

Multiplying above eqn. by ‘a’
VaZ + b2 (\/a2 + b2 — acos(6°))

acos(0°)

Va2 + b2 (\/a2 + b2 - acos(6°))
cos(0°)

Equating eqns. (61.3) & (61.4),

PF, X OF, = a X F;M ...(61.5)

axF,M = .. (61.4)

Eqn. (61.5) is mathematical expression of the theorem.

THEOREM- 62:
2
In a Hyperbola z

y2

-l

PFZ XOFZ =a><F2M

Proof of the theorem

Va2 4+ b? + acos(6°)
cos(0°)

Eqn. (B.13) = PF, = ...(62.1)
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Eqn. (A.3) = OF, = ya? + b2 ...(62.2)
Multiplying eqns. (62.1) & (62.2),

Va2 + b2 + acos(6°
PF2XOF2=< ( )>Xvaz+b2

cos(0°)

Va? + b2 (\/a2 + b2 + acos(9°))
cos(0°)
Va? + b2 (\/a2 + b2 + acos(6°))
acos(0°)

- PF, X OF, = .. (62.3)

Egn.(B.9) = F,M =

Multiplying above eqn. by ‘a’

VaZ + b2 (\/a2 +b2 + acos(9°))
cos(0°)

Equating eqns. (62.3) & (62.4),

PF, X OF, = a X F,M ...(62.5)

aXF2M=

.. (62.4)

Eqn. (62.5) is mathematical expression of the theorem.

THEOREM- 63:

2 2
In a Hyperbola 2 - 1,

OV x 0Y = 0X x OF4

Proof of the theorem
Eqn.(A.1) => 0V =a ...(63.1)
asin(8°)va? + b?

b
Multiplying eqns. (63.1) & (63.2),

asin(06°)va? + b?
b
a?va? + b2sin(6°)
~ 0V X 0Y = 0 ...(63.3)
a’sin(6°)
b

Egn. (A.3) = OF, = ya%? + b? ...(63.5)
Multiplying eqns. (63.4) & (63.5),

a’sin(0°
0X X OF; = (#> X i a? + b?

b

a%?va? + bZsin(8°)
b
Equating eqns. (63.3) & (63.6),

Eqn.(D.11) = 0Y =

..(63.2)

OVXOY=a><<

Eqn. (D.10) = OX = .. (63.4)

= OX X OF; =

..(63.6)
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0OV x 0Y = 0X x OF,

Eqn. (63.7) is mathematical expression of the theorem.

..(63.7)

THEOREM- 64:

2 2

Y _
az b

FiM x PF, = F;N x PM

In a Hyperbola 1,

Proof of the theorem

Va? + b2 (\/a2 + b2 — acos(9°))

Egn.(B.8) = F;M =
an. (B.8) 1 acos(0°)

Va2 + b? — acos(0°)
cos(0°)
Multiplying eqns. (64.1) & (64.2),

Eqn. (B.12) = PF, =

Va? + b2 (\/a2 + b2 — acos(9°))

Va2 + b2 — acos(0°)

F,M > Py = acos(0°)

Va? + b2(a? + b% — a%cos?(8°))
acos?(0°)
VaZ + b2(a?%[1 — cos?(8°)] + b?)
acos2(0°)

vaZ? + b2(a%sin?(6°) + b?)

acos2(0°)

s F]_M X PF]_ =

o FlM X PF1 =

o FlM X PF1 =

d

VaZ + b2 x \/azsin2(6°) + b2

Eqn.(B.10) = F;N = bcos(6°)

b\/azsin2 (6°) + b2
acos(0°)
Multiplying eqns. (64.4) & (64.5),

Eqn. (C.14) = PM =

cos(0°)

F PM =
1N X < bcos(0°)

VaZ + b2(a?sin?(6°) + b?)
acos?(0°)

Equating eqns. (64.3) & (64.6),

FiM X PF; = F;N X PM

~ F;NxPM =

Eqn. (64.7) is mathematical expression of the theorem.

VaZ +b? x \/a2sin?(6°) + b2 y b/a?sin2(6°) + b2
acos(0°)

)

)

.. (64.1)

.. (64.2)

..(64.3)

.. (64.4)

.. (64.5)

.. (64.6)

.. (64.7)

THEOREM- 65:

2 2

Yy _
a> b

PT x ML' = F1M X F,M

In a Hyperbola 1,
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Proof of the theorem

sin(8°)/a2sinZ(8°) + b2

Eqn.(C.15) = PT = c0s(8%) ..(65.1)

2 2\ [42¢in2(Q° 2
Ean. (E.7) = ML"= = +a12)si)r\1/(2°§lcr:)s((g°)) = - (65:2)
Multiplying eqns. (65.1) & (65.2),

in{02),/aZsin%(0°) + b2 a? + b?),/a?sin2(8°) + b2
PT X ML’ = (Smé@_)\/cos(eﬂ( ) ) % <( azsz;/@i}cos((e")) )
2 1 1h2)(a2cin2(Q° 2
~ PTx ML' = (@ +b zz(jozlzrzegg ) +b7) ..(65.3)
Fan. (5.11) = Fymx Fy = & O@INQD 1Y - (65.4)
Equating eqns. (65.3) & (65.4),
PT X ML' = F;M x F,M ...(65.5)
Eqn. (65.5) is mathematical expression of the theorem.
THEOREM- 66:
X2 y?

In a Hyperbola 2 - 1,
TQ X OT = PQ x OW
Proof of the theorem

22000
Eqn.(C.4) = TQ = % ..(66.1)
Eqn. (C.1) = OT = acos(8°) ...(66.2)
Multiplying eqns. (66.1) & (66.2),
TQ X OT = <M>xaees€9°—}

€os(8%)
~ TQ x OT = a?sin?(0°) ...(66.3)
Egn.(B.2) = PQ = bsL(G°) ..(66.4)
cos(6°)

Eqn. (D.9) = OW = aZSinm:COS(GO) ..(66.5)
Multiplying eqns. (66.4) & (66.5),
PQ X OW = <]2:€._}(f)> x <azsm(92‘%€9°—))
~ PQ X OW = a?sin?(8°) ...(66.6)
Equating eqns. (66.3) & (66.6),
TQ X OT = PQ x OW ...(66.7)
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Eqn. (66.7) is mathematical expression of the theorem.

THEOREM- 67:
2
In a Hyperbola 2

yZ

_ﬁzl’

TQ X0S = QM x OW = OK X PT =TK X PM

Proof of the theorem
asin?(0°)
“cos(6°)
bcos(0°)
sin(6°)
Multiplying eqns. (67.1) & (67.2),
beos{8°) asin?(0°)
~ TQ X OS = absin(6°)

Eqn.(C.4) = TQ =

Eqn.(C.2) = 0S =

TQxOS=<

2
acos(6°)
a%sin(8°)cos(6°)
b
Multiplying eqns. (67.4) & (67.5),
bees(8) asin?(0°)
~ TQ X OS = absin(8°)

Egn.(C.5) = QM =

Eqn.(D.9) = OW =

Tons=<

abcos(0°)
\/aZsinZ(6°) + b2
sin(8°)y/a2sin2(6°) + b2
cos(0°)
Multiplying eqns. (67.7) & (67.8),

Eqn.(D.15) = OK =

Eqn.(C.15) = PT =

abees(6%) sin(6°)vlaisi-n£€6%—+—bi
OKxPT=< — 2)><( o) )
= OK X PT = absin(6°)

a%sin(0°)cos(8°)

Egn.(D.16) = TK =
\/azsinz (6°) + b2

by/a2sin2(0°) + b2
acos(0°)
Multiplying eqns. (67.10) & (67.11),

agsin(6°)ees-€9%> y (bvﬁaisi-n%é@%—l-—b%)

Eqn.(C.14) = PM =

TKXPM=< ——— -
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~ TK X PM = absin(6°) ...(67.12)
Equating eqns. (67.3), (67.6), (67.9) & (67.12),
TQ x 0S = QM X OW = OK X PT = TK x PM ...(67.13)

Eqn. (67.13) is mathematical expression of the theorem.

THEOREM- 68:

P
In a Hyperbola 2 1,

PN X 0S =0Q XTS =0V xVH'

Proof of the theorem

a,/a%sin2(8°) + b2

Eqn. (C.19) = PN = =——— ) ..(68.1)
bcos(0°)
Egn. (C.2 =— . 2
qn. (C.2) = 0S Sin(8°) (68.2)
Multiplying eqns. (68.1) & (68.2),
a/a?sin?(0°) + b2 beos(82)
PN X OS = \/asm( ) X ;
beos(8%) sin(6°)
a\/azsin2 (6°) + b2
~ PN x 0S = —Ga ..(68.3)
Eqn. (B.1) = 0Q = — %) .. (68.4)
cos(6°)\/azsin2 (6°) + b2
Eqn. (C.10) = TS = () .. (68.5)
Multiplying eqns. (68.4) & (68.5),
a eos{8%),/a%sin?(0°) + b?
00 TS = () [ LHENTS )
cos{8%) sin(0°)
a,/a%sin?(6°) + b2
X TS = .. .
0Q X TS Sin(0%) (68.6)
Eqn.(A.1) = 0V =a ...(68.7)
Eqn.(E.4) = VH' = Ja?sin?(6°) + b2 68.8
qn. (E. = Sin(6°) ..(68.8)
Multiplying eqns. (68.7) & (68.8),
OV X VH' — a x \/a%sin2(6°) + b2
-3 sin(6°)
a/a?sin?(0°) + b?
~ OV XVH' = v © ..(68.9)

sin(6°)
Equating eqns. (68.3), (68.6) & (68.9),
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PN X 0S =0Q X TS = OV x VH’ ...(68.10)

Eqn. (68.10) is mathematical expression of the theorem.

THEOREM- 69:

2 2
In a Hyperbola 2 b2 =1,
b2(2a? + b?)

UFIXUFZZ a2+b2

Proof of the theorem
b2

Eqn. (A.9) = UF, = ..(69.1)

2a% + b?
Multiplying eqns. (69.1) & (69.2),

Eqn. (A.10) = UF, = ..(69.2)

UF, X UF, = (——2) x (uF, = 2242
SR Wovar ) A R o
b2(2a? + b?)
a? + b?

Eqn. (69.3) is mathematical expression of the theorem.

A UF]_ X UFZ = . (693)

THEOREM- 70:
2
In a Hyperbola z

yZ

ﬁz
0Z x 01 = 0Q X PQ = QM X RN

1,

Proof of the theorem

a%sin(0°)

beos(6°)
b2

acos(6°)

Multiplying eqns. (70.1) & (70.2),

07 % O = aZsin(0°) b?
*Ob= <bcos(9°)> % <acos(9°)>

07X Ol = absin(0°)
- "~ cos2(0°)

Eqn.(D.12) = 0Z = ..(70.1)

Eqn.(D.7) = 0l = ..(70.2)

..(70.3)

Eqn.(B.1) = 0Q =

o5 ..(70.4)

bsin(6°)
cos(6°)
Multiplying eqns. (70.4) & (70.5),

Egn.(B.2) = PQ = ..(70.5)
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a bsin(6°
0QxPQ= (cos(e")) % (cos((6°))>
absin(0°)
cos2(0°)

2
a%sin(0°)
bcos(6°)
Multiplying eqns. (70.7) & (70.8),

QM X RN = < b2 ) « (azsin(6°)>
acos(0°) bcos(0°)

absin(0°)

cos2(0°)

Equating eqns. (70.3), (70.6) & (70.9),

0Z x 01 = 0Q X PQ = QM x RN

»0QxPQ=

Eqn.(C.5) = QM =

Eqn.(C.17) = RN =

~ QM x RN =

Eqn. (70.10) is mathematical expression of the theorem.

...(70.6)

...(70.7)

...(70.8)

...(70.9)

...(70.10)

THEOREM- 71:

2 2

y

In a Hyperbola 2z e 1,

OL' x MN? = ON x ML'?

Proof of the theorem
b(a? + b?)
a2sin(0°)cos(06°)
(a® + b?),/a2sin2(8°) + b2
abcos(6°)
_ (% +b?*)?(a’sin?(6°) + b?)
a?b2cos2(0°)

Multiplying eqns. (71.1) & (71.2),

Eqn.(E.8) = OL' =

Eqn. (C.21) = MN =

MN?

OL' x MN? =
(azsin(e")cos(e")

(a% + b?)3 x (a?sin?(0°) + b?)

a*bsin(6°)cos3(0°)

(a® + b?)sin(6°)
bcos(0°)

(@ + b?),/a%sin2(0°) + b2

a2sin(0°)cos(06°)

(a® + b?)?(a%sin?(0°) + b?)

a*sin?(6°)cos?(0°)

. OL' X MN2 =

Eqn.(C.7) = ON =

Eqn.(E.7) = ML' =

s ML"2 =

b(a? + b?) (a% + b?)?(a%sin?(8°) + b?)
) ( a%bZcos2(0°)
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Multiplying eqns. (71.4) & (71.5),
(a® + b?)sin(8°) « (a? + b?)?(a?sin?(8°) + b?)
bcos(0°) a*sinZ(0°)cos2(0°)
(@% + b?)3 x (a%sin?(8°) + b?)
a*bsin(6°)cos3(0°)
Equating eqns. (71.3) & (71.6),
OL’ x MN? = ON x ML"? .. (71.7)

ON x ML'? =<

» ON X ML'2 = ...(71.6)

Eqn. (71.7) is mathematical expression of the theorem.

THEOREM- 72:
2
In a Hyperbola =z

yZ

_ﬁzl’

F1Q X F,Q = OP? — F,R?

Proof of the theorem
a%sin?(8°) — b%cos?(0°)
cos2(0°)
J/a% + b2sin2(8°)
cos(0°)

Eqgn. (E.12) = F,Q X F,Q = ..(72.1)

Eqn.(B.5) = OP =

_a% +b?sin(8°)
~ cos2(6°)

Eqn. (B.18) = F,R = Valcos?(6) + b?
an- 1= e cos(8°)

~ OP? ..(72.2)

a%cos?(6°) + b2
cos2(0°)
Subtracting eqn. (72.3) from (72.2),
a? + b?sin? (9°)> <a2c052(9°) + b2>
cos2(0°) cos2(0°)
a? + b2sin?(0°) — [a%cos?(0°) + b?]
cos2(0°)
a? + b%sin?(0°) — a?cos?(0°) — b?
cos2(0°)
a? — a%cos?(0°) + b%sin?(6°) — b?
cos2(0°)
a%[1 — cos?(8°)] + b?[sin?(8°) — 1]
cos2(0°)
2in2(Q° 20c2(Q0
~ OP? —F,R? = 2 (ecjsg(go)c o5 %) - (724)
Equating Eqns. (72.1) & (72.4),
F,Q x F,Q = OP? — F,R? ...(72.5)

oo Fl R2 =

.. (72.3)

OP%2 — F,R? = <

~ OP2 —F,R? =

- OP2 — F,R?

- OP2 — F,R?

~ OP? —F;R?* =
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Eqn. (72.5) is mathematical expression of the theorem.

THEOREM- 73:

2 2
In a Hyperbola 2 1,
OK x F,;N = a?
Proof of the theorem
abcos(0°)
Eqn.(D.15) = OK = ...(73.1)

\/a%sin2(8°) + b2

VaZ + b2 x ,/a2sin2(0°) + b2
bcos(6°)

Eqn. (B.10) = F,N =

..(73.2)

Multiplying eqns. (73.2) & (73.1),
alsses(9°) \/az + b2 x Zazsmzego; b2
Ja2sinZ(6% + b2 8 beos(6%)
~ OU x OF; = ay/a? + b? ...(73.3)

Eqn. (73.3) is mathematical expression of the theorem.

OKxF1N=<

THEOREM- 74:
2 2

y
In a Hyperbola z

bz

PQ X OF{* = ON x b?

Proof of the theorem

bsin(6°)

cos(6°)

Eqn. (A.3) = OF, = /a2 + b2

OF;% = a% + b? ... (74.2)

Multiplying eqns. (74.1) & (74.2),

bsin(6°)

cos(6°)

b(a? + b?)sin(6°)

cos(6°)

(a® + b?)sin(6°)
bcos(6°)

b?(a? + b?)sin(6°)
bcos(0°)

b(a? + b?)sin(6°)

cos(0°)
Equating eqns. (74.3) & (74.4),

Eqn.(B.2) = PQ = ..(74.1)

PQxOF12=< )x(a2+b2)

~ PQx OF,% =

.. (74.3)

Eqn.(C.7) = ON =

ON X b? =

...(74.4)

~ ON x b? =
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PQ x OF;% = ON x b?

Eqn. (74.5) is mathematical expression of the theorem.

...(74.5)

THEOREM- 75:
2
In a Hyperbola z

yZ

b2
PM x OF % = MN x b?

=1,

Proof of the theorem

b+/a2sin2(0°) + b2
acos(0°)

Eqn. (A.3) = OF; = +/a? + b2

Squaring the above eqn.,

OF;% = a? + b?

Multiplying eqns. (75.1) & (75.2),

b4/a2sin2(6°) + b2
acos(0°)

Eqn. (C.14) = PM =

PMxOF12=< )x(a2+b2)

2(~2 2 2cin2(Q° 2
- PM x OF, 2 :b (a*+b )\/a sin?2(0°) + b
abcos(0°)

2 2 2cin2(AQ° 2
- PM x OF, % = b(a“+b )\/a sin?(0°) + b
acos(0°)

(a® + b?),/a%sin?(6°) + b2

Egn. (C.21 MN =
an. (€.21) = abcos(0°)

Multiplying above eqn. by b?,

b?(a? + b?),/a2sin2(6°) + b2
abcos(6°)

Equating eqns. (75.3) & (75.4),

PM x OF;% = MN x b?

.~ MN X b? =

Eqn. (75.5) is mathematical expression of the theorem.

..(75.1)

..(75.2)

.. (75.3)

. (75.4)

..(75.5)

THEOREM- 76:

2 2
In a Hyperbola 2z 1,

0Q x OF,% = OM x a?

Proof of the theorem

Eqn. (B 1) = 0Q = F(O")

Eqgn. (A.3) = OF, = ya? + b?

Squaring the above eqn.,
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OF;% = a? 4+ b? ...(76.2)
Multiplying eqns. (76.1) & (76.2),
a
cos(0°)
a(a? + b?)
cos(6°)
a? + b?
acos(0°)

Multiplying eqn. by a?,

Oan2=<a—>xa2

OQXOF12=( )x(a2+b2)

~ 0Q X OF,% = ..(76.3)

Eqn.(C.6) = OM =

acos(0°)

a(a? + b?)
cos(0°)

Equating eqns. (76.3) & (76.4),

OM x a? = 0Q x OF,;*

~OMxa%= ..(76.4)

Eqn. (76.4) is mathematical expression of the theorem.

THEOREM- 77:
2

x 2
In a Hyperbola z

y
b?
PM x TQ? = PL x PQ?

=1,

Proof of the theorem

by/a2sin?(8°) + b2
acos(0°)

asin?(6°)

cos(0°)

Eqn.(C.14) = PM =

. (77.1)

Eqn.(C.4) = TQ =

Squaring above eqn.,

asin?(8°)\’
e ()

cos(0°)
a%sin*(0°

gz = 5@

cos2(0°)
bsin(6°)
cos(0°)
Multiplying eqns. (77.1) & (77.2),
b+/a2sin2(8°) + b2 y aZsin*(0°)

acos(0°) cos?(0°)

.(77.2)

Eqn.(B.2) = PQ =

PMxTQ2=<

absin*(8°),/a%sin2(8°) + b2

. 2
#PMx TQ? = T

.. (77.3)
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asin?(6°),/a2sin2(6°) + b2
bcos(0°)

bsin(6°)

cos(0°)

Egn.(D.2) = PL =

. (77.4)

Eqn.(B.2) = PQ =

Squaring above eqn.,
b?sin?(6°
G
cos?(0°)
Multiplying eqns. (77.4) & (77.5),
asin?(08°),/a2sin2(8°) + b2 y b?sin?(8°)
bcos(0°) cos2(0°)

..(77.5)

PLxPQ2=<

absin*(6°),/a2sin2(8°) + b2
cos3(0°)

Equating Eqns. (77.3) & (77.6),

PM x TQ? = PL x PQ? ..(77.7)

«» PL X PQ? =

..(77.6)

Eqn. (77.7) is mathematical expression of the theorem.

THEOREM- 78:
2 2

y
In a Hyperbola =z

_ﬁzl’

TW x OF,* = OL' x TS?

Proof of the theorem

acos(8°)y/a?sin?(8°) + b2
b

Eqn.(D.3) = TW =

Eqn. (A.3) = OF, = /a2 + b?

Squaring above eqn.,

OF;2 = a? + b? ...(78.2)
Multiplying eqns. (82.1) & (82.2),

.. (78.1)

0°)+/a%sin?(6°) + b?
TW X OF,2 = <acos( )a ;m ) ) X (a% + b?)
2 +Db? 6°)/asin?(6°) + b2
~ TW x OF,% = (a Jacos( 2)\/3 sin®(8°) ...(78.3)
Eqn. (E.8) = OL' = b(a” +b*) 78.4
an. 1. ~ a2sin(6°)cos(6°) - (784)
0°)/a?sin?(0°) + b?
Eqn.(C.10) = TS = cos( )\/a. i (97)
sin(6°)

Squaring above eqn.,
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_c0s?(8°) x (asin?(6°) + b?)
B sin?(0°)
Multiplying eqns. (82.4) & (82.5),

TS?

OL' x TS? =
(azsin(e")cos(ﬂ")

(a® + b?)acos(8°),/a%sin2(8°) + b2
b

~ PLxPQ? =

Equating Eqns. (78.3) & (78.6),
TW X OF;% = PL x PQ?

Eqn. (78.7) is mathematical expression of the theorem.

b(a? + b?) cos?(0°) x (a%sin?(0°) + b?)
> < sin2(0°)

..(78.5)

..(78.6)

..(78.7)

THEOREM- 79:
2
In a Hyperbola Z

yZ

b2
ML’ x a® = QJ' x OF*

=1,

Proof of the theorem

(@ + b?),/a%sin2(0°) + b2
a2sin(0°)cos(0°)

Eqn.(E.7) = ML' =

Multiplying the above eqn. by a?,
a2(a? + b?),/a%sin2(8°) + b2>

~ ML xa? =
xa ( aZsin(0°)cos(0°)

Eqn.(E.6) = Q' = \/a-zsinz (6% + b*
sin(0°)cos(6°)
Eqn. (A.3) = OF, = /a2 + b2
Squaring above eqn.,
OF;% = a? 4+ b?
Multiplying eqns. (79.2) & (79.3),
2 L 12 - °
o xor,? = LI LY
Equating Eqns. (79.1) & (79.4),
ML’ x a? = QJ’ x OF,?

Eqn. (79.5) is mathematical expression of the theorem.

.. (79.1)

..(79.2)

..(79.3)

. (79.4)

..(79.5)

THEOREM- 80:
2
In a Hyperbola 2z -

PM x b* = TW x QM?

Proof of the theorem
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b+/a2sin2(°) + b2
acos(0°)
Multiplying the above eqn. by b?,

b+/a?%sin?(0°) + b2
\/a sin?(0°) o b2
acos(0°)

Eqn. (C.14) = PM =

Pbe2:<

b®,/aZsin2(6°) + b2
acos(0°)
acos(8°)y/a?sin?(8°) + b2
b

~ PM x b? =

..(80.1)

Eqn.(D.3) = TW =

..(80.2)
2

Egn.(C.5) = QM = m
Squaring above eqn.,

b4
QM? = 20052(8%) ...(80.3)
Multiplying eqns. (80.2) & (80.3),
acos(8%),/a%sin2(6°) + b2> y < b* )

b aZcos?(0°)

TWxQM2=<

b3\/a2sin2(6°) + b2
acos(0°)

Equating Eqns. (80.1) & (80.4),

PM X b2 = TW X QM?2 ...(80.5)

Eqn. (80.5) is mathematical expression of the theorem.

~ TW X QM2 =

..(80.4)

THEOREM- 81:
2
In a Hyperbola 2 b2

0Q xTQ _a*
PQ%2 b2

Proof of the theorem

Egn.(B.1) = 0Q =

o5 ..(81.1)

asin?(0°)
cos(6°)
Multiplying eqns. (81.1), (81.2),

3 a asin?(0°)
0QxTQ = (cos(6°)) % ( cos(0°) )
a%sin?(08°)

cos?(0°)

Eqn.(C.4) = TQ = ..(81.2)

£ 0QxTQ= ..(81.3)
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Eqn. (B.2) = P bsin(6°)
.(B.2) = =
an Q cos(0°)
Squaring above eqn.,
bsin(6°)\?
b7 (25
cos(0°)
b?sin?(6°)
2 _
= c0s2(6%) ..(81.4)
Dividing eqn. (81.3) by (81.4),
0QxTQ  (a%sin?(8°)\ . (b?sin®(8°)
PQ2  \ cos2(8°) )\ cos2(6°)
S 0QxTQ [a’sin*(8%) y cos2(8%)
h pQZ - eeszego) bzsmzégo)
0QxTQ a?
it = ..(81.5)
Eqn. (81.5) is mathematical expression of the theorem.
THEOREM- 82:
2 2
In a Hyperbola 2 - 1,
OM X OY = ON X OF4
Proof of the theorem
Multiplying eqns. (91.1) & (91.2),
E (C6)=>OM—aZ+b2 82.1
gn. (C. = 2005(6% ..(82.1)
asin(6°)va? + b?
Egn.(D.11) = 0Y = 5 ..(82.2)
Multiplying eqns. (82.1) & (82.2),
a% + b? asin(6°)VaZ + b2
OM x 0Y = X
acos(0°) b
. OM x O = Vva? + b2(a% + b?)sin(0°) 823
h - bcos(8°) - (82.3)
(a? + b?)sin(6°)
Egn. (C. = ..(82.4
gn.(C.7) = ON bcos(8%) (82.4)
Eqgn. (A.3) = OF, = ya? + b? ..(82.5)
Multiplying eqns. (82.4) & (82.5),
(a® + b?)sin(8°)
ON x OF; = X y/a? + b?
! < bcos(0°) st
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- ON X OF. — Va2 + b2(a? + b?)sin(6°) 82 6
h 1 bcos(6°) -+ (82.6)
Equating eqns. (82.3) & (82.6),
OM x OY = ON X OF, .. (82.7)
Eqn. (82.7) is mathematical expression of the theorem.
THEOREM- 83:
2 2
In a Hyperbola 2z - 1,
PN XTS =PS XTW =VX X FS
Proof of the theorem
a,/a%sin?(6°) + b2
Egn. (C.19 PN = ..(83.1
an- ( )= bcos(6°) (83.1)
cos(8°),/a2sin2(6°) + b2
Egn. (C.1 TS = . 2
qn.(C.10) = TS Sin(@) (83.2)
Multiplying eqns. (83.1) & (83.2),
2'290+b2 o 2'260+b2
PN X TS — a,/a%sin2(6°) » ees{@—}\/a sin?(0°)
bees{82) sin(6°)
a(a?sin?(6°) + b?)
# PN XTS = -+ (83.3
bsin(6°) ( )
Eqn. (C.18) = PS = Ja?sin? (6°) + b2 83.4
an. L ~ sin(8°)cos(6°) - (834)
acos(0°)+/a%sin?(0°) + b?
Eqn.(D.4) = TW = (6)y 5 ©% ..(83.5)
Multiplying eqns. (83.4) & (83.5),
25in?(6°) + b? 9},/a%sin?(6°) + b?
PS % TW = \/a sin?(0°) o aees-é@%\/a sin?(0°)
sin(0°)ees{8>) b
- PS X TW = a(a%sin?(6°) + b?) 83.6
h - bsin(0°) -+ (83.6)
a/a%sin?(08°) + b2
Egn.(D.5) = VX = \/ b( ) ..(83.7)
Eqn. (E.4) = F,$ = VaZsin?(6°) + b? 83.8
qn. (E. 1S = Sin(8°) ..(83.8)
Multiplying eqns. (83.7) & (83.8),
a,/a?sin?(6°) + b2 a?sin?(6°) + b2
VX X F,S = v ®% X v _( )
b sin(6°)
CVXXE.S = a(a?sin?(0°) + b?) 83.9
h == bsin(6°) -+(83.9)
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Equating eqns. (83.3), (83.6), & (83.9),
PN X TS = PS X TW = VX X F; S

Eqn. (83.10) is mathematical expression of the theorem.

...(83.10)

THEOREM- 84:

2 2
In a Hyperbola 2 b2 =1,

PS X VX = PN x F4S

Proof of the theorem

J/a?sin2(6°) + b2
sin(0°)cos(6°)
a,/a%sin?(6°) + b2
b

Multiplying eqns. (87.1) & (87.2),

\Ja?sin2(6°) + b2> y <a\/azsin2 (©°) + b2>

sin(0°)cos(6°) b

Eqn.(C.16) = PS =

Eqn.(D.4) = VX =

PS X VX = (
a(a®sin?(0°) + b?)
bsin(0°)cos(6°)

a\/azsin2 (6°) + b2
bcos(6°)

Eqn. (C.13) = F;S = \/azsinz(e") + b2
an. L == sin(6°)

Multiplying eqns. (84.4) & (84.5),

a\/azsin2(6°) + bz) o (\/azsin2(9°) + bz)

bcos(0°) sin(6°)

~PSXVX =

Eqn. (C.19) = PN =

PNXF1$=<

a(a®sin?(6°) + b?)

bsin(0°)cos2(0°)
Equating eqns. (84.3) & (84.6),
PF, X F,T = PF, X F;T

# PN xF,S =

Eqn. (84.7) is mathematical expression of the theorem.

.. (84.1)

.. (84.2)

.. (84.3)

.. (84.4)

.. (84.5)

.. (84.6)

..(84.7)

THEOREM- 85:

X2 y?
In a Hyperbola 2 - 1,

PL X F{S = PT xVX

Proof of the theorem
asin?(6°),/a2sin2(6°) + b2
bcos(6°)

Eqn.(D.2) = PL =
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Eqn. (C.13) = F,S = \/a%sin2(8°) + b2
an. L == sin(6°)

Multiplying eqns. (85.1) & (85.2),

asin®(8°),/a%sin2(8°) + b2 \/a%sin2(8°) + b2
bcos(8%) X sin(0%)

..(85.2)

PLXF18=<

asin(0°)(a?sin?(6°) + b?)
X =
PLxF,5 bcos(0°)
sin(6°),/a2sin?(6°) + b2
cos(0°)
a\/a%sin?(6°) + b2
b
Multiplying eqns. (85.4) & (85.5),

sin(6°),/a2sin?(6°) + b2> o <a\/azsin2 (8°) + b2>

..(85.3)

Eqn.(C.15) = PT =

.. (85.4)

Eqn.(D.4) = VX = ..(85.5)

PT X =
xV < cos(0°) b

asin(0°)(a?sin?(0°) + b?)
~ PT X = . .
xV bcos(6°) (85.6)
Equating eqns. (85.3) & (85.6),

PL x F;S = PT x VX ...(85.7)

Eqn. (85.7) is mathematical expression of the theorem.

THEOREM- 86:

2 2

y

In a Hyperbola 2z e 1,

FiN X F1S = PN X F1I' = PS X F,Y = SN X OF4

Proof of the theorem

VaZ +b? x \/a2sin?(8°) + b2
bcos(6°)

Eqn. (C.13) = F, S = J/a?sin2(6°) + b2
an. L% T T Sin(e0)

Multiplying eqns. (86.1) & (86.2),

VaZ +b? x \/a2sin?(6°) + b2 \/a?sin2(6°) + b2
bcos(6°) % sin(6°)

Eqn.(B.10) = F;N =

..(86.1)

..(86.2)

F]_N X F]_S = <
Vva? + b2 x (a?sin?(0°) + b?)
bsin(0°)cos(6°)

a,/a%sin?(6°) + b2
bcos(0°)

< F]_N X F]_S =

..(86.3)

Eqn. (C.19) = PN = .. (86.4)
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VaZ + bZ x ,/a?sinZ(0°) + b2
asin(0°)
Multiplying eqns. (86.4) & (86.5),

ay/a2sinZ(0°) + b2 y VaZ + bZ x ,/a2sinZ(6°) + b2
bcos(0°) asin(0°)

Eqn.(E.5) = F,I' =

(86.5)

PN x F,I' = (
VaZ + b2 x (a?sin?(0°) + b?)
bsin(06°)cos(6°)
/a?sin2(6°) + b2
sin(0°)cos(6°)

VaZ + bZ x ,/a2sin2(6°) + b2
b

#PNxF,I' =

.. (86.6)

Eqn.(C.16) = PS =

..(86.7)

Eqn. (D.5) = F,Y = .. (86.8)
Multiplying eqns. (86.7) & (86.8),

\/a?sin2(6°) + b2> o <\/a2 +b2 x ,/a%sin2(8°) + bz)

P F.Y =
SxFy ( sin(0°)cos(6°) b

VaZ +b? x (a?sin?(8°) + b?)

bsin(6°)cos(6°)
a%sin?(0°) + b?
bsin(0°)cos(6°)

Eqn. (A.3) = OF, = /a2 + b? ...(86.11)

Multiplying eqns. (86.10) & (86.11),

a?sin?(0°) + b?
SNxOF1=< 9 >xw/a2+b2

bsin(6°)cos(6°)

VaZ + b2 x (a?sin?(6°) + b?)
bsin(6°)cos(6°)
Equating eqns. (86.3), (86.6), (86.9) & (86.12),
F{N X F;S=PN x F;I'=PS X F;Y = SN x OF; ...(86.13)

“PSXF,Y = ...(86.9)

Eqn.(C.20) = SN =

..(86.10)

= SN x OF; =

..(86.12)

Eqn. (86.13) is mathematical expression of the theorem.

THEOREM- 87:

X2 y?
In a Hyperbola 2z - 1,

PN x F,Y = VX X F{N

Proof of the theorem

a,/a%sin?(6°) + b2
bcos(0°)
Va2 + b2 x \/azsinz(e") + b?
b

Eqn. (C.19) = PN = ...(87.1)

Eqn. (D.5) = F,Y = ..(87.2)
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Multiplying eqns. (87.1) & (87.2),
a,/a%sin2(8°) + b2> o (\/a2 + b2 x \/a%sin2(8°) + b2>

PN xF, Y= ( bcos(6°) b

avaZ + b2(a?sin?(6°) + b?)

~PNXF, Y= ..(87.3
*t b2cos(6°) (87.3)
a,/a?sin?(6°) + b2
Eqn. (D.4) = VX = v b( ) ..(87.4)
VaZ +b? x \/a2sin?(6°) + b2
Egn. (B.10 F{N = ..(87.5
qn( )ﬁ 1 bCOS(G°) ( )
Multiplying eqns. (87.3) & (87.4),
ay/a2sin%(6°) + b2 Va2 + b2 x /a2sin2(8°) + b2
VX x F;N = v 9 X V )
b bcos(6°)
CVXXE N = ava? + b2(a%sin?(0°) + b?) 87 6
h e bZcos(8°) -+(87.6)
Equating eqns. (87.3) & (87.6),
PN x F,Y = VX x F;N ...(87.7)
Eqn. (87.7) is mathematical expression of the theorem.
THEOREM- 88:
2 2
In a Hyperbola 2z e 1,
F.Y X F{I' = MN X TS
Proof of the theorem
Va2 + b2 x ,/a2sin2(0°) + b2
Eqn.(D.5) = F,Y = \/b ©% ..(88.1)
VaZ + b2 x /a2sin?(8°) + b2
Eqn. (E.5 F,I' = ..(88.2
qn ( ) = 1 aSin(9°) ( )
Multiplying eqns. (88.1) & (88.2),
Va2 + b2 x y/a?sin2(8°) + b2 Va2 + b2 x y/a?sin2(6°) + b2
b asin(0°)
(a? + b?)(a?sin?(0°) + b?)
~FYXF I = ..(88.3
1 1 absin(0°) ( )
(a2 + b?),/a2sin2(8°) + b2
Eqn. (C.21) = MN = 2bc0s(%) ..(88.4)
cos(e")\/azsin2 (6°) + b2
Eqn. (C.10) = TS = () ..(88.5)

Multiplying eqns. (88.4) & (88.5),
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2+b2 2'290 +b2 o 2'290 +b2
U 7s o (@D $D7 | (eosto)/a%sin ()
abeos(8%) sin(6°)
(a® + b?)(a?sin?(8°) + b?)

X = s .

MN X TS absin(6°) (88.6)
Equating eqns. (88.5) & (88.6),
F1Y X F;I" = MN X TS ...(88.7)

Eqn. (88.7) is mathematical expression of the theorem.

THEOREM- 89:
2
In a Hyperbola z

yZ

=L

RS X OX = 0V x 0Q

Proof of the theorem

Eqn.(C.18) = RS = ..(89.1)

sin(6°)cos(6°)
a%sin(0°)

b
Multiplying eqns. (89.1) & (89.2),

Eqn. (D.10) = OX = ..(89.2)

b aZsin{8°)
RS X 0X = (si-n€9°—}cos(6°)) 8 ( b )

a2

~RSXOX =
cos(0°)

..(89.3)

Eqn.(B.1) = 0Q = c0s(8%)

Multiplying above eqn. by ‘a’,

a
0Qxa= (cos(e")) xa
22
»0Qxa= cos(6°)
Equating eqns. (89.3) & (89.4),
RSX0X=0Q xa ...(89.5)

..(89.4)

Eqn. (89.5) is mathematical expression of the theorem.

THEOREM- 90:
2
In a Hyperbola =z

y2

_ﬁzl’

0] X0Z =S] XRA'=0Q x 0S

Proof of the theorem
bZees(8%)

Eqn. (D 13) = 0] = M

..(90.1)
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Eqn.(D.12) = 0Z = a%ﬂoﬂ} ..(90.2)
Multiplying eqns. (90.1) & (90.2),
bZeos(8°) aZsin(8°)

O 0z = <asin2(e°)> % <bees—€9—))
%~ 0] X 0Z = — ab ..(90.3)

sin(0°)

o 2¢in2(@Q° 2
fan 0.14) = ) = OO £ (904)
Eqn. (E.3) = RA’ = a%sin(6°) ...(90.5)
cos(8°),/a2sin2(8°) + b2
Multiplying eqns. (90.4) & (90.5),
, b o 2cin2 o 2 a% i o

S RA"= ( asin?(0°) ) % < 0\ _[aZcin2(Qo ;_z>
oS RAT = —2 ...(90.6)

sin(6°)
Eqn.(B.1) = 0Q = WD ..(90.7)
Eqn.(C.2) = 0S = bC,L(eo) ..(90.8)

sin(6°)
Multiplying eqns. (90.7) & (90.8),
a b °

OQXOS:(G@S{@%)X<SGSIS(29°?>
~0Qx0S= ,i ...(90.9)

sin(6°)
Equating eqns. (90.3), (90.6), & (90.9),
0] Xx 0Z = SJ x RA' = 0Q x OS ...(90.10)
Eqn. (90.10) is mathematical expression of the theorem.
THEOREM- 91:
In a Hyperbola —2 = y_Z =1

a? b2 ’
PF{ X PF, =PT XPS=PMXPN=TM Xx0Q =SNXPQ=F,MxUQ =RSXTL
a2 b\> z
= 0P? —(a? — b?) = (PM x 7) =(PN><E> = PM X MN X =
Proof of the theorem
a%sin?(0°) + b?

Eqn. (E.9) = PF; X PF, = ...(91.1)

cos2(0°)
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sin(8°)/a2sinZ(8°) + b2
cos(0°)
\/a%sin2(8°) + b2
sin(6°)cos(6°)
Multiplying eqns. (91.2) & (91.3),
sin{8%),/a%sin2(8°) + b2 o \/a%sin2(8°) + b2
cos(0°) sin{8%)cos(0°)

Egn.(C.15) = PT =

..(91.2)

Eqn. (C.16) = PS =

..(91.3)

PTXPS=<

* PT X PS = a%sin”(6°) + b” 91.4
. = 052 (0) ...(91.4)
by/a2sin2(8°) + b2
acos(0°)
a,/a%sin2(8°) + b2
bcos(6°)
Multiplying eqns. (91.5) & (91.6),

by/a2sin2(8°) + b2> o (a\/azsin2 (0°) + bz)

Eqn. (C.14) = PM = ..(91.5)

Eqn. (C.19) = PN = ..(91.6)

PM X PN =
% ( acos(0°) bcos(68°)

~ PM x PN = a%sin®(6°) + b” (91.7)
032 (6% ...(91.
a%sin?(0°) + b?
acos(0°)

Eqn.(C.9) = TM = ..(91.8)

Eqn.(B.1) = 0Q =

o5() ..(91.9)

Multiplying eqns. (91.8) & (91.9),
a%sin?(0°) + b2> ( a )

acos(0°) % cos(0°)
a%sin?(6°) + b?

cos2(0°)
a%sin?(6°) + b?
bsin(6°)cos(6°)
bsin(6°)
cos(6°)
Multiplying eqns. (91.11) & (91.12),

a%sin?(8°) + b? bsin{8°)

bsi-né@"—)cos(e")) % ( cos(0°) )
a%sin?(0°) + b?

cos2(6°)

TMxOQ=<

~TM X 0Q =

..(91.10)

Eqn. (C.20) = SN = ..(91.11)

Egn.(B.2) = PQ =

..(91.12)

SNxPQ=<

~ SN X PQ = ..(91.13)
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Va? + b2 (\/a2 + b2 + acos(e"))
acos(0°)
a[\/az-l-—b2 — acos(6°)]
Va2 + b2 x cos(6°)
Multiplying eqns. (91.14) & (91.15),

#a2—+—b%(\/a2 + b? + acos(9°)) y <a[\/m _ acos(e°)]>
acos(0°) a2 +b2 x cos(6°)

Va2 + b2 + acos(6°) Va2 + b2 — acos(6°)

cos(0°) ) % < cos(0°) >
a% + b? — a%cos?(0°)

cos2(0°)
a%(1 — cos?(6°)) + b?

cos2(0°)
a%sin?(0°) + b?

cos2(0°)

b

sin(0°)[a?sin?(0°) + b?]
bcos(8°)

Multiplying eqns. (91.17) & (91.18),

b sinf8)[a%sin?(6°) + b?]
si-n€9°—)cos(6°)) % < bcos(6°) >
RS X TL = 5 +b° ...(91.19)

cos2(0°)

J/a% + b2sin2(8°)
cos(0°)

Eqn. (B.9) = F,M = ..(91.14)

Eqn.(B.3) = UQ =

..(91.15)

F,M x UQ =

FZMxUQ=<

~F,MXxUQ =

~F,MXxUQ =

~F,MXxUQ =

..(91.16)
Eqn.(C.18) = RS = ..(91.17)

Eqn.(D.1) = TL =

..(91.18)

RSXTL=<

Egn.(B.5) = OP =

Squaring above eqn.,
_a% +b?sin(8°)
cos2(0°)
Subtracting a? — b? from eqn. (91. 20)

. OP?

..(91.20)

a® + b?sin?(6°)
P2 _ 2 _p2 = _ 2 _ 2
0 (a® = b%) < cos2(8°) > (@™ = b%)
a? + b%sin?(6°) — (a® — b%)cos?(8°)
© OP2 — (42 — h2) =
+ 0P (@b cos?(6°)
. Op2 2 _p2) = a% + b?sin?(0°) — (a?cos?(6°) — b%cos?(6°))
) (a - cos?(6°)
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a% + b?sin?(8°) — a%cos?(8°) + b?cos?(8°)
cos?(0°)

a? — a%co0s?(8°) + b?sin?(6°) + b?cos?(8°)
cos?(0°)

a?[1 — cos?(8°)] + b?[sin?(8°) + cos?(8°)]
cos?(0°)

OPZ _ (aZ _ bZ) —

OPZ _ (aZ _ bZ) —

OPZ _ (aZ _ bZ) —

a%sin?(8°) + b?
cos2(6°)
b+/a2sin2(0°) + b2
acos(0°)

~ OP? — (a® —b?) = ..(91.21)

Eqn. (C.14) = PM =

Squaring above eqn.,
b?(a%sin?(0°) + b?)

PM? =
a2cos2(0°)

..(91.22)

2

a

Multiplying eqns. (91.22) by, bz
, . al bZ(a%sin?(0°) + b?) az
PM* X — = X | —
b2 aZcos?(0°) b2

. PM2 x a? 3 a%sin?(0°) + b? 9123

- ok c052(6) ...(91.23)

a,/a%sin?(6°) + b2
bcos(0°)

Eqn.(C.19) = PN =

Squaring above eqn.,
a%(a%sin?(0°) + b?
oz - 2@sin?(6°) +b?)
b2cos2(0°)

..(91.24)

2
Multiplying eqns. (91.24) by, =

PN? x b? _ aZ(a®sin?(6°) + b?) y b2z
a? bZcos2(6°) a2
b? asin’*(6°) +b?
az cos2(6°)
by/a2sin?(8°) + b2
acos(0°)
(a® + b?),/a%sin?(6°) + b2
abcos(6°)
22
a? + b2
2 2ainZ (0o 2 2 12\ [A2cin2 (0o 2 2
PM x MN x a _ b\/asm () +b o (a—+—b—)\/asm () +b o az
acos(0°) abcos(0°) aZ+bZ

~ PN? x

..(91.25)

Eqgn.(C.14) = PM =

Eqgn.(C.21) = MN =

Multiplying above two eqns. &

a2 +b2

Centre for Info Bio Technology (CIBTech) 125



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)

An Open Access, Online International Journal Available at http.//www.cibtech.org/jpms.htm
2025 Vol. 15, pp. 27-148/Kalaimaran

Research Article

a’ a%sin?(0°) + b?
~ PM X MN X =

= ...(91.26
a? + b? cos?(0°) ( )
Equating Eqns. (91.1) to (91.26),
PF; X PF; = PTXPS=PM XPN=TM X 0Q = SN X PQ =F,M X UQ =RS X TL =
2
a

_ ...(91.27
aZ + b2 ( )

a2 b\?
=0P2—(a2—b2)=(PMx—) =(PN><—> — PM x MN X
b a

Eqn. (91.27) is mathematical expression of the theorem.

THEOREM- 92:

2 2

Yy _
a2 b2
PN F.N VX F,S PS a

FiN_ MN FY FI ML [gz1pe

In a Hyperbola 1,

Proof of the theorem

a,/a%sin2(8°) + b2
bcos(6°)
VaZ + b2 x \/azsin2(6°) + b2
bcos(6°)

Eqn. (C.19) = PN = ..(92.1)

Eqn. (B.10) = F;N = ..(92.2)

Dividing eqn. (92.1) by (92.2),

PN a,/a2sin2(8°) + b2 [Va? +b? x \/a%sin2(8°) + b2
bcos(0°) N bcos(6°)

F,;N

PN [afe2sin2(0%) + b2 y beos(6%)

CFIN beos(8%) VaZ + b2 x ~[a2sinZ(8%) + b2
.PN_ a

"FIN T VaZ £ b?

..(92.3)

VaZ + b? x \/a2sin?(8°) + b2
bcos(6°)
(a® + b?),/a%sin2(6°) + b2
abcos(6°)

Eqn.(B.10) = F;N =

.. (92.4)

Eqgn.(C.21) = MN = ..(92.5)

Dividing eqn. (92.4) by (92.5),

FiN  [va?+b2x \/a%sin2(6°) + b2 (@ + b?),/a2sin2(8°) + b2
bcos(6°) - abcos(8°)

MN

CFIN (Va? +b? x~fa2sin?(65)+b2 y abeesta)
“MN beos(6%) (a2 + b2)[a2sin2(8%) + b2
F;N a

o MN = az + bz

..(92.6)
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a,/a%sin2(8°) + b2

Eqn. (D.4) = VX = - ...(92.7)
Va2 + b2 x ,/aZ%sin2(0°) + b2
Eqn. (D.5) = F,Y = v = ) ...(92.8)
Dividing eqn. (92.7) by (92.8),
VX a,/a2sin2(8°) + b2 (Va? +b? x \/a%sin2(8°) + b2
F.Y b ' b
VX [aye?sin®(8° = x( b )
FiY b VaZ +b? x \/a2sin?(6°) + b2
VX a (92.9)
"FY VaZ+b? S
Eqn. (C.13) = F,S = VaZsin(8") + b2 92.10
qn. (C. 1S = Sin(8°) ..(92.10)
VaZ + b2 x ,/a2sin2(8°) + b2
Eqn. (E. F,I' = ..(92.11
qn ( 5) = 1 asin(6°) ( )
Dividing eqn. (92.10) by (92.11),
F,S \/a%sin2(8°) + b2 (Va? +b? x \/a%sin2(8°) + b2
FI' sin(6°) ’ asin(6°)
. Fls B 2 2(Q° 2 o asiiq(9°)
TR sin(62) VaZ T b2 x aZsinZ(8%) + b2
Jhs_ @ (92.12)
"Fl' VaZtb2 S
Eqn. (C.16) = PS = VaZsin?(8°) + b2 92.13
an. L ~ sin(0°)cos(8°) - (92.13)
(@ + b?),/a%sin?(6°) + b2
Egn. (E.7 ML’ = ..(92.14
an. (E.7) = a2sin(0°)cos(0°) ( )
Dividing eqn. (92.13) by (92.14),
PS  (aya’sin?(8°) + b2\ ((a®+b?),/a?sin?(6°) + b?
ML’ bcos(8°) ' a2sin(0°)cos(8°)
- PS B a Z2cinZ2(Q° 2 y ]6585(909
TML beos(8%) VaZ + b? x [aZsin2(8° 2
L2 92.15
T ...(92.15)
Equating eqns. (92.3), (92.6), (92.9), (92.12) & (92.15),
PN F,N VX FS PS a
=1 ="t . ...(92.16)

FN_ MN FY FI' MU JaZ b2
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Eqn. (92.16) is mathematical expression of the theorem.

THEOREM- 93:
2 )2
In a Hyperbola 2 1,
PM _ b?
MN  a? + b?

Proof of the theorem

by/a2sin2(0°) + b2

Egn.(C.14) = PM = 2c05(6%) ..(93.1)
(a® + b?),/a%sin2(8°) + b2
Eqn.(C.21) = MN = abcos(6%) ..(93.2)
Dividing eqns. (93.1) & (93.2),
PM by/a?sin?(6°) + b2\ ((a? + b?),/a%sin?(0°) + b2
MN acos(6°) ' abcos(8°)
PM _ (bya2sin2(62)+b2 y abeos{8%)
MN aces(8) (a2 + b?)/a2sin2(8%) + b2
PM_ b? 933
"MN  a?+ b2 -(933)
Eqn. (93.3) is mathematical expression of the theorem.
THEOREM- 94:
X2y
In a Hyperbola 2z e 1,
PM b?
FiN g\ a? + b2
Proof of the theorem
by/a2sin2(8°) + b2
Eqgn. (C. 14 PM = ..(94.1
an. (C.14) = acos(6°) (94.1)
VaZ +b? x \/a2sin?(8°) + b2
Egn.(B.1 F/N = ..(94.2
qn ( 0) = 1N bcos(eo) (9 )
Dividing eqns. (94.1) & (94.2),
PM by/a2sin2(6°) + b2 [(VaZ +Db? x \/aZsin2(6°) + b2
F,N acos(6°) ' bcos(8°)
PM _ (byaZsin2(8%+b2 y beos{6%)
FiN aces(6) VaZ T b2 X ~aZsinZ6%) + b2
PM b?
...(94.3)

PN ava? + b?

Centre for Info Bio Technology (CIBTech) 128




International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)

An Open Access, Online International Journal Available at http.//www.cibtech.org/jpms.htm
2025 Vol. 15, pp. 27-148/Kalaimaran

Research Article

Eqn. (94.3) is mathematical expression of the theorem.

THEOREM- 95:
2 )2
In a Hyperbola 2 1,
UF,  b?
UF, 2a?+ b2
Proof of the theorem
b2
Eqn.(A.9) = UF; = —— ..(95.1)
a? + b2
Eqn. (A.10) = UF 2a° +b° (95.2)
qn. (A. =— .. (95.
Dividing eqn. (95.1) from (95.2),
UF; _< b? ) . <2a2+b2>
UF; \VaZ+b?) \Va?+b?
UR, (b2 (eERER
TUF,  \vaZ4bz)  \2a%+b?
CUF;  b? 953
" UF, 2a?+Db2 ..(95.3)
Eqn. (95.3) is mathematical expression of the theorem.
THEOREM- 96:
P
In a Hyperbola 2z e 1,
PN 0Q RN OU _<0V)2_a2
PM QM PQ OF, \OB/ b2
Proof of the theorem
a\/azsin2 (6°) + b2
Eqn. (C.19 PN = ..(96.1
an- ( )= bcos(6°) ( )
b\/azsin2 (6°) + b2
Eqn. (C. 14 PM = ..(96.2
an- ( )= acos(0°) ( )
Dividing eqn. (96.1) by (96.2),
PN a\/azsinz(e") +b2) b\/azsin2(6°) + b?
PM bcos(6°) ' acos(6°)
PN [a Z5in2(Q° 2 9 aces{82)
“PM bees(8%) by[aZsinZ(8°) + b2
PN a® 96.3
= +(963)
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Egn.(B.1) = 0Q = c0s(8%)
2
acos(0°)

Dividing eqn. (96.4) by (96.5),

0Q a . b?
Q_M - (cos(e")) N (acos(6°)>

.%_< a )x<aees€9°—)>

Eqn.(C.5) = QM =

QM \eoste) b2
S 0Q a?
. Q_M =7
__a’sin(8°)
Eqn. (C 17) = RN = W(eo)
. B.2 PO = bsin(6°)
qn. (B.2) = PQ = cos(8°)

Dividing eqn. (96.7) by (96.8),
RN <azsin(6°)> ‘ <bsin(9°)>
PQ bcos(8°) ] ~ \ cos(6°)
RN  [a’sin{8) cos{82)
“PQ <bees{9%> 8 <bsm{9—}>
RN a?
"PQ b2
Eqn.(C.19) = 0V =a
Eqn.(B.2) = 0B =b)
Dividing squares of eqn. (96.10) by (96.11),

_ oV? 3 a?
" 0BZ b2
2
Eqn.(A.7) = 0U = ———
va? + b2
2

Eqn.(A.9) = UF;, = ——

! va? + b2

Dividing eqn. (96.13) by (96.14),

ou _( a2 ) . < b2 >
OF; \VaZ+bZ) \VaZ+b?
ou a2 a2+ b2

= X

"OF,  JaZ+bz b
~0U a?
" OF;, b2
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..(96.4)

..(96.5)

..(96.6)

..(96.7)

..(96.8)

...(96.9)

..(96.10)
..(96.11)

..(96.12)

..(96.13)

..(96.14)

...(96.15)
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PN 0Q RN _ OU _ (ov>2 _a? 90616
PM QM PQ OF, \OB/ b2 ++(96.16)

Eqn. (96.16) is mathematical expression of the theorem.

THEOREM- 97:

2 2

y

In a Hyperbola 2z - 1,

PM _PT TM QM QE
PS PN SN RS RA

Proof of the theorem

by/a2sin2(8°) + b2
acos(0°)

\/a?sin2(6°) + b2

sin(0°)cos(6°)
Dividing eqns. (97.1) by (97.2),
PM b+/a2sin2(6°) + b2 ' \/a?sin2(8°) + b2
T PSS acos(6°) "\ sin(8°)cos(6°)
PM byfe2sin2(0%) +b2 o sin(0°)eos(8)
PS acos(82) 2 2700 2
_PM bsin(6°)
"PS  a

Eqn. (C.14) = PM = ..(97.1)

Eqn.(C.16) = PS =

..(97.2)

..(97.3)

B sin(6°),/a2sin?(6°) + b2

- cos(0°)

a,/a%sin?(6°) + b2
bcos(0°)

Dividing eqns. (97.4) by (97.5),

PT (sin(9°)\/a2 sinZ(0°) + b2> . (a\/azsin2 (6°) + bz)

Eqn. (C.15) = PT ..(97.4)

Eqn.(C.19) = PN = ..(97.5)

PN cos(0°) bcos(0°)

PT  (sin(6°)+/a2sin2(8)+b2 beos{8%)

AN ( cosB) ) ’ <aV£a%sm%ee+a-b%>

. PT _ bsin(6%) ..(97.6)

PN a
a%sin?(0°) + b?
acos(0°)

a%sin?(0°) + b?
bsin(0°)cos(6°)

Dividing eqns. (97.7) by (97.8),

Eqn. (C.9) = TM = ...(97.7)

Eqn. (C.20) = SN = ...(97.8)
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TM (a®sin®(6°) + b*\ [a?sin®(6°) + b?
SN < acos(0°) ) N (bsin(9°)cos(9°)>
™ 20in2700 2
2.
TM  bsin(0°)
"SNT T a

bsin(6°)eos(8)
aZ5inZ(0°) b*)

...(97.9)
b2

Eqn. (C 5) = QM = W(eo)

..(97.10)

Eqn. (C.18) = RS = ..(97.11)

sin(0°)cos(6°)
Dividing eqns. (97.10) by (97.11),

QM [ b? . b
RS <acos(9°)> N (sin(9°)cos(9°)>
QM < b2 > « <sin(6°)ees-€9%)

RS  \aeos{6) b
QM  bsin(6°)
s = ..(97.12)

Eqn. (E.2) = QE’ absin®(6°) (97.13)
gn. (E. = ...(97.
cos(8°),/a2sin2(8°) + b2
) a%sin(0°)
Eqn.(E.3) = RA' = ...(97.14)
cos(6°)\/azsin2 (6°) + b2
Dividing eqns. (97.13) by (97.14),
QE’ _< absin?(8°) ) ' < a%sin(0°) >
RA’ cos(6°)\/azsin2 (6°) + b2 ' cos(E)°)\/aZsin2 (6°) + b?

CQE" absin?(08°) o) faZsin2(Qe 2
“RA 0 [2Zcin2(Qo )" aZsin{8%)

_ QE"  bsin(6°)

"RA T a

Equating eqns. (97.3), (97.6), (97.9), (97.12) & (97.15),
PM PT TM QM QFE’

PS PN SN RS RA

Eqn. (97.16) is mathematical expression of the theorem.

...(97.15)

...(97.16)

THEOREM- 98:
2
In a Hyperbola 7z

yZ

=L

F,Y OV VX O0X TS F,S TW |[TK
F{N 0Q PN OZ F,S PS VX |RA
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Proof of the theorem

VaZ +bZ x y/a2sin%(8°) + b2

Eqn. (D.5) = F,Y = = ...(98.1)
VaZ + b2 x ,/a2sin%(6°) + b2
Eqn. (B.10) = F,N = —— ...(98.2)
Dividing eqns. (98.1) by (98.2),
FY VaZ + bZ x ,/a2sin2(6°) + b2 [(VaZ +Db? x \/a%sin2(8°) + b2
F,N b ' bcos(6°)
CFY 2 L h2 25inZ(Q° 2 bcos(0°)
TFN b % 2 b2 2302000 2
CERY (8°) 98.3
..FIN—cos ...(98.3)
Eqn.(A.1) = OV = a ...(98.4)
Eqn. (B.1) = 0Q = ..(98.5)
Dividing eqns. (98.4) by (98.5),
ov. ( a )
0Q as cos(6°)
ov <c05(6°)>
S— =a X
0Q a
U os(69) 98.6
..OQ—cos ...(98.6)
a/a%sin?(0°) + b2
Eqn. (D.4) = VX = Jalsi b( ) ..(98.7)
a,/a%sin?(6°) + b2
Egn. (C.1 PN = .. .
gn.(C.19) = PN bcos(@) (98.8)
Dividing eqns. (98.7) by (98.8),
VX a,/a%sin?(6°) + b2 ‘ a,/a%sin2(6°) + b2
PN b ' bcos(8°)
VX 25in2(Q° 2 y bcos(0°)
PN b ZonZ(on b2
X os(6%) 98.9
“ PN = €0S ...(98.9)
a?sin(6°)
Eqn. (D.10) = 0X = ——— ..(98.10)
Eqn. (D.12) = 0Z = 2%sin(6°) 98.11
gn. (D. = beos(8%) ..(98.11)
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Dividing eqns. (98.10) by (98.11),
~0X _ (a%sin(8°)) = [a®sin(6°)
oz b "\ bcos(8°)

_OX <a‘35+n{92}> « (bcos(e"))

..ﬁz b 2. 5
0X
v cos(6°) ...(98.12)

cos(8°)y/aZsin2(0°) + b2
sin(6°)

Eqn. (C.13) = F,S = \/a%sin2(8°) + b2
an. L == sin(0°)

Dividing eqns. (98.13) by (98.14),
TS (cos(6°)\/azsin2(6°) + bz) _ <\/azsin2(6°) + bz)

Eqn. (C.10) = TS = ..(98.13)

..(98.14)

" F;S - sin(6°) sin(6°)

F,S

TS
..m— cos(6°) ...(98.15)

2cinZ2 (00 2

TS (cos(6°)vﬁaisi-ni€9%—-l-—b%) y ( sin(62)
6%

\/a?sin2(8°) + b2
sin(6°)
\/a?sin2(6°) + b2
sin(0°)cos(6°)

Dividing eqns. (98.16) by (98.17),

F;S <\/azsin2 (0°) + b2> . (\/azsinz(9°) + b2>

- sin(6°) sin(6°)cos(6°)

..(98.16)

Eqn.(C.13) = F;S =

Eqn. (C.16) = PS = ..(98.17)

PS

“pg =

- S6%) [a25in2(0°) + b2

F;S
—_= ° 1
PS cos(6°) (98.18)

RS ( z>x<smeea>cos<e°>>

acos(e")\/azsin2 (6°) + b2
b
a,/aZsin?(6°) + b2
b
Dividing eqns. (98.19) by (98.20),
T™W acos(8°),/a2sin2(6°) + b2 ‘ a,/a2sin2(8°) + b2
VX b ' b

Eqn.(D.3) = TW = ..(98.19)

Egn.(D.4) = VX = ..(98.20)
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CTw <acos(9°)\/a25in2(9°) + bz) « < b )

VX b a,/a2sin2(8°) + b2
LIV os(69) 98.21
..V—X_cos( -.-(98.21)
a%sin(0°)cos(8°)
Eqn. (D.16) = TK = ...(98.22)
/a%sin2(8°) + b2
) a%sin(0°)
Eqn. (E.3) = RA’ = ...(98.23)

cos(8°)y/aZsin2(8°) + b2
Dividing eqns. (98.22) by (98.23),
TK  (a®sin(8°)cos(6°) a%sin(0°)
RA' <\/azsin2(6°) + b2> N (cos(6°)\/azsin2 (8°) + b2>

RAI
CTK <a£sm{e°_)cos(e°)> y <cos(6°)vﬁaisi-ni€9%—+—b%)
23 o

"RAT 20in2(0o 2 s
TK
R cos=(0°)

Tk »
R @_cos(ﬁ) ...(98.24)

Equating eqns. (98.3), (98.6), (98.9), (98.12), (98.15), (98.18), (98.21) & (98.24)

F,Y OV VX OX TS FS TW |[TK 98.25
F,N 0Q PN O0Z F,S PS VX |RA -+ (98:25)

Eqn. (98.25) is mathematical expression of the theorem.

THEOREM- 99:

2 2

Yy _
a?z bz
PT _PL TL PQ
PS PN SN RS

In a Hyperbola 1,

Proof of the theorem

sin(e")\/azsin2 (6°) + b2
cos(0°)
\/azsinz (6°) + b2
sin(6°)cos(6°)
Dividing eqns. (99.1) by (99.2),

- E B (Sin(9°)\/azsin2 (0°) + b2> . (\/azsinz(eo) + bZ)

Eqn. (C.15) = PT = ...(99.1)

Eqn. (C.16) = PS = ...(99.2)

" PS cos(0°) sin(6°)cos(6°)

PT sin(0°)/a2sinZ(89)+b2 sin(0°)eos(8%)
PS cos(6°) ><< [a2gin2(0°) 4 bz)
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. PT_ : 2(90)
o PS—Sln

asin?(6°),/a2sin2(6°) + b2

Egn.(D.2) = PL = bcos(8%)

a,/a%sin2(6°) + b2
bcos(6°)
Dividing eqns. (99.4) by (99.5),

Eqn. (C.19) = PN =

PL (asin2 (8°)y/aZsin2(8°) + bz) N <a\/azsin2 (6°) + b2

PN bcos(0°)

_PL _ [asin?(0°)y/aZsin2(69)+b2 y
.o m = 5

. PL — ol 2(90)

< PN = Sin

sin(8°)[a%sin?(8°) + b?]

Egn.(D.1) = TL = bcos(89)

a%sin?(0°) + b?
bsin(0°)cos(6°)
Dividing eqns. (99.7) by (99.8),

Eqn.(C.20) = SN =

TL (sin(6°) [a%sin?(0°) + b2]> N <azsin2 (6°) + b?

SN bcos(6°) bsin(6°)cos(0°)
CTL _ (sin(6°){e®sinz89—+b2} bsin(0°)eos(8>)
e S_N - < ]BEGS(QO) ) x <325iﬂz(eo) +b
SN sin?(6°)
. B.2 PO = bsin(6°)
an.(B.2) = PQ = cos(0°)

b

Eqn. (C 18) = RS = W

Dividing eqns. (99.10) by (99.11),
PQ bsin(6°)\ b
RS ( cos(0°) > N (sin(6°)cos(6°))

_PQ_ <bsin(6°)> y <sin(6°)ees€9%)

" RS\ eos(®8) b
PQ .,
g = Sin (6°)

Equating eqns. (99.3), (99.6), (99.9) & (99.12),
PT_PL_ TL PQ
PS PN SN RS
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..(99.3)

..(99.4)

..(99.5)

..(99.6)

..(99.7)

..(99.8)

..(99.9)

..(99.10)

..(99.11)

..(99.12)

..(99.13)
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Eqn. (99.13) is mathematical expression of the theorem.

THEOREM- 100:
2
In a Hyperbola 2

yZ

—5=

PN VX OV _ |PN
F.S TS 0S |S]

1,

Proof of the theorem

a,/a%sin?(6°) + b2
bcos(0°)

Ean. (€. 13) = Fy§ = V2SI ) +b°
an. & e )

Dividing eqns. (100.1) by (100.2),

PN (a\/azsinz(e") + b2> . <\/azsin2(6°) + bz)

"F,S bcos(6°) sin(6°)

" F;S

PN (a 25in2(Qgo 2 o sin(0°)

F,S bcos(6°) 2oin2(Qo 2
PN  asin(6°)

—_—= ...(100.
FiS bcos(6°) (100.3)

Eqn. (C.19) = PN =

..(100.1)

(100.2)

a,/a%sin?(6°) + b2
b
cos(6°)\/azsin2 (6°) + b2
sin(6°)
Dividing eqns. (100.4) by (100.5),

VX a\/azsin2 (6°) + b2\ cos(G")\/azsin2 (6°) + b2
TS b N sin(6°)

Eqn.(D.4) = VX = ..(100.4)

Eqn. (C.10) = TS = ..(100.5)

B _ (a 202700 ;_L) x( sin(8°) >
TS b cos(8°)va2sinZ(8)+b2
VX asin(6°)
TS  bcos(6°)
Eqn.(A.1) = OV =a ...(100.7)
bcos(6°)
sin(6°)
Dividing eqns. (100.7) by (100.8),
ov._ <bcos(9°)>
0S sin(0°)

..(100.6)
Eqn.(C.2) = 0S =

..(100.8)
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_ov y sin(6°)
T oS a bcos(6°)
0V asin(6°)

.o OS —W(eo) |||(100-9)

a,/a%sin2(8°) + b2
bcos(6°)
bcos(8°){/a%sin2(8°) + b2
asin2(0°)
Dividing eqn. (100.10) by (100.11),

PN a,/a%sin2(8°) + b2 ‘ bcos(8°)y/a2sin?(8°) + b2
S] bcos(0°) N asinZ(0°)

Eqn. (C.19) = PN = ..(100.10)

Eqn.(D.14) = SJ =

..(100.11)

PN [a/a®sin2(8° 2 ><< asin?(0°) )
D] bcos(6°) bcos(0°)[aZsinZ{02) + b2
PN a®sin?(8°)
"'S]  b2cos?(8°)
PN asin(0°) 100.12
S]  bcos(8°) - (100.12)
Equating eqns. (100.3), (100.6), (100.9) & (100.12),

PN VX OV |PN 10013
F,S TS 0S [S] ++(100.13)

Eqn. (100.13) is mathematical expression of the theorem.

THEOREM- 101:
2
In a Hyperbola 2 bZ

PS PN _ a?
ML MN a? + b?

Proof of the theorem

\/azsinz (6°) + b2
sin(6°)cos(6°)
(@2 + b?),/a2sin2(6°) + b2
a2sin(0°)cos(0°)
Dividing eqns. (101.1) & (101.2),

PS /a2sin2(8°) + b2 (@ + b?),/a2sin2(6°) + b2
ML~ \ sin(@°)cos(6°) | a2sin(6°)cos(6°)

Eqn. (C.16) = PS =

...(101.1)

Eqn. (E.7) = ML’ = ...(101.2)
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PS _( 2cinZ2(0Q° 2) x( a251'9(9°)ees(9°) )

ML’ | sinf8eos(8) (a2 + b2)fa2sinZ(8%) + b2

NI Gl 101.3

"ML aZ + b2 - (101.3)

a,/a%sin2(8°) + b2

Eqgn. (C.19 PN = ..(101.4

an. ( )= bcos(6°) ( )
(a® + b?),/a%sin2(8°) + b2

Eqgn. (C.21 MN = ..(101.5
an. ( )= abcos(6°) ( )

Dividing eqns. (101.4) & (101.5),

PN ay/a%sin?(8°) + b?\ [ (a® + b?)y/a?sin?(6°) + b?

MN bcos(8°) ' abcos(6°)

PN  [aya®sin2(8° 2 o abeos(8%)

MN bees(6%) (a2 + b?)fa2sin2(8%) + b2

RLL L, 101.6

"MN  a?+ b2 - (101.6)

Equating eqns. (101.3) & (101.6),

PS PN  a? L1017

ML MN a2 + b2 - (101.7)

Eqn. (101.7) is mathematical expression of the theorem.

THEOREM- 102:

2 2

In a Hyperbola 2z 1,

TM SN TL

PT PN PL

Proof of the theorem

Eqn.(C.9) = TM = a%sin®(6°) + b° 102.1
qn. (C. = 2c05(8%) ..(102.1)

sin(6°),/a2sin?(6°) + b2

Eqn. (C.15 PT = ..(102.2
an. (€. 15) = o) (1022)

Dividing eqns. (102.1) & (102.2),

™ a%sin*(8°) + b*\ sin(6°),/a2sin?(6°) + b2

PT acos(6°) ' cos(6°)

™M <azsin2(6°) + b2> y < €os{8) )
PT aces(8% sin(6°),/a2sin2(6°) + b2
TM /a%sin2(8°) + b2

— = ...(102.3
PT asin(0°) ( )
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a%sin?(0°) + b?
bsin(6°)cos(6°)
a,/a%sin2(8°) + b2
bcos(6°)
Dividing eqns. (102.4) & (102.5),

SN (a®sin?(6°) + b?\ a,/a%sin2(8°) + b2
PN <bsin(9°)cos(9°)> N bcos(6°)

Eqn. (C.20) = SN =

.. (102.4)

Eqn. (C.19) = PN = ..(102.5)

SN <azsin2 (0°) + b2> « ( beos(8>) )
- PN bSin(eo)Ge'S'Eg% a\/azsinz (eo) + b2
SN /a2sin?(8°) + b2
SN ... (1026
PN asin(6°) ( )
sin(08°)[a%sin?(0°) + b?]
bcos(6°)
_asin? (8°)y/a2sin2(8°) + b2
h bcos(6°)
Dividing eqns. (102.7) & (102.8),
TL _ (a’sin?(8°) + b\ (asin® (8°)y/a2sin2(6°) + b2
PL acos(6°) ’ bcos(8°)
TL <sm€9—} ®}[a%sin?(0°) + b2]> y < beos(82) >
bees(6%) asin2(8°),/a%sin2(8°) + b2
TL +/a%sinZ(6°) + b2
JIL ...(102.
PL asin(0°) (102.9)
Equating Eqns. (102.3), (102.6) & (102.9),
™ _ SN _ TL
PT PN PL
Eqn. (102.10) is mathematical expression of the theorem.

Eqn.(D.1) = TL = ..(102.7)

Eqn.(D.2) = PL

..(102.8)

...(102.10)

THEOREM- 103:

P
In a Hyperbola 2z - 1,
PT _PL QM _PM _QF

TS TW 0] S OK

Proof of the theorem

sin(e")\/azsin2 (6°) + b2
cos(0°)
cos(B")\/azsin2 (6°) + b2
sin(0°)
Dividing eqns. (103.1) & (103.2),

Eqn. (C.15) = PT = ...(103.1)

Eqn. (C.10) = TS = ...(103.2)
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PT sin(8°)/a2sin2(6°) + b2 ' cos(8°)y/a2sin2(8°) + b2
TS cos(6°) N sin(0°)

PT  [sin(8°)e2sin2(8)+b2 sin(6°)
S — = X

TS ( cos(6°) <cos(e°)véa£smzee%+bz>
PT _ sin?(0°)

=— ..(103.3
TS  cos?(6°) ( )

_ asin? (8°)y/a2sin2(8°) + b2

h bcos(6°)

acos(8°)y/a?sin?(8°) + b2
b

Eqn. (D.2) = PL ..(103.4)

Eqn. (D.3) = TW = ..(103.5)
Dividing eqns. (103.4) & (103.5),

PL asin?(8°),/a2sin2(8°) + b2 ‘ acos(0°),/a2sin2(6°) + b2

T™W bcos(8°) ' b

_PL _ (asin?(0°)/a2sin2(6%)+b2 y b

CTW bcos(6°) acos(0°)/a2sin2(62)+b2

PL  sin®*(6°)

f—_—= ..(103.
TW  cos?(0°) (103.6)

2
acos(0°)
b?cos(6°)
asin?(0°)

Dividing eqns. (103.7) & (103.8),
QM b? ~ (b?cos(6°)
To) <acos(9°)> N <asin2 (9°)>
QM b2 asin?(0°)
- O_] B <acos(6°)> % <b£cos(6°)>

QM sin?(0°)
"0]  cos2(8°)

Eqn.(C.5) = QM = ..(103.7)

Eqn. (D.13) = 0] = ..(103.8)

..(103.9)

by/a2sin2(8°) + b2
acos(0°)
bcos(8°),/a2sin2(8°) + b2
asin2(0°)
Dividing eqns. (103.10) & (103.11),

PM b4/a2sin2(8°) + b2 . bcos(8°)/a2sin?(8°) + b2
5] acos(0°) N asin?(6°)

Eqn. (C.14) = PM = ...(103.10)

Eqn.(D.14) = §] =

...(103.11)
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PM 25in2(9° 2 < asin?(0°) )
So— = X
SJ acos(6°) bcos(0°)/a2sinZ(8)+b2

~PM _ sin?(8°)

T = 052 ..(103.12)

Eqn. (E.2) = QE' = absin®(6°) ...(103.13)
cos(8°)y/a2sin2(68°) + b2

Eqn. (D.15) = OK = abcos(6) ...(103.14)
\/a%sin2(8°) + b2

Dividing eqns. (103.13) & (103.14),

QE" absin?(0°) ' abcos(0°)

OK <cos(6°)\/azsin2 (°) + b2> N <\/azsin2 (0°) + b2>

. Q_E’_< absin?(0°) >><< 2cin2(Qo z)

OK cos(0°)+/a2sinZ(8)+b2 abcos(0°)
" ain2(po

.-.%:% ..(103.15)

Equating Eqns. (103.3), (103.6), (103.9), (103.12) & (103.15),

PT_PL QM _PM _QE 103.16)

TS TW 0] S| OK

Eqn. (103.16) is mathematical expression of the theorem.

THEOREM- 104:

2 2

x- 'y
In a Hyperbola z

=L

ON O0S VX TS PL F,Y MN TN PT PN TL TW 0Q RN

OM 0] F;,S S]] PT F,I' ML SM PM PS TM TS RS RS

_ftw
K]

Proof of the theorem
(a? + b?)sin(6°)

( ) ]] co 5(90) ( )

Dividing eqn. (104.1) by (104.2),
ON ((a2 + bz)sin(6°)> ' <a2 + b? >

oM bcos(6°) acos(0°)
_ON  [a=+bHsin(6°) acos{8°)
oM < beos(8%) ) 8 (éa;‘—+—b%>

Centre for Info Bio Technology (CIBTech) 142




International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)

An Open Access, Online International Journal Available at http.//www.cibtech.org/jpms.htm
2025 Vol. 15, pp. 27-148/Kalaimaran

Research Article

~ON _ asin(6°)

e ..(104.3)
Eqn. (C.2) = 0S = beos(67) 104.4
gn. (C. = Sin(e%) ..(104.4)
E D.13) = 0] = bcos(6%) 104.5
qn. (D.13) ]—M ..(104.5)
Dividing eqn. (104.4) by (104.5),
0S _ (bcos(8°)\ . (b*cos(6°)
0] \ sin(8°) / ~ \asin2(6°)
_0S beesé@i}x asin?(6°)
T 0] s T \bZeos(8)
~0S _ asin(6°) 1046
‘o= ..(104.6)
2sin2(6°) + b2
Eqn. (D.4) = VX = aya Smb( ) .. (104.7)
Eqn.(C.13) = F,S = Va?sin(8") + b2 104.8
qn. (C. 1S = Sin(8°) ..(104.8)
Dividing eqn. (104.7) by (104.8),
VX a,/a%sin?(6°) + b2 ' \/a%sin2(6°) + b2
F,S b ' sin(0°)
VX  aya?sin®(8° 2)( sin(6°)
F,S b ZeinZ(00 1+ b2
~ VX asin(6°) 104.9
“FS= b ...(104.9)
cos(e")\/azsin2 (6°) + b2
Eqn. (C.10) = TS = —a ..(104.10)
bcos(E)")\/azsin2 (6°) + b2
Eqn.(D.14) = §J = P ..(104.11)
Dividing eqn. (104.10) by (104.11),
TS cos(e")\/azsin2 (6°) + b2\ bcos(E)")\/azsin2 (6°) + b?
S] sin(6°) ’ asinZ(0°)
- TS 3 o 2cinZ2 (00 2)( asin%(eo)
B s beos(82)/aZsinZ(8%) + b2
TS asin(0°) (104.12
‘3% . 12)
in2(6°),/aZsinZ(6°) + b2
Eqn. (D.2) = PL = 250 )ya%sin?(8°) ..(104.13)

bcos(0°)
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sin(8°)/a2sinZ(8°) + b2

Eqn. (C.15) = PT = o567 .. (104.14)
Dividing eqns. (104.13) & (104.14),
PL _ [asin® (6°)y/a?sin?(8°) + b2\  (sin(6°){/a2sin?(6°) + b?
PT bcos(8°) ' cos(6°)
PL asin®(0°)+/a2sin2(0>)+b2 cos{8)
ﬁ - beos{6%) 5 o 2¢in2(Q° 2
~PL _ asin(6°) 104.15
FT =g ..(104.15)
Va2 + b2 x ,/aZ%sin2(0°) + b2
Eqn. (D.5) = F,Y = v = ) ..(104.16)
. VaZ+Db? X y/a2sin2(8°) + b2
Eqn. (E.5) = F,I' = 6 .. (104.17)
Dividing eqns. (104.16) & (104.17),
FiY VaZ + b2 x ,/a2sin2(0°) + b2 (Va? +b? X /a2sinZ(0°) + b2
FI' b ' asin(6°)
FY 2 4 h2 Z5in2(Q° 2 asin(0°)
FI' b X 2 2 ZoinZ 0o 2
F.Y asin(6°)
n—_= ..(104.1
Flll b ( O 8)
(a® + b?),/a2sin2(8°) + b2
Eqgn. (C. 21 MN = ..(104.19
an. ( )= abcos(6°) ( )
(@ + b?),/a%sin2(0°) + b2
Eqn.(E.7 ML’ = ..(104.20
an. (E.7) = a2sin(0°)cos(0°) ( )
Dividing eqns. (104.19) & (104.20),
MN (@@ + b?)./a2sin2(6°) + b2 @+ b?)./a2sin2(6°) + b2
ML’ abcos(8°) ’ a2sin(0°)cos(0°)
MN (a2 +b2)/alsinZ(B° 2 aZsin(0°)ees(8°)
ML’ abeos(8%) "\ (a2 b2 JaZein2 ey + b2
~MN _ asin(8°) 10421
R . (10421)
\/(az + b?)2sin?(0°) + a?b?cos*(6°)
Egn. (C. 23 TN = ..(104.22
an. ( )= bcos(6°) ( )
(@2 + b2)2sin2(6°) + a2b2cos*(8°)
Eqgn. (C. 22 SM = ..(104.23
an. ( )= asin(6°)cos(6°) ( )

Dividing eqn. (104.22) by (104.23),
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TN /(@2 + b2)2sin2(6°) + a2b2cos*(8°) _ V(@2 + b2)2sin2(6°) + a2bZcos*(6°)
SM bcos(8°) N asin(06°)cos(6°)

(TN _ (fe2+b2sin2 (69 +a2bZeos™0)| asin(6°)eos(6)
“SM beos(8>) 2 | p2V\2oin2(00 212 cncd(Qo

TN asin(8°)

e ..(104.24)
sin(8°)/a2sinZ(6°) + b2
Eqn. (C.15) = PT = e .. (104.25)
b+/a2sin2(0°) + b2
Bqn. (C.14) = PM = —— o .. (104.26)
Dividing eqn. (104.25) by (104.26),
PT sin(6°),/a2sin?(6°) + b2 _ by/a2sin?(6°) + b2
PM cos(6°) ' acos(6°)
_PT sin(0°)+[a2sin2(89)+b2 y aces{8>)
“PM cos{82) by/aZsinZ(8%) + b2
_PT asin(0°) 104.27
o Vhmi— ..(104.27)
a\/azsin2 (6°) + b2
Bqn.(C.19) = PN = =~ ..(104.28)
Eqn. (C.16) = PS = Ja?sin? (6°) + b2 104.29
an. L ~ sin(8°)cos(6°) -+ (104:29)
Dividing eqn. (104.28) by (104.29),
PN a\/azsin2(6°) +b2\ \/azsin2(6°) + b2
PS bcos(6°) "\ sin(6°)cos(6°)
PN fa 25in2(Q° 2 o sin(0°)eesf8)
T PS bees(8%) 262 (0% + b2
PN asin(0°) 104.30
il ..(104.30)
sin(8°)[a%sin?(8°) + b?]
Egn.(D.1 TL = ...(104.31
an.(D.1) = bcos(6°) (104.31)
Eqn. (C.9) = TM = a%sin’(6°) +b* 104.32
gn. (C. = 2c05(8%) ..(104.32)

Dividing eqn. (104.31) by (104.32),
TL (sin(@")[azsin2 (0°) + b2]> ' <azsin2 (0°) + b2>

™ bcos(6°) acos(0°)
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~TL _ (sin(6°)[a®sin2(8D)—+b2] y acos(8)

“TM beos(8%) aZsin2(8%) + b2

~TL _ asin(8°) 104.33
Vi ..(104.33)

0°)/a?sin2(6°) + b?
Eqn. (D.3) = TW = acos(8°)y/a ;m ©®) .. (104.34)
cos(8°)y/a2sin2(0°) + b2

Eqn. (C.10) = TS = ) ..(104.35)

Dividing eqn. (104.34) by (104.35),

T™W acos(6°)/a2sin2(8°) + b2 ' cos(8°),/a%sin2(6°) + b2

TS b ' sin(6°)

TW _ fa o) faZsinZ(g° 2 y sin(0°)

"TS T b cos(08°)[aZsinZ(82) + b2

TW asin(0°) 104.36

i ..(104.36)

Eqn. (B 1) = OQ = m . (10437)

Eqn. (C.18) = RS = b 104.38
an. L "~ sin(8°)cos(0°) - (104.38)

Dividing eqn. (104.37) by (104.38),

s = ()~ (@)

RS~ \cos(8°)/ ~ \sin(8°)cos(68°)

. OQ_( a )x sin(0°)eesf82)

" RS \eos{s) b

- 0Q asin(8°)

pe = ..(104.39)

Eqn.(C.17) = RN = 2%sin(6°) 104.40
gn. (C. = beos(8%) ..(104.40)

Eqn. (C.18) = RS = b 104.41
e ~ sin(6°)cos(6°) - (10441)

Dividing eqn. (104.40) by (104.41),

RN  (a’sin(6°)) ( b )

RS~ \bcos(8°) ] ~ \sin(8°)cos(6°)

RN (a®sin(6°) o sin(0°)ees(8%)

RS\ bees8) b

~RN _ a?sin®(6°)

" RS b2

Taking root of the above,
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RN  asin(6°)

wE ... (104.42)
acos(0°)+/a2sinZ(0°) + b2

Eqn. (D.3) = TW = (6 : ) ... (104.43)
bcos(8°)y/a2sin2(8°) + b2

Eqn.(D.14) = §J = ST ... (104.44)

Dividing eqn. (104.43) by (104.44),

T™W acos(6°)/a2sin2(8°) + b2 ' bcos(6°),/a2sin2(6°) + b2
S| b ’ asinZ(0°)

CTW acos{8)/a2sin2(0%) + b2 asin?(6°)
S| X bees(@") Za;_lsinzego; bz

S| b
~TW _ a®sin?*(6°)
TS b2

. [T _ asin(®) (104.45)
= ..(104.

Equating Eqns. (104.3), (104.6), (104.9), (104.12), (104.15), (104.18), (104.21), (104.24), (104.27),
(104.30), (104.33), (104.36), (104.39), (104.42) & (104.45),

ON OS VX TS PL FY MN TN PT PN TL TW 0Q |RN

OM 0 FS S PT FKI' ML/ SM PM PS TM TS RS RS

I 104.46
= Iy ... (104.46)

Eqn. (104.46) is mathematical expression of the theorem.

CONCLUSION

This research has presented a comprehensive mathematical investigation into the properties of the
hyperbola, with particular emphasis on its tangent, normal, pair focal distances and vertex. Through the
application of parametric equations, 104 new theorems have been systematically derived and rigorously
proven, supported by illustrative diagrams to enhance clarity and comprehension. These results extend
the classical understanding of the parabola, offering deeper insights into its geometric structure. Beyond
pure mathematics, the findings carry significant implications for applied fields such as radar systems,
antenna design, and optical devices like torch reflectors. The integration of parametric methods with
detailed visualizations strengthens both the precision and accessibility of the work. Overall, this study
provides a valuable reference for scholars and researchers engaged in advanced studies of conic
sections, celestial mechanics, and geometric theory, marking a meaningful contribution to both
mathematical knowledge and its interdisciplinary applications.
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