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ABSTRACT  

In this paper, a confluent hyper-geometric type analytical solution of the Yukawa potential is obtained 

with the help of the Schr  dinger equation. The solution gives an approximate value for the eigenfunction. 

The energy eigenvalue obtained from the solution of this eigenfunction is found directly proportional to 

the fine-structure constant ( ) and inversely proportional to the square of the diminished screening 

parameter ‘ ’; where         and ‘ ’ being the screening parameter. 
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INTRODUCTION  

Hydrogen is the first member in the periodic table. In quantum mechanics the eigenvalue problem for this 

atom can be solved analytically. However, as we move to the next atom (Helium) in the periodic table, the 

eigenvalue problem cannot be solved by analytical methods. Solutions to the Schr  dinger equation are 

obtained for some potential (Singh, 2009; Miranda, 2010; Arda, 2012; Ikot, 2012). However, some authors 

have been able to find the analytical solutions for several other potentials (Rajabi, 2007; Deta, 2013; 

Rajabi, 2013) using different approaches. Many of which are remarkably used in the field of physics and 

chemistry.  

The pioneering work of Yukawa potential or Static Screened Coulomb Potential (SSCP) has been 

illustrated here in the literature. The problem of finding an accurate solution for the screened Coulomb 

potential (spherically symmetric in general) has drawn a lot of attention in the literature. The screened 

potential finds its relevant role in the study of hydrogen under pressure (Ferraz, 1984; Ferraz, 1987; Mao, 

1989). The binding energy of a hydrogen atom can be estimated using this potential. The Yukawa potential 

which is a crude model for the binding force in an atomic nucleus has the form in one dimension  

      
     

 
                          (1)                           

where, the length, 
 

 
   may be considered as the ‘range of the potential’ and        is the fine-

structure constant, ‘ ’ being the atomic number. Here ‘ ’ is the atomic radius which is termed as the 

screening parameter with the value   
 

       
.  

Thus, the expression for the Yukawa potential in equation (1) can also be written as follows: 

      
        

 
       (2) 

The potential expressed in equation (2) is known as the Debye-H  ckel potential and the Thomas-Fermi 

potential respectively in plasma and solid-state physics. In both the cases, the potential arises from a 

screened Coulomb potential.  

The aim of the present work is to obtain an analytical solution of the Yukawa potential first by solving the 

Schr  dinger equation in the form of a confluent hyper-geometric function for this type of potential and 

then the solution is used to find the expression for the energy eigenvalue ( ). Recently, attempts were 

mailto:skyalpha731204@gmail.com


International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online) 

An Online, International Journal, Available at http://www.cibtech.org/jpms.htm 

2022 Vol. 12, pp. 1-5/Sudin 

Research Article (Open Access) 
 

  2 

 

made by Adeyemi et al. to infuse the Yukawa’s potential into the Schrodinger equation and they obtained 

an approximate value of the eigenfunction and the eigenvalue (Adeyemi, 2017). Adeyemi et al. had 

obtained their results, for a large value of ‘a’ and found the solution,      as a ‘cosine function’ with a 

normalization constant (Adeyemi, 2017). In comparison with the work done by Adeyemi et al. here in the 

present work, the approximate solution has been found to be expressed in terms of a ‘sine function’ and 

with a different normalization constant. This is the essence of the present work. The paper is organized as 

follows:  

Section-2 is focused on obtaining an analytical solution of the Yukawa potential by solving the 

Schr  dinger equation in the form of a confluent hyper-geometric function. The solution gives an 

approximate value for the eigenfunction.  

Section-3 contains the result and discussion where the final expression of the analytical solution is 

depicted. The energy eigenvalue obtained here, shows that it is directly proportional to the square of the 

fine-structure constant ( ) and inversely proportional to the square of the diminished screening parameter 

‘ ’; where         and ‘ ’ being the screening parameter. 

Finally, Section-4 has been devoted for summarizing the present work and the inferences drawn from this 

work have also been embedded in this section. 

 

MATERIALS AND METHODS 

The Yukawa potential in the chosen work is expressed as follows:       
        

 
.  

For the large value of ‘ ’, the above potential reduces to 

      
 

 
       (3) 

This potential is used to solve the Schr  dinger equation in one dimension preferably in positive  -

direction using an approximate method and express the solution in the form of a confluent hyper-

geometric function. The Schr  dinger equation in positive  -direction for the wave function      is as 

follows: 

  
  

  

  

                            (4) 

  

          
  

    
  

                 (5) 

Substituting the value of the potential,      
 

 
  in equation (5), it gives, 

  

          
  

    
  

  

 

 
             (6) 

where,  
  

             (7) 

And 

  
  

              (8)      

  

With the help of the equations (7) and (8), the equation (6) takes the form as follows 
  

             
  

 
             (9) 

Solving the equation (9) for the wave function     , the following is obtained as,  

                                       1F1     
                –    

   –   

            

                                   1F1     
                –    

   –   

           (10) 
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where, the term 1F1     
                –    

   –   

           is well known by the name ‘confluent hyper-

geometric function’ and    ,    are constants. 

Let, 

1F1     
                –    

   –   

           

      
                –    

   –   

            

                   (11) 

where,       
                –    

   –   

    
  

     , 

     and               . 

In terms of       the equation (10) now can be written as follows: 

                                                                     
 2      1  ( , , )   (12)  

Here,          is the Whittaker’s hyper-geometric function. 

Let,         ,     is also a constant. 

Then the equation (12) takes the form as 

          –                    
                                    (13) 

 

RESULTS AND DISCUSSION 

To find the final expression for the solution of the wave function expressed in equation (13), it requires 

determining the value of     and         . In order to do that the following transformation of the hyper-

geometric function is applied in equation (13),  

                            .   (14) 

For,     , the equation (14) becomes, 

                            (15) 

Let’s write now,        
  

   
  

For special case, where    , then equation (15) gives 

                 

i.e.           
 

 
       (16) 

Substituting the value,              ,  in equation (16) we have 

         
 

    
        (17) 

Therefore, for      the solution for the wave function using equation (13) is written as 

                                                 (18)                    

Considering the real part of the solution, the expression of the wave function becomes:       
                   
Now, taking absolute value of      and substituting the value of          of the equation (17) in 

equation (18), the expression of the wave function can be written as 

     
  

  
           (19) 

where    is normalization constant. 
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The value of the normalization constant (  ) is obtained as     
 

 
 . 

Finally the expression for the solution of the wave function is obtained as 

      
 

 
            (20) 

Now, to calculate the energy eigenvalue of the wave function of equation (20) the following values are 

recalled: 

        
  

   
 ;  

  

        and  
  

       .  

After some algebraic calculation, the expression for the energy eigenvalue ( ) can be written as follows 

    
   

              (21) 

where,                . 

And in terms of the atomic radius i.e. the screening parameter ‘ ’, the equation (21) can be rewritten as 

    
   

          .     (22) 

It can be inferred from the equations (21) and (22) that the energy eigenvalue,       ;  ‘ ’, ‘ ’ and   

being constants. 

Thus, it is evident from the above expression that the energy eigenvalue of the eigenfunction varies 

directly as the square of the fine-structure constant ( ). Further, it can also be noted from the equation 

(21) that the energy eigenvalue varies inversely as the square of the diminished screening parameter ‘ ’. 

 

CONCLUSIONS 

In the present work, the analytical solution of Yukawa potential in light of an approximate method is 

obtained by solving the Schr  dinger equation in terms of confluent hyper-geometric function. The 

essence of the present work lies in the fact that the obtained approximate solution of the Schr  dinger 

equation has been expressed in terms of a ‘sine function’ and with different normalization constant 

instead of the ‘cosine function’ in comparison with the work done by Adeyemi et al. Later, the energy 

eigenvalue has been obtained from this eigenfunction. It has been seen that the results obtained in this 

work are in well agreements with other works. The present work clearly indicates to the fact that the 

energy eigenvalue of the Yukawa potential depends on fine-structure constant ( ) and that of the 

screening parameter ‘ ’. It has been observed that the energy eigenvalue obtained from the analytical 

solution is directly proportional to the fine-structure constant ( ) and inversely proportional to the square 

of the diminished screening parameter ‘ ’; where         and ‘ ’ being the screening parameter. It 

can be expected that the results obtained in this work may have interesting applications in different fields 

of quantum mechanical systems, atomic and molecular physics. 
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