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ABSTRACT

Throughout the present paper, K denotes a complete, non-trivially valued, ultrametric field. Entries of
double sequences, double series and 4-dimensional infinite matrices are in K. In this paper, we study
some properties of the (M, Ap,,) method of summability introduced earlier by the author in Natarajan
(2014).
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INTRODUCTION AND PRELIMINARIES
Throughout the present paper, K denotes a complete, non-trivially valued, ultrametric field. Entries of
double sequences, double series and 4-dimensional infinite matrices are in K.
To make the paper self-contained, we recall the following (Natarajan and Srinivasan (2002):
Definition 1.1: Let {x,,,}, m,n=0, 1, 2, ... be a double sequence in K. Let x € K. We say that
lim x_ =x,

m,n
m+n—oo

if for every € > 0, the set
{(m,n)e N* :|xmn —X|2 e}

is finite, IN being the set of positive integers. In such a case, x is unique and x is called the limit of the
double sequence {xm,}. We also say that {x,,} converges to x.
Definition 1.2: Let {x,,,} be a double sequence in K and s € K. We say that

00,00

PRMEE

In such a case, we say that the double series Z X, CONVerges to s.

m,n=0

Remark 1.1: If lim x_ =X, then the double sequence {Xy,} is bounded.

m+n—>e0
It is easy to prove the following results.
Theorem 1.1:
lim x ==X,

if and only if
() limx_ =x, n=0,1,2,..;

m—>oo

(i) imx, =x, m=0,1,2,..;

n—oeo
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and
(iii) for any € > 0, there exists N € N such that Ix,,, — xI <€, m, n 2N,
which we write as

lim x =X

m,n—eo

(Note that this is Pringsheim’s definition of limit of a double sequence).

Theorem 1.2: The double series Z X,.. converges if and only if

m,n=0

lim x_ =0.

4-Dimensional Regular Matrices and Silverman-Toeplitz Theorem

Definition 2.1: Given a 4-dimensional infinite matrix A = (@mnk.c)s amake € K, m,yn, k, £ =0, 1, 2, ... and
a double sequence {x.}, xx¢ € K, k, £ =0, 1, 2, ..., by the A-transform of x = {xx,}, we mean the
sequence A(x) = {(AX)m.}, Where,

(AX),,, = Zamvnyk’fxu, m,n=0,1,2,...,

k(=0

assuming that the double series on the right converge. If lim (Ax), 6 =s, we say that the double

m+n—oo

sequence X = {X} is summable A or A-summable to s, written as,

Xg,( = S(A)
If lim (Ax),, =s, whenever lim x,, =s, we say that the 4-dimensional infinite matrix A is ““regular".
m+n—soo ’ k+l—00 v

The following theorem, proved in Natarajan and Srinivasan (2002), gives a characterization of a 4-
dimensional infinite matrix A = (a,,,x.¢) to be regular, in terms of the entries of the matrix.
Theorem 2.1: (Silverman-Toeplitz) The 4-dimensional infinite matrix A = (amnx¢) is regular if and only if

(2.1) SUp |3, 50| <%
m,n,k, />0
2.2) lima . =0 k/=0,12,.;
2.3) lim Ya, . =l
m+n—>eo =0

(2.4) lim supla,, /=0, ¢=0,1,2,.;

m+n—ee 50 T
and
(2.5) lim supfa, . /=0, k=0,1.2,..

m+n-—oo >0
Some Properties of the (M, A,,,) Method (or the Natarajan Method)
In Natarajan (2014), the author introduced the (M, A, ,,) method for double sequences and extended some
of the results of the (M, A,) method for simple sequences.
Definition 3.1: Let {A,,,} be a double sequence in K such that
lim 2, =0.

The (M, A,,,,) method is defined by the 4-dimensional infinite matrix (ay,x.¢), where,
. {Xm_k,n_w 0<k<m,0</<n;
makf 0, otherwise.
Definition 3.2: We say that (M, A,,,,) is included in (M, W) (or (M, Wy,) includes (M, Ay, ,)), written as

M, Ap) € (M, Hin) (0r (M, W) 2 (M, A ),
if

Se — 6(M, Ay, implies that s, ¢ — (M, W)
too.
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The methods (M, An.), (M, Un,) are said to be “equivalent”, if

M, Amn) € M, WUn,) and vice versa.

It is easy to prove the following result.

Theorem 3.1: Natarajan (2014) The method (M, A,,,) is regular if and only if

3.1) S =1,

m,n=0
Analogous to Theorem 1 of Natarajan (1978), we have the following result in the context of double
sequences.

Theorem 3.2: Natarajan and Sakthivel (2008) If lim a,, =0 and lim b =0, then,

m+n—co m+n—yc

lim ¢ =0,

m+n—eo

where,

m,n
Con = Zamfkvnf,ibu, m,n=0,1,2,....

k,/=0

Proof: Since lim a =0, lim b, =0, there exists M > 0 such that

m+n-—oo m+n—oo
lapmal <M, byl <M, mn=0,1,2,...
Given € > 0, choose positive integers M, N; such that

b

€
<2
M

€
man man <ﬁ’ m>M1,n>N1.

Since lim a . , =0, for every fixed k, £ =0, 1, 2, ..., we can choose positive intergers M, > M;, N, >

m+n—oo

N, such that for m > M,, n > N,

€
sup |a <=
oskem, ! M
0<(<N,

’

sup |a
0<k<M,
N,+l<f<n

and

€
<3
M

m—k,n—/

€
sup <—

M, +I<k<m
0</<N,

Thus, for m > M,, n > N,,

m,n
Z am—km—/bk,f

k,/=0

= Z am—k,n—fbk,f + z am—kA,n—/bk,/ + Z am—k,n—fbkj + Z am—k,n—/bk,f

0<k<M, 0<k<M, >M, kK>M,
0</<N, />N, 0</<N, >N,

a

m-Kk,n—/

|Cm,n

S max Sup |am7k,nf/: |bk,i| > Sup |am7k,n7/ |bk,/z > Sup |am7k,nf/: |bk,i|’ Sup |am7k,n7/ |bk/|
0<k<M, 0<k<M, k>M, k>M,
0</<N, (>N, 0</<N, (>N,

<max| = M,=M, = M,-=M
M M M M
=s.
In other words,
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lim ¢ =0,

completing the proof of the theorem. o
We now have the following results on the Cauchy multiplication of (M, A,,,)-summable double sequences
and double series.

Theorem 3.3: If lim a_, =0 and {by,} is (M, Ap,)-summable to B, then {cy,,} is (M, A, ,)-summable

m+n—oeo

to AB, where,

m,n

Con = Zamfkwbu, m,n=0,1,2,...
k,/=0

and

iam =A.

m,n=0

Proof: We first note that lim a =0 implies that Z a,,, converges in view of Theorem 1.2. Let {t,},

m+n—yco
m,n=0

{Tman} be the (M, A, ,)-transforms of {by,,}, {cmn} respectively,

m,n
Le., tm,n = z}\’m—k,n—fbk,f’

k(=0

m,n
T = zxm_km_[cw, m,n=0,1,2,....

k(=0

We can work out to see that

m,n

Ton = z L (tk,/: -B)

k(=0

(32) +B[Zak,/¢j’ m’nzo’lyz’---a

k,(=0

where, kli/m t,, =B, by hypothesis. Since lim a,, =0 and lim (t,, —B)=0, using Theorem 3.2, we

m+n—>c0 m-+n—c0

see that

mygm{z o, (tk,f - B):| =0,

k(=0

so that, taking limit as m+n — oo in (3.2), we have,

ml}nIEm Tion = B(z ak,z]
k,/=0
=AB,
i.e., {cma} is (M, Ay n)-summable to AB, completing the proof of the theorem. |
It is now easy to prove the following result on similar lines.
Theorem 3.4: If lim a_ =0, zbm,n is (M, Anmn)-summable to B, then Zcmvn is (M, Apn)-summable

m+n—oo
m,n=0 m,n=0

to AB, where,

m,n
Con = Zamfkynf,ibu, m,n=0,1,2,...

k,/=0
and
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iam =A.

m,n=0
As in the case of the (M, A,) method for simple sequences (Natarajan, 2012), using Theorem 3.2 again,
we can prove

Theorem 3.5: If Zam is (M, Apn)-summable to A, me is (M, WUmq)-summable to B, then ZCM

m,n=0 m,n=0 m,n=0

is (M, Ymn)-summable to AB, where,

m,n
CmA,n = Z am—k,n—ibk/ >

k,(=0

You = D My bty,s M0=0,12...

k,/=0
Again as in the case of the Natarajan method (M, A,) for simple sequences (Natarajan, 2013), we can
prove the following result, using Theorem 3.2.
Theorem 3.6: Let (M, Ap.), (M, W) be regular methods. Then, (M, Ap,) (M, Wy,) is also regular, where,
we define, for X = {Xpn},
(M, Ran) (M, n))(X) = (M, M) (M, iy ))(0).
We can prove the following results too.
Theorem 3.7: For given regular methods (M, Ap.), M, Un,) and M, to,), let ol < Rool, Itmal < ltool,
(m,n)#(0,0),m,n=0, 1, 2, .... Then
M, Amnn) € M, tinyn)
if and only if
(M’ tm,n) (M’ xm,n) g (M’ tm,n) (M’ lvl'm,n)-
In view of Theorem 3.6 of Natarajan (2014), we can reformulate Theorem 3.7 as follows:
Theorem 3.8: Given the regular methods (M, Ann), (M, Winn) and (M, tnn), Amal < ool ltmal < ltool,
(m,n)#(0,0), m,n=0, 1, 2, ..., the following statements are equivalent:
(1) (M, xm,n) c M, Mm,n);
(i) (M, tn) (M, An) € (M, ) (M, Hn);
and
(i) lim k,, =0 and >k, =1,

m+n—oeo
m,n=0

where,

u(x) . mon
—==kx)= > k,_x"y",
Mx) m,;o ‘

M= A, XY

m,n=0

and

u(x) = iumxmy“-

m,n=0
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