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ABSTRACT

In this paper, we study some properties of the (M, A,,,) method of summability introduced earlier by the
author in (Natarajan (to appear)).
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INTRODUCTION AND PRELIMINARIES
To make the paper self-contained, we recall the following (Natarajan, 2014):
Definition 1.1:
Let {x,,,} be a double sequence. We say that
lim x =X,

if for every € > 0, the set

{(m, n)e N*: [Xmn — Xl 2 €}

is finite, IN being the set of positive integers. In such a case, x is unique and x is called the limit of the
double sequence {x,,,}. We also say that {x,,,} converges to x.

Definition 1.2:

Let {xmn} be a double sequence. We say that

Sin = ZXM, m,n=0,1,2,....
k,/=0 '
In such a case, we say that the double series ZX

m,n=0

converges to s.

m,n

Remark 1.3:
If lim x_  =x, then the double sequence {Xp,} is bounded.

It is easy to prove the following results.
Theorem 1.4:

lim x, =X,

if and only if
(i) limx,  =x, n=0,1,2,..;

m—oo

(i) limx,  =x, m=0,1,2,..;

and
(iii) for any € > 0, there exists N € N such that

Centre for Info Bio Technology (CIBTech)




International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)
An Open Access, Online International Journal Available at http://www.cibtech.org/jpms.htm
2016 Vol. 6 (3) July-September, pp. 28-33/ Natarajan

Research Article

Xmn—xI<€ m,n=N,
which we write as

lim x_ =X

(Note that this is Pringsheim’s definition of limit of a double sequence).
Theorem 1.5:

If the double series Z X, converges, then,

m,n=0

lim x_ =0.

m+n—yeo
However, the converse is not true.
Definition 1.6:

Z X, 18 said to converge absolutely, if Z|men

m,n=0 m,n=0

converges.

Note that if Z X
m,n=0

Some Properties of the (M, A,,,) Method or the Natarajan Method

Definition 2.1:

Given a 4-dimensional infinite matrix A = (ay.x¢), m, n, k, £ =0, 1, 2, ... and a double sequence {xy,},

k,£=0,1,2,..., by the A-transform of x = {x, ¢}, we mean the sequence A(x) = {(AX)nn}, Where,

converges absolutely, it converges. However, the converse is not true.

n

(AX),, = D a,,.,%,, mn=012_,

k(=0

assuming that the double series on the right converge. If lim (Ax)_  =s, we say that the double sequence

m+n—>c0

X = {Xy ¢} is A-summable or summable A to s, written as,

Xk, — S(A)

If lim (Ax),, =s, whenever kliym X,, =S, we say that the 4-dimensional infinite matrix A is
m+n—oo ! oo T

“regular”.

The following important theorem on the regularity of a 4-dimensional infinite matrix was proved by

Natarajan (2014).

Theorem 2.2 (Silverman-Toeplitz):
The 4-dimensional infinite matrix A = (amax.¢) s regular if and only if

(2 1) Sup Z a'm,n,k,/’,| < oo’
m,n=>0 k(=0
(2.2) lima,,, =0, k/=012,.;
(2.3) lim Ya, . =l
m+n—>e Py >
(2.4) lim Y la,,.,|=0. £=012._.;
k=0
and
(2.5) lim »'la,. |=0. k=012...
=0

(Natarajan (to appear)) introduced the (M, A,,,) method for double sequences and extended some of the
results of the (M, A,) method for simple sequences.
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Definition 2.3:
Let {An,} be a double sequence such that Z|)\‘m,n|<‘x" The (M, A,,) method is defined by the

m,n=0

4-dimensional infinite matrixX (ay,.¢), where,
. - {Km_k,n_w 0<k<m0</<n;

makt ), otherwise.
Definition 2.4:
We say that (M, An,,) is included in (M, Upy,q) (or (M, Wy, includes (M, A, ), written as,
M, Amnn) €M, timp)  (or (M, fimn) 2 M, An)),
If 8.p — (M, Ann) implies that s, ¢ — 6(M, W) too.
The methods (M, An,), M, Un,) are said to be equivalent if (M, Ay,) € (M, Wn,) and vice versa.
It is easy to prove the following result.
Theorem 2.5: (see Natarajan (to appear))
The method (M, Ay,,) is regular if and only if

(2.6) ixm =1.

m,n=0
Analogous to Theorem 176 of Hardy (1949), we have the following result in the context of double
sequences and double series.

Theorem 2.6:
If lim a, =0 and Z|bmn < oo, then
m+n—eo ’ =0 ’
lim ¢ , =0,
where,
Con = Zam—k,n—/:bk,/:’ m,n=0,1,2,....
k, /=0
Proof.
Since {an,}, {bmn} are convergent, they are bounded and so,
2.7 lamal €M, bp<M, M>0,m,n=0,1,2,...
Since Z:|bm‘,n < oo, given € > 0, there exist positive integers M, N; such that
m,n=0
] €
(2.8) b . [<—.
m>M];>N] ‘ ’ 4M
Since, for fixed k, £ =0, 1, 2, ...,
lima 6 =0,
we can choose positive integers M, > M, N, > N such that for m > M,, n > N,, we have,
€
(29) a'm—k,n—( <
& [l < 2y
0</<N,
(2.10) > ‘amfk’ﬂ‘ <&
0<k<M, 4M
N,+I<(<n
and
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€
2.11) Y | <
M, +1<k<m 4M
0</<N,
Then, for m > M, n > N,
Cn = z am—k,n—fbk./,
k, /=0

= Zam—k.n—fbk,/:‘ + zam—k.n—fbk,/:‘ + zam—k.n—k‘bk,f + Zam—k.n—fbk,/:‘
0<k<M, 0<k<M, k>M, k>M,
0</<N, >N, 0</<N, (>N,

S Z am—k.n—/, |bk/|+ z am—k,n—f |bk.f + z|am—k.n—/, |bk/|+ z|am—k.n—/, |bk,/,|
0<k<M, 0<k<M, k>M, k>M,
0<(<N, >N, 0</<N, >N,

€ € € €
<M—+M——+M—+M——
4M 4M 4M 4M

=g, using (2.7),(2.8),(2.9),(2.10)and (2.11).

It now follows that
lim ¢, =0,

m+n—yeo i
completing the proof of the theorem. ]

We now have the following results on the cauchy multiplication of (M, A,,,)-summable double sequences
and double series.
Theorem 2.7:

If Z|amvn| < oo and {by,} is (M, Ap,)-summable to B, then {cp,} is (M, An,)-summable to AB, where,

m,n=0

m,n
Con = Zamfkynf,ibky,:, m,n=0,1,2,...

k(=0

Proof.
Let, {tmn}, {Tma} be the (M, Ay p)-transforms of {b,,,}, {cma} respectively,

m,n
e, t,, = Z}\‘m—k,nfﬁbk/"

k(=0
m,n
Ton = D M s MN=0,12,..

k,/=0

We can work to see that

Tion = i A knr (tkyz; - B) + B(i A, J, m,n = 0,1,2,...,

k(=0 k,/=0

where, lim t,_, =B. Since E |amn| < oo and klim (t,, —B)=0, using Theorem 2.6, it follows that
kt+l—o0 g +{—00 i
m,n=0

mygm[z o (tk,/ - B):| =0,

k./=0
so that
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lim =B z a
m+n—eo T mn mn

m,n=0
=AB,
i.e., {Cmn} iS (M, Apn)-summable to AB, completing the proof of the theorem. |
It is easy to prove the following result on similar lines.
Theorem 2.8:
1 Y, [<eo. Db, is (M, An,)-summable to B, then Y c,, is (M. Ay,)-summable to AB, where,
m,n=0 m,n=0 m,n=0

m,n

Con = D i bye MN=0.12.

As in the case of the Natarajan method (M, A,) for simple sequences (Natarajan, 2013), we can prove the
following result, using Theorem 2.6.

Theorem 2.9:

Let (M, Amn), (M, Wi, be regular methods. Then, (M, Ap,) (M, Wy, is also regular, where, we define, for
X= {Xm,n} )

(M, Amn) M, Ui n))(X) = (M, Anyn) (M, finn)(X)).

We can prove the following results too.

Theorem 2.10:

For given regular methods (M, A,,,,), (M, Wn,) and (M, ty, ),

(Ma xm,n) g (M’ “'m,n)

if and only if

(Ma tm,n) (M’ 7\’m,n) g (M’ tm,n) (Ma lvl'm,n)-

In view of Theorem 3.6 of (Natarajan (to appear)), we can reformulate Theorem 2.10 as follows:

Theorem 2.11:

Given the regular methods (M, An,), (M, W) and (M, ty,,), the following statements are equivalent:

(1) (M, xm,n) c M, Mm,n);

(i) (M, tmn) (M, App) € M, tig) (M, i)

and
(i) Y |k,,|<eo and Yk, =1,
m,n=0 m,n=0

where,
H(x) . mon
——=k(x)= ) k x"y";
MX) n;) )
A=Y A, X"y

m,n=0
and
uex) = >, X"y

m,n=0
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