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ABSTRACT

We are improving the result of Badshah and Gagrani, (2007) by removing the assumption of continuity,
relaxing compatibility to weak compatibility property and replacing the completeness of the space with a
set of four alternative conditions for four functions satisfying an inequality.
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INTRODUCTION

During the last decade, a large body of literature has grown on common fixed points of compatible maps
satisfying various contractive conditions. The most general results of this type deal with common fixed
points of four mappings, say A, B, S, T of a Metric space (X. d), and use either a Meir-Keeler type (g, 8)
contractive condition of the form

(1) Given e > 0 there exists 6 > 0 such that

€ < max {d (Sx, Ty), d (Ax, Sx), d (By, Ty),

[d(Sx,By) +d (Ax, Ty)]/l2}< €+

= d(Ax, By)< ¢

ora ¢ - contractive condition of the from

(2) d (Ax, By) < ¢ (max {d (Sx, Ty), d (Ax, Sx), d (By, Ty),

[d (Ax, Ty) +d (By, Sx)] / 2}

Where ¢ : R" — R" is such that ¢ (t) <t for each t > 0 or some generalized version of these conditions
which is applicable to sequences of mapping. The contractive condition (2) does not ensure the existence
of a fixed point unless some additional condition is assumed on the function ¢. The following conditions
on the function ¢, which were introduced by various authors, are known to ensure a common fixed point
under the contractive condition (2).

Q) ¢ (t) is non decreasing and t/t-¢(t) is non-increasing (Carbone et al., 1989).

(i) ¢ (t) is non decreasing and lim, ¢" (t) = 0 for each t > 0 (Jachymski, 1994).

(iii) ¢ is upper, semi-continuous, and ¢ (t) < t, for each t > 0 (Boyd and Wong, 1969) or
equivalently.

It is now known (Jachymski, 1995) that if any of the conditions (i), (ii), (iii) or (iv) is assumed on ¢, then
a ¢-contractive condition (2) implies an analogous.

(€, 8)-contractive condition (1) and both the contractive conditions hold simultaneously. Similarly, a
Meir-keelar type (€, 8)- contractive condition does not ensure the existence of a fixed point.

The following example illustrates that an (&€, 8) contractive condition of type (1) neither ensures the
existence of a fixed point nor implies an analogous ¢ contractive condition (2)

Example: (Pant et al., 2001) Let X = [0, 2] and d be the Euclidean mteric on X. Define

£ X — X by f(x)= (“ij
Ifx>1;f(x)=0ifx > 1.

Then, it satisfies the contractive condition
€ <max {d(x,y),d(x, x),d (y, fy),
[d(x fy)+d(y,fX)])/2}< e +d

= d((fx, fy)< e
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withd(g)=1,for € >1andd (g) =1-g, for € <1 but f does not have a fixed point. Also f does not
satisfy the contractive condition.

d (fx, fy) <do max {d (x, y), d(x, x),d (y, fy), d (x, fy) + d (y, fx)] /2}

Since the desire function ¢ (t) cannot be defined at t = 1.

Hence, the two type of condition (1) and (2) are independent of each other. Thus, to ensure the existence
of common fixed point under the contractive condition (1), the following conditions on the function &
have been introduced and used by various authors.

(v) & is non decreasing (Pant et al., 2001)

(vi) 8 is lower semi-continuous (Jungck, 1986)

Jachymski (1994) has shown that the (€, 8) contractive condition (1) with a non-decreasing & implies a
¢-contractive condition (2). Also, Pant et al., (2001) have shown that (&, &)-contractive condition (2)
with a lower semi continuous &, implies a ¢-contractive condition (2). Thus, we see that if additional
conditions are assumed on & then the (€, 8)-contractive condition (1) implies an analogous ¢-contractive
condition (2) and both the contractive conditions hold simultaneously.

It is thus, clear that contractive condition (1) & (2) hold simultaneously whenever (1) or (2) is assumed
with an additional condition on & or ¢ respectively. It follows, therefore, that the known common fixed
point theorems can be extended and generalized if instead of assuming one of the contractive condition
(1) or (2) with additional condition on o and ¢, we assume contractive condition (1) together with the
following condition of form.

d (Ax, By) <k [d (Sx, Ty) + d (Ax, Sx) + d (By, Ty) + d (Sx, By) + d (Ax, Ty)];

for0 <k< 1/3

RESULTS AND DICUSSION

Main Result

Recently, Badshah and Gagrani (2007) have proved following common fixed point theorem for four
mappings.

Theorem 1: Let (A, S) and (B, T) be compatible pairs of self mappings of a complete Metric space (X, d)
such that

(@) AX) C T(X), B(X) < S(X)

(b) Given € > 0 there exist a 6 > 0 such that for all x, y in X,

€ <max k {d (Sx, Ty), d (Ax, Sx), d (By, Ty),

[d(Sx,By) +d (Ax, Ty)]J/2}< € +

—d (Ax, By) < € and

(c) d (Ax, By) < max {d (Sx, Ty), { d (Ax, Sx) + d (By, Ty)] /2,

k[d (Sx,By) + d (Ax, Ty) ]}; forI <k < 2.

If one of the mappings A, B, S and T is continuous then A, B, S and T have unique common fixed point.
Now, we are improving Theorem 1 by removing the assumption of continuity, relaxing compatibility to
weak compatibility property and replacing the completeness of the space with a set of four alternative
conditions for four functions satisfying an inequality-

To prove our theorem, we shall use the following lemma of Jachymski (1994).

Lemma 2 — Let A, B, Sand T be self maps of a metric space (X, d) such that

A (X) C T (X)and B (X) < S (X). Assume that further that given € > 0, there exist a

& > 0 such that, for all x, y in X

€ <M(X,y) < €+ § implies that d (Ax, By) < € 3)

For all x, y in X with M (x,y) > 0, d (Ax, By) <M (X, y) 4

Where, M(x,y) = max {d (Sx, Ty), d (Ax, Sx), d (By, Ty), d (Ax, Ty) + d (By, Sx) /12}

Then, for each X, in X any sequence {y,}, being an S, T-iteration of X, under A and B is a cauchy
sequence.
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Let{A,i=1,2,3...},Sand T be self mapping of a Metric space
(X, d). In the sequel we shall denote
Myi= (x, y) = max {d (Sx, Ty) d (Awx, Sx), d (A, Ty) +
[d (Ax, Ty) +d (Ay, SX))/2}
Theorem 2: Let {Ai=1, 2, 3,...}, S and T be self mappings of a metric space (X, d) such that
@ AiX) cTX),A(X)c S(X),i>1
(b) Given ¢ > 0 there exists 6 > 0 such that
e< Mlz(x,y)< c+9d
= d (Alx, Azy) <eg
(c) d (Ax, Ay) < ¢ max {d (Sx, Ty) d (Ax, SX) +d (Ay, Ty)]/2 +
[d (Sx, Ay) +d (Aux, TY)I},
Where, ¢;: R" — R"issuch that ¢ ; (t) <t for each t > 0.
If one of A;(X), B(X), S(X) is a complete subspace of X, then
(i) A;and S have a coincidence point,
(if) A;, 1> 1 and T have a coincidence point.
Moreover, if the pair (A4, S) and (A;, T), i > 1 and weakly compatible then all the A;, S and T have a
unique common fixed point.
Proof: Let X, be any point in X. Define sequence {x,} and {y,} in X given by the rule
Yon = AiXon = TXon+1
Yone1 = AXons1 = SXon + 2
This can be done by virtue of (a). We claim that {y,} is a cauchy sequence. Two cases arise. Either y, =
Yn+1 fOr some nor y, = yn.1 for each n.
If y,, = Y1 for some n then, as shown by Carbone et al. (1989). vy, = y..« for each k > 1. For instance
suppose that Yom = Yome1. Then,
Vom+1 = Yoms2. Otherwise, using (b) we get
d (Yom+1, Yome2) < M1z (Xomez, Xome1) = 0 (Yomet, Yome2)
which is a contradiction
HenCE, y2m+1 = y2m+2 |mp||‘35 that y2m+2 = y2m+3
Proceeding in this manner it follows that y,., = Y.m+« for each k > 1 and {y,} is a cauchy sequence. Let us,
therefore, consider the case when y, # y,.1 for each n. In this case, using (b) we obtain.
d (Yam, Yan+1) < d (Yzn1, Y2n)
d (Yana, Yon) <d (Yan2, Yon1)
Thus, {d (y., Vn+1)} is a strictly decreasing sequence of positive numbers and, therefore, tends to a limit r
> 0. If possible, suppose r > 0. Then, given & > 0 there exists a positive integer N such that for each n > N,
we have
r <d (Yan, Yan+1) = M1z (Xans2, Xone2) < T+ 8 (5)
Selecting & in (5) in accordance with (b), for each n > N, we get
d (y2n+2, y2n+1) =d (A1X2n+2’ A2X2n+1) < rthis, in turn, giveS
d (Yanes, Yans2) < d (Yons1, Yans2) < I, contradicting (5) hence,
1M d (yn, Yaer) =0
N—o0
We now show that {y,} is a cauchy sequence. suppose it is not. Then, there exists an€ >0 and a

subsequence {yni } of {y,} such that d (yni : yni +1) >2€ . Select 6 in (b) so that
0<dé< €.
Since limd (yn, yni1) = 0, there exists an integer N such that

nN—oo

d (Yn, Yn+1) < 6/6 ; whenever n > N.
Let n; > N, then there exist integers m; satisfying n; < m; < nj,4
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Such that d (yni Y, ) > € +(8/3). If not, then

d (yni Y ) sd Yo Y, 1) +d (y”m -1 y”i+1)

< g+ (3/3) +(d/6) <2 .¢,
a contradiction. Without loss of generality, we can assume n;, to be odd. Let be the smallest even integer
such that d (yni ,ymi) > g+ (6/3). Then,

d (Y Y -2 <e+(8/3)and

e+ (8/3) <d (yni ’ymi )<+ d (yni ’ymi '2) +d (ymi - 2'ymi '1) + (ymi '1vym)
<g+(8/3) +(5/6) +(5/6) =g+ (25/3) )
Alsod (Y, ,ymi)lez(Xni+1 ,Xmm) < € +(28/3) + (3/6) <E+§

that is, € + (8/3) < |\/|12(Xni+1 ’Xmi+1)< € +5.
In view of (b), this yields d (yni ,ymi+1) < €. Butthen

d(Yn ) <d(Yn Ym.) +d (Yo Ym ) +d (Y,

i+1
< (8/6) + € +(8/6) = € +(8/3)
Which is a contradiction (4)
Hence, {y.} is a cauchy sequence. In X Now, suppose that T (X) is a complete subspace of X. Then, the
subsequence Y., = TXan41 i @ cauchy sequence in T (X) and hence, has a limit u.
Now, we show that AiX,n+1 — U for eachi> 1.

If M AXon.1 # U for some i > 1. Then, either IM AXpp.y =W = U or
nN—oo n—oo

Yim,)

i+1

lim Ax,,.; does not exist.
Nn—oo

In the later case either sequence { Aixan+1 } iS unbounded or has at least two limit points. However, in each
of these cases there exists a subsequence {AXom+1 Yand a number r > 0 such that d (AiXom AiX ome) > T, d
(AiX 2m+1, U) > 1/6
while by virtue of (4),
d (AXom SX om) < 116, d (ArX oms1, TX ome1) < 1/6,d (SX om, TX 2m+1) > /6, for all m sufficiently large. Using
(b) and (c), for all large m, we get,
d (ArX 2m, AiX 2me1) < Max {d (SXom, TXome1), d (AiX 2m, SX2m) d (AiX 2me1, TX 2me1)
[ d (SXom AiX ome1) +d (AX om TXome1) 1}

d (AXom AiX 2me1) < max {r/6, 1/6, d (AiXzme1, TXome1) [ 0 + d (AiX 2mer, SXom)1/2 }

<max {d (AiX om+1, TXome1) [ A (AiX omer, AX om) + d (AiX 2m, SX2m)]/2 }

< max {d (AiX 2m+1, A1X2m) [ d (AiX 2m+1, AX 2m) +1/6 ]/2 }

=d (AXom, A1Xome1)
Which is a contradiction. Hence,
lim AiX o1 = U, i> 1,n—> o
Letv=T"u, then Tv = u. Since Yon IS convergent, then y,, is convergent to u and y,,.; also converge to u.
Forany k> 1,
Setting X = X and y = v in (c) we have
d (AiX2n AkV) < o kmax { d (SXzn, TV), [d (ArXan, SXon ) +

d (Awv, TV]/2, [d (SXan, AkV) + d (AXon, TV) 1}
Letting n tend to infinity, we obtain
d(u, Av) <dkmax{d(u, u),[d(u,u)+ d(Av, ul/2,[d(u, Awv)+d(u,u) ]}
d(u, Awv) < ¢ kmaxd (u, A)

Centre for Info Bio Technology (CIBTech)



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)
An Open Access, Online International Journal Available at http://www.cibtech.org/jpms.htm
2016 Vol. 6 (4) October-December, pp. 16-21/Shrivastava

Research Article

which is a contradiction. Hence, u = A.v.

There T and A, have a coincidence point.

Since A (X) < S (X), u= Ay impliesthatu € S (X)

Letw€E S™u, then Sw = u. Setting X = w and y = X,,.1, We obtain by (C)

d (AW, Aons1) < ¢ kmax {d (Sw, TXzn41), [d (Agw, Sw) +

d (AXanet, TXon1]/2, [d (SW, AiXans1) + d (Awi, TXznea )]}

Letting n — o

d (Aw, u) <o kmax {d(u, u),[d(Aw,u)+

d(u,u}/2,d (u,u) +d (u, u) + ( Aw, u)]}

d (Aqw, u) < ¢ kd (Aw;, U)

We have Aw = u. Hence, A; and s have a coincidence point. If one assumes that S (X) is complete, then

analogous arguments establish the existence of a coincidence point.

The remaining two cases are essentially the same as the previous cases. Indeed if A; (X) is complete by

(a)

ue AX)c TX)

Then, (d) and (e) are completely established

By u = Tv = Bv and by the weak compatibility of (A; T), i > 1 we have

Au=A Tv=TAv=Tu

By u = Sw = Aw and by the weak compatibility of (A, S) we have

Au=A;Sw=SA;w=Su

By (c) we have successively.

d (Aqw, Agu) < ¢ k max {d (Sw, Tu), [d (Ayw, Sw) +

d (Au, Tul/2, [d (Sw, Ag) +d (Aw;, Tu)]}

d (u, Au) <o kmax {d (u, Au), [d(u,u) +d (Au, Au)J/2d (u, Au) +d (u, Au)l}
= ¢ k max {d (u, Au), 0, 2d (u, Aju)}

d(u, Aw) <d2d (u, Au)

which implies that

u=Au

Similarly, one can show that u = Ayu. Thus,

u=Au=Tu=Au=Su

The common fixed pointof A; {i=1, 2, 3.............. }S Tisu.

Uniqueness

Suppose that A, B, S, T have two common fixed point u and u'. Then, by (c) we have successively

d (AU, Ax’) < ¢ k max {d (Su, Tu’), [d (Au, Su) +d (Axu’, Tu')]/2d (Su, Axu') +

d(Au, Tu)]}

duu)<dokmax{d (u, ), [d(w,u)+ d(u,u)])2d @ u)+d (uu)]}

duwu)<o2d(uu)

which implies that

u=u

which is a contradiction

Hence, Ai{i=1,23........... } Sand T have a unique common fixed point u.

We now give an example to illustrate the above theorem

Example: Let X = [2, 20] and d be the usual metric on X. Define A;jS,T X >X;i=1,2, ............. as
follows

A;x = 2, for each x
SXx=Xxisx<8,Sx=8if8<x<14Sx=(x+10)/3ifx>14.
Tx=2ifx=20rx=5 Tx=12+xif2<x<4
Tx=9+xif 4<x<5

Ax=2ifx<4orx>5 Ax=3+xif4<x<5b
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and for each i > 2

Ax=2ifx=20rx>4, Ax=(30+x)/4if2<x<4

Then {A}, S and T satisfy all the conditions of the above theorem and have a unique common fixed point
X=2.
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