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ABSTRACT

The construction of fuzzy concept lattices is one of the major matters of fuzzy formal concept analysis.
However, the construction of efficiency of fuzzy concept lattices is still exponential. Irreducible elements
push forward a immense influence on improving construction efficiency of fuzzy concept lattices. Hence,
this paper firstly proposes a weakened object topology graph for finding join-irreducible elements. After
that, it provides a novel way to compute join-irreducible elements, and then generate all crisp-fuzzy
concepts.
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INTRODUCTION

Concept lattice is a branch of lattice theory and also an immediate outcome of formal concept analysis
(FCA), which was put forward by Ganter and Wille (1982) in the early 1980s. Concept lattice is a concept
hierarchical structure established by analyzing and disposing the binary relationship between objects and
attributes of a data set. At present, concept lattice has been successfully applied to mathematics and
computer science, and still owns a great deal of potential application value.

A formal concept is a composition of extension and intension. However, in the real world, the public's
cognition is fuzzy rather than crisp for the great majority of things. With the rapid development of
technology, some scholars proposed a fuzzy formal concept, which indicates the vague relationship
among the objects and attributes. Such as Burusco and Fuentes (1994) firstly defined fuzzy concepts
using implication operators based on fuzzy closure operators, and Krajci (2003) presented one-sided
fuzzy concepts. Researchers have employed fuzzy concepts to fuzzy classification and fuzzy decision,
though the approaches of constructing fuzzy concept lattices are less productive. Consequently, the
construction of fuzzy concept lattices is count for research.

It is generally known that every element can be depicted by the join (meet) of join-irreducible
(meet-irreducible) elements. Thus, in a lattice, all the join-irreducible elements and

meet-irreducible elements are the most fundamental elements. Similarly, in a concept lattice, object
concepts and attribute concepts are the most fundamental elements, where each formal concept is either
the intersection of attribute concepts or the union of object concepts. In other words, each object concept
and attribute concept corresponds to a meet-irreducible element and a join-irreducible element in a
concept lattice. So it is very significant to study irreducible elements in a concept lattice. On the one hand,
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usually, irreducible elements can be used to explore the attribute characteristics in attribute reduction,
such as Shao and Leung (2016) proposed a granular reduct methods based on join-irreducible elements in
a fuzzy formal context. On the other hand, irreducible elements also make contributions to the
construction of concept lattices. For instance, Li and Shao (2017) built the lattice from meet-irreducible
attribute concepts by using generators directly. In fuzzy formal contexts, Zhang (2018) raised a
batch-mode algorithm for directly constructing fuzzy concept lattice based on union and intersection
operations, yet the construction of efficiency of fuzzy concept lattices is still exponential.

Accordingly, in a fuzzy formal context, using irreducible elements to generate fuzzy concepts can greatly
improve the construction of efficiency of fuzzy concept lattices. Inspired by attribute topology, proposed
by Zhang (2014), this paper presents a weakened object topology graph, in order to find join-irreducible
elements in a fuzzy formal context. Furtherly, we can obtain all fuzzy concepts by the join of the
join-irreducible elements.

The remainder of this paper is organized as follows. Firstly, we briefly review some basic notions of fuzzy
formal contexts and graph theory. Secondly, we will define the notion of a weakened object topology
graph and discuss how to find join-irreducible elements from a weakened object topology graph, and then
generate all fuzzy concepts. Finally, we conclude the paper and outline the future work.

Preliminaries

In this section, we review some notions and properties about fuzzy formal contexts and graph theory. For
more details, please refer to Krajci (2003), Bondy and Murty (2008).

Definition 1 (1) (Krajci, 2003) Let U and B as the set of objects and attributes respectively, R is a fuzzy
relation on their Cartesian product, i.e. R: AxB— [0, 1]. A table with rows and columns corresponding to
objects and attributes is used for representing this fuzzy relation. Then the value R (a, b) expresses the
grade in which the object b have the attribute a.

(2) (Krajci, 2003) Let (U, A, R) be a fuzzy formal context. Define a mapping: f :P(U)— I'(A)which
assigns to every crisp set X of objects , a fuzzy set f (X) of attributes, a value in a point a e Aof which is

f(X)(@= A R(xa)acA 1)

i.e. this function assigns to every attribute the greatest value so that all objects from X have this attribute
at least in such grade. Conversely, define a mapping g:I'(A)—»P(U), which assigns to every
function p: A —[0,1]a set

g(p) ={xeU|Vae A p(a) <R(x,a)} ()

i.e. such objects which have all attributes at least in the grade set by function p (in other words, the
function of their fuzzy-membership to objects dominates over p) .

It is easy to see that operators f and g form a Galois connection betweenP(U)andr(A), and the following
properties can be obtained.

Property 1 (Krajci, 2003) Let (U, A, R) be a formal context x,x,X, X, ePU) , and
B,B,,B,,B, € '(A), ieJ (Jisan index set). Then
() X, = X, = £(X,) < £(X,),B = B, = 9(B,) = 9(By);
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(i) X = gof(X),Bc fog(B)

(iii) f(X) = fogo f(X),g(B)=gofog(B);

(iv) f(Ui, %) =1, £(X),9(Ui, B) =1, 9(B).

Definition 2 (1) (Krajci, 2003) Let (U, A, R) be a formal fuzzy context, a pair (X,B) e P(U)x

I'(A) satisfying x = g(B)and B = f (X) is called crisp-fuzzy concept of (U, A,R) .

(2) (Krajci, 2003) For a set of objects X = P(U) and a fuzzy set of attributes B  f (A), from Propertyl (iii),
both (gof(X), f(X)) and(g(B), f og(B)) are crisp-fuzzy concepts. In particular,

(g o f(X), f (X)) is acrisp-fuzzy concept for each x eU and is called an object concept.

For two crisp-fuzzy concept(X,,B,) and (X,,B,) to make (X,,B,) <(X,,B,), if and only if

X, < X, (or equivalently, B, = B,).

Example 1 A fuzzy formal context K= (U, A, R) with U ={x,x,,%,,X,, %} A={a,b,c,d,e}and fuzzy

relation is described in Table 1. According to Definition 1(2), all the corresponding crisp-fuzzy concepts
are showed in Table 2. In addition, Fig.1 is the crisp-fuzzy concept lattice L (U, A, R).

Table 1 A fuzzy formal context (U, A, R) Table 2 All crisp-fuzzy concepts generated

a b c d e from Table 1

R

X 05 06 10 10 1.0
X 0.7 07 09 09 0.9
0.7 09 10 09 0.9
05 05 01 01 0.1
X 07 10 10 09 0.9

Crisp-fuzzy concepts

3 (X1X2X3X4X5,a°'5+b°‘5+C°1+d°1+e°‘1)

N

X

[

(X1X2X3X5,a°'5+b°5+C°9+d°9+e°'9)

N

X (X2X3X5,aO7 +b0.7 +CO.9 +d0.9 +eD.9)

=

(X1X3X51a05 +b0.6 +Cl.0 +dO.Q +eO.B)

IN

00000

(XX, 8% +b% +¢** +d° +e°9)

@

(Xl’aOS +b0.6 +Cl.0 +d1.0 +e1.0)
(X5 , a0.7 + bl.D + Cl.O + d0.9 + e0.9)
(¢' a1.0 +b10 +C10 +d1.0 +e1.0)

000

o

Fig.1 crisp-fuzzy concept lattice L(U,A,R)

Definition 3 (1) (Bondy and Murty, 2008) A graph G is an ordered triple

(V(G),E(G),y,) consisting of nonempty setV (G) of a vertexes, a set E(G), disjoint fromV (G), of edges,
and an functiony, that associates with each edge of Gan unordered pair of (not necessarily distinct)
vertexes of G. Ifeis an edge and uandvare vertexes such thaty,(e) =uv, theneis said to joinuandv;
The vertexes u and v are called the ends of e.

(3) (Bondy and Murty, 2008) A directed graph D is an ordered triple (V(D),A(D),d(v)) consisting of a
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nonempty set V(D) of vertices, a set A(D), disjoint from V(D), of arcs, and ordered pair of vertices of D. If
aisan arc and u and v are vertices such that d(v)(a)=(u, v),

then a is said to join u to v; u is the tail of a, and v is its head.

Definition 4 (B.Ganter and R.Wille, 1999) Let L be finite lattice andv € L .We denote

V., =\{X e L| X <V}, V.issaid to be join-irreducible ifv # v..

Lemma 1 (Ganter and Wille, 1999) Let L be finite lattice. Every element in L is a join of some
join-irreducible elements.

It should be noted that every crisp-fuzzy concept (X, B) in the concept lattice L (U, A, R) can be
represented as a join of object concepts of its extension, that is

(X B v dof x(fx 1.

Generating all crisp-fuzzy concepts by the join-irreducible elements
In this section, we propose a method to find the join-irreducible elements by a weakened object topology
graph, and further we can generate all crisp-fuzzy concepts.

Weakened object topology graph in a fuzzy formal context
Definition 5 Let K= (U, A, R) be a fuzzy formal context. A weakened object topology graph, denoted as G,
is defined as follows. The vertex set V (G) is U and the edges set E (G) is

XX (%, X eU,i# ]), where x; x; is defined as:

()ForVae A R(x,a) = R(Xj ,a) , then there is a double-arrow x; to x;, that is . <> X;;

(ii)For Va € A R(X;,a) <R(x;,a) , then there is a single-arrow x; to x;, that is X, — X .

Definition 6 In a weakened object topology graph G, for any x; €V (G) , its granule of knowledge can be
derive from the arrow relation, denoted as

T (%) ={%; eV (G)|% > x}, T(x)={x; €V (G)|x ©>x}.

Example 2 Continuing from Example 1, by the Definitions 5 and 6, we can obtain a weakened object
topology graph G (U, A, R) in fuzzy formal context K= (U, A, R), which is shown in Fig.2.

X500 X2 X1

X30 4
Fig 2 A weakened object topology graph G (U, A, R)
The granule of knowledge for each object X, €V (G) is expressed as follows:

T (x)=¢, T 0)=06 %3 TT06)={3 T (X)={%0 % X3, X3, T (%) = ¢

T (Xl) = {Xl}’ T (X2)={X2}, T (X3)={X3} T (X4):{X4} T (Xs) = {X5}

How to find the join-irreducible elements

Irreducible elements play a crucial role in the construction of fuzzy formal concept lattices. In this section,
we discuss the property of the join-irreducible elements obtained from a weakened object topology graph
in a fuzzy formal context (see Theorems 1 and 2). In addition, we debate how to determine whether a
crisp-fuzzy concept is a join-irreducible elements in a fuzzy concept lattice (see Theorems 3 and 4).
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Theorem 1 Let K= (U, A, R) be a fuzzy formal context, G is the corresponding weakened
object topology graph, for Vae A, x eU , then

FT(x))(@) = f(x)(@) FT & )R x (a)

Proof: In the light of Definitions 4 and 5, we know that T " (x;) ={X; eV(G)‘ X — X;},then
vae A R(x,a) <R(x;,a), we can obtain

f(T(x))(a) = A R(x;,a) = f(x)(a) Yae A by Definition 1 and Property1.

T (x)

Similarly, we can get f (T (x,))(a) = f (x)(a)
Theorem 2 Let K= (U, A, R) be a fuzzy formal context, X, €U then
(T ()UT(x), F(T7(x))) is a crisp-fuzzy conceptand T (x. ) UT (x.) =gof(x,).
Proof: Firstly, it can be deduced from theorem 1 thatgo f (T (x)UT(x.))=go(f (T"(x))
AT(T(x)))=gof(x).According to Propertyl (ii), we elicit

T'OOU T(xE& @ f(T (W) T( xp) =9 (i)
Secondly, foranyxe gof (T (x)UT(x)),wehave f(x)=fogof (T (x)UT(x))
< f(x) on the basis of Property1 (i) and (iii). In other words, this means, forVae A ,
f(x)=R(x,a) <R(x,a) = f(x).Therefore x e T"(x;) and we can get
T () UT(x)290f (T (x)UT(x)) (i)
In summary, based on (i) and (ii), we can confirm that
gof(T " (x)UT(xP=gof(x)=T"(x)UT(x)
and then (T7(x)UT(x), f(T"(x))) is a crisp-fuzzy concept.
It is known from Theorems 1 and 2 that the relationship is introduced between a granule of knowledge

and a pair of operators f and g. For the sake of determining whether a crisp-fuzzy concept is a
join-irreducible element, we deduce the Theorems 3 and 4 as follows.

Theorem 3 Let K= (U, A, R) be a fuzzy formal context, x, €U if [T (X, )‘ <1, and then the object concept

(T (x)UT(x), f(x))is ajoin-irreducible element in the fuzzy formal concept lattice.
T (x)| <L, then [T*(x)[=0 or[T*(x)|=L.

T*(xi)‘ =0, it means that there is no objecty eU inT *(x;), hence,

Proof: Suppose that

If

(TH(x)UT(x), f(x))is ajoin-irreducible element according to Lemma 1.
If

T*(Xi)‘:1 , it means that there is only one object yeU inT"(x), and it can be expressed
as (T (y)UT(y), f(y)) . By the Definitions 5 and 6, we have f (x;) < f (y), that is

(TTO)UT(x), F(x) <(T (y)UT(y), f(y)). Thus, it can be affirm that

(T (%)UT(x), f(x))is ajoin-irreducible element by the Definition 6.

Theorem 4 Let K= (U, A, R) be a fuzzy formal context, X, eU if

T*(xi)‘ =Ky, y,.L , ¥, }{>1and 21 f(y;) # f(x), then the object concept
J:
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(T (x)UT(x,), f(x))is ajoin-irreducible element in the fuzzy formal concept lattice.
T (0| =0 Yo Loy, >1 and A F(y;) = F(x).

T (%) =Kv0 Yool Yo} >1, we have T*(x)={y,, y,.L ,y,}and f(y,)>
() F(y,)> Fx)L L F(y,)> F(x). S0
Vi=LL ,n(T (x)UT(x), F(x)) <(T7(y;) UT(y;), f(y;)) can be obtained.

Proof: Suppose that

Owing to

In other words, A f(y;)= f(a) itmeans
J:

(T (x)UT(x), F(x)) = _/n\l(l'+(yj) UT(y;), f(y;)) . According to the Definitions 5 and 6,
=

it is evident that the object concept (T *(x,)UT(x,), f (x;))is a join-irreducible element.

The Theorems 3 and 4 provide a way for finding the join-irreducible elements from a weakened object
topology graph. Then, by Lemma 1 we can generate all crisp-fuzzy concepts. The procedure for
computing the join-irreducible elements is shown in Algorithm 1.

Algorithm 1 Computing the join-irreducible elements of a fuzzy formal context
Input: A fuzzy formal context K= (U, A, R).

Output: Join-irreducible elements set JI.

1: Initialize Jl =¢;

2:For YVae A

30 If R(x,a)=R(x;,a),then x «>X;, end if

4. If R(x,a) <R(x;,a),then X — X;,end if

5: End for;

6: Foreach x, €U ,compute T"(x),T(x);

720 [T7(%)| <1, then JI = JNU(T* (%) UT (%), f(x)) endif;

8:1f [T 00)|=Hyu Yok LYo} >2and A f(y;)# F(x), then
j=

J=JNUT*(x)UT(x), f(x)), end if;
9: Return JI.

Example 3 We use the context in Table 1 to examine Algorithm 1.
Continuing from Example 2, we can find the join-irreducible elements according to Algorithm 1. Firstly,

T (%)|=[¢]=0. [T (%) =K, %} =2
T ()| =K} =L,

T (%)=L,

we calculate

T*(xs)‘ =|¢|=0. Owing to

T (%) =K % %, X} = 4, T*(x)|=0,

T*(xs)‘ =0, we can infer that (T (%) UT(x), f (X))
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M) UT(X), T(X)),  (TT(x%)UT(x,), f(x;)) are the join-irreducible elements, due

to

T (x,)|=2>1,

T+(x4)‘ =4>1and
FOG)AT(X) = T(X,), FOO)ATOG)AT(X)A F(X)#= f(x,) we can conclude that

(T (%) UT(X,), (X)), (TT(x,)UT(x,), f(x,))are the join-irreducible elements.

The next, we can generate all crisp-fuzzy concepts in the light of Lemma 1, all crisp-fuzzy concepts are
shown in Table 2 and the crisp-fuzzy concept lattice is presented in Fig.2.

Conclusion

In this paper, we put forward an idea of constructing a fuzzy concept lattice by using join-irreducible
elements, and present how to find the join-irreducible elements from a weakened objects-topology graph.
Similarly, irreducible elements have also a vital position in attribute reduction, and then we will devote to
attribute reduction of fuzzy formal concept analysis in the future.
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