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ABSTRACT
The purpose of the present paper is to investigate the various kinds of hyper surfaces of a Finsler space

with special (o, B)- metric L = Y70 orl,a([irl)
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INTRODUCTION

Let F™=(M",L) be an n-dimensional Finsler space, i.e., a pair consisting of an n-dimensional
differentiable manifold M™ equipped with a fundamental function L(x\y). The concept of the (a,p)-
metric L(a,f3) was introduce by Matsumoto (1991) and has been studied by many authors (Hashiguchi and
Ichjyo, 1975; Kikuchi, 1979; Shibata, 1984).

A Finsler metric L (xy) is caIIed an (a,B)- metric L (o) if L is a positively homogeneous function of a
and B of degree one, where a? = a;;(x)y" yJ is a Riemannian metric and 8 = b;(x)y' is a 1-form on M™,
A hypersurface M™~1 of the M™ may be represented parametrically by the equationsx!= x‘(u%),
a=12,..,n—1, where u“ are Gaussian coordinates on M"‘l. The following notations are also
employed (Kitayama, 2002): B = 02xt/0u*ouf , BOB = B' If the supporting element y' at a
point (u®) of M™1 is assumed to be tangential to M™~1, we may then write y* = BL(u)v¢, so that v«
is thought of as the supporting element of M™~1at the point (u%).

Since the function L(u, v) = L(x(w),y(u,v)) gives rise to a Finsler metric of M™~1, we get an (n-1)-
dimensional Finsler space F*~1 = (M™%, L(u, v)).

In the present paper, We consider an n-dimentional Finsler space F™= (M",L) with (o, B)-

metricL (e, f) = L = XL = - (”i 5 and the hyper surface of F™ with b;(x) = 9;b being the gradient of a

scalar function b(x). We prove the condition for this hyper surface to be a hyperplane of first kind, second
kind and third kind.

Preliminaries

Let F* = (M™,L) be a special Finsler space with the metric
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Where La—aa , Lﬁ_aﬁ 'Laﬁ— 8 y Logg = 9a Lﬁﬁ— Y andLaﬁ— Y
In the special Finsler space F™ = (M™,L) the normalized element of support I; = 9;L and the angular
metric tensor h;; are given by Matsumoto, (1991):

li = (Z_lLaYi + Lﬁbl ,
hij = pai;+ qobib; + q_1(BY; + b;Yy) + g, %Y
whereY; = a;;y’ For the fundamental function (2.1) above scalars are given by

_ (r+t)
(2.2) p= Llat =yn,ym S0 L —

T=0 p1¢1 q(r+t-1)
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ri(t-2)! a(r+t)
_ (r+t)
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The Fundamental metric tensor g;; = l8-8-L2 and its reciprocal tensor g% is given by Matsumoto, (1991)
(2.3) gij = pa;; + pobib; + p_ 1(b Y+ b; Y)+p VY,

where

(24) po=qo+Lj =

m ym (r+t-1) pIr+t=2)
=0 p1(t—1)! @(r+t-2) ~’

_ _ _ (Z—T—t)ﬁ(”’t—l)
p-1=q-1+L7'plg = mOZ?‘Orv(t ! al+

_ o (r—1)(r+t) pUr+H
P-2=q— +p*L7%= t=021=0 ot q+ts2)

The reciprocal tensor g'/ of g;; is given by
(25)g" =p~tal —sob'b) — s_;(bly) + bIy) —s_py'y/,

where bt =a'b;,b? = a;;b'b’ and
(2.6)s0 = i{ppo + (Pop—2 — 2%},
S-1= i {pp_1+ (Por-2— 2B} |

S_2= i{pp-z + (pop—2 —p2)b%

T=p(p +pob? + p-1B) + (Por-2 — p21)(@?b? - B?)
The hv- torsion tensorC; j = %a’k gij is given by Matsumoto, (1991)

(2.7) 20Cijic = p-1(hijmyc+ Rjem; + hygmy) + yimmymy,
where

2 _
(2.8) v1="57=3p-1d0, m; = by —a Y.

Here m; is a non- vanishing covariant vector orthogonal to the element of support yt.

Let {j;c} be the components of Christoffel symbols of the associated Riemmanian space R™and V, be the
covariant derivative with respect to x*relative to these Christoffel symbols. Now we define

(29)2E;; = b;j + bj;, 2F;j = b;j— bj;

where b;; =V;b; .
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vi i . . . i i
Let CT" = (I} , Ity Cji, ) be the Cartan connection of F™. The difference tensor Dj, = I/ —{jk} of the
special Finsler space F™ is given by Matsumoto, (1986).
i
(2.10) D B'Ejic+ F Bj + Ff By + Bjbox + Bj.boj — bomg ™ Bijk
_Cjim‘é_qcn - CllcmAjm + CjkmAgngis
+25(CLyCl+ CLyCl — CTRCh),
where
(211) By =pobx+p-1Yx, Bi=gYB;, Ff=gMF;
1 _ ap i
B;; = 5{p—1(aij —a 2%y;) + a—;mimj} , Bf = g"Bj;,
A"rcn == BZIEOQ + BmEkO + Bkam + Boka y
AM = BmEOO + ZBoPE)m ) BO = Bl‘yl .
where ‘0> denotes contraction with y‘except for the quantities po, go and s .
Induced Cartan Connection

Let F™~1pe a hyper surface of F™ given by the equations x! = x!(u%) _
Where o= 1,2,3..... (n — 1).The (n-1) tangent vectors to the hyper surface F™*~'are given by Bl = o

. Ju<
The element of support y* of F™ s to be taken tangential to F™~1, that is Matsumoto, (1985),
(3.1) y* = BL(w)v®
The metric tensorg,g and hv-tensor Ca[gy of F™~1 are given by '
Jap = 9ijBLBy | Capy = CijkBLByBY
At each point (u®) of F™~*  a unit normal vector N'(u,v) is defined by
9ij{x(wv),yw,v)}BL N/ =0, g;i{x(w,v), y(w,v)IN'N/ = 1.
Angular metric tensor h,zof the hyper surface is such that
(32) hap=hyiBLBy , hyBLN/ =0, hiiNINJ = 1
If (BY, N; ) denote the inverse of (BL, Nt ), then we have
Bf =g*fgyBy, BLB{ =6h , BfN'=0, BLN;=0,
N; = g;;N/, Bf = g*/By;, BB + N'N; = 6; .
The induced connection ICT" = (I} ,G§ Cg,) of F™ 1 induced from the Cartan’s connection CI' =
(il Tk Cid) s given by Matsumoto, (1985)
*Q __ i *[ ] k
Ty = B (Bhy + 1l By BY ) + M5 Hy

_ | reind ;o — pagi gl
G§ = BY (Blg +Iy'B}).C8, = BACLBIBY |

0j =B BTY
where Mg, = NiCiBJBYE, Mg =g9Mg, , Hp=N;(Biy+I5/B]),
. 0Bp . ,

The quantities Mg, and Hp are called the second fundamental v- vector and normal curvature vector
respectively (Matsumoto, 1985) .The second fundamental h-tensor Hg,, is defined as Matsumoto, (1985).

(3.3) Hg, = N; (B;;y + I}ZiBéB]’,‘) + MgH,

where

(3.4) Mg = N;C}, BN*

The relative h- and v- covariant derivatives of projection factor B}, with respect to ICI" are given by
(3.5) Blg =HagN® , Bily= MypN!
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The equation (3.3) shows that Hg,, is generally not symmetric and
(3.6) Hgy — Hyp = MgH, — My Hp
The above equations yield
(.7 Hyy =H, , Hyo=H, +M,H,
We shall use following lemmas which are due to Matsumoto (1985):
Lemma 1: The normal curvature Hy = Hﬁvﬁ’ vanishes if and only if the normal curvature vector
Hg vanishes.
Lemma 2: A hyper surface F*! is a hyperplane of the first kind with respect to connection CrI" if and
only if H, = 0.
Lemma 3: A hyper surface F*~1 is a hyperplane of the second kind with respect to connection CT" if and
only if H, =0 and @,z = 0 where Qup = CUHOB};{B[{;N" and then Hep = 0
Lemma 4: A hyper surface F*~1 is a hyperplane of the third kind with respect to connection CI" if and
only if H, = OHpp = 0 and Mg = 0.
Hypersurface F*~1(c) of the Special Finsler Space
Let us consider a Finsler space with the metric L = L = X7,~ ([j ——5» With a gradient b;(x) = ; for
ascalar function b(x) and a hypersurface F*~1(c) given by the equation b(x) = ¢ (constant) (Lee et al.,
2001).
From the parametric equation x! = x{(u%) of F*~1(c), we get—==0= b;BL,
So, that b;(x) are regarded as covariant components of a normal vector field of hypersurface F*~1(c).
Therefore, along the F*~1(¢), we have
(4.1) b;B, =0and b;y* =0ie.f =0
The induced metric L(u,v) of F*~1(¢) is given by
(4.2) L(u,v) = aggv®vP , agp = aijB,‘;,Bé
At a point of F™*~1(c), from equations (2.2), (2.3) and (2.5) we get
(43p =1 qG=1, q1=0,q,=—a?
Do =2 p-1=a 'p_,=0 = (1+b?),
1 1 1

ab(x)

50 = 17p2) 51 T G412 T o2(14b2)
Therefore, from (4.2) we get,

(4.4) g9y =al - (1+b2)blb] _ a(1+b2) (bly] + b]y )+ a2(1+b2) yly
Thus, along F*~1(c), (4.4) and (4 1) lead to
ij -
g bib; (1+b2)
Therefore, we get
4.5)b;(x(w) = (1+b2 ——N; ,b%=albb;

where b is the length of the vector bt
Again from (4.4) and (4.5), we get
. .. , 2.
(4.6) bt =a"b; = b2(1+b2)N1+%yl
Thus, we have
Theorem 4.1 In a special Finsler hypersurface F*~1(c), the induced metric is a Riemannian metric given

by (4.2) and the scalar function b(x) is given by (4.5) and (4.6)
The angular metric tensor hl- ;jand metric tensor g;; of F™are given by

(4.7)hyj; = ayj+ bib; ——=Y,Y;,
gij = aij+ 2b;b; + — (b +b;Y;) .
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From equations (4.1), (4.7) and (3.2) it follows that if h(a) denotes the angular metric tensor

h(a)

corresponding to the Riemannian metric tensoral J /(x), then we have along F™"~1(c), hap = af

Thus, along F™*~1(c), From (2.3) we get, ﬁ = ; and therefore, (2.8) give
1

Y= , m;=b; ,
At the points of F™~1(¢), the hv-torsion tensor becomes
1 1
(4.8) Cijic = 5 (hijbi + hjchi + hyiby) + ——bibjby
Therefore, from (3.2),(3.3) ,(3.5),(4.1) and (4.8), we have
1 b2
(4-9)Maﬁ = mhtlﬁ
and M, = 0 .

Thus, from equation (3.6) it follows that H, is symmetric. Hence we have
Theorem 4.2: The second fundamental v-tensor of the special Finsler hyper surface F*~1(c) is given by
(4.9) the second fundamental h-tensor H,p is symmetric.
From b;BL = 0, we have
bapBl+ biBlyg = 0
Therefore, from (3.5) and using b;g = b;;B + b;|N/Hg (Matsumoto, 1985) we have

(4.10) by;ByB) + bi|,-13551vut1/g +biHggN! = 0.
Since b;|; =—by,C/; and M, =0, therefore
biliB;NI =0

Then, from equation (4.10) we have

(4.12) (1+b2 ———Hqp +by;BLBy

Now contractlng (4.11) with v# and using (3.1)and(3.6)we get
(4.12) o b2 ——H, +byjBky) =0.
Again contracting equation (4.12) by v* and using (3.1) we have

(4.13) ’(1+b2) Hy + byyt Lyl =0,

From lemma (3.1) and (3.2), it is clear that the hypersurface F™~1(c) is a hyperplane of first kind if and
only if Hy = 0. Thus, from (4.13) it is obvious that F™~1(¢) is a hyperplane of first kind if and only if
b;jjy'y’ = 0. This by; being the covariant derivative with respect to CI" of F™ depends ony!, but

= 0.

bij = V;b; is the covariant derivative with respect to Riemannian connection {jk} constructed from

a;;j(x). Hence, b;;does not depend on yt. We shall consider the difference b;j — b;j. The difference
tensor D]-ik = I},*j — {jlk} is given by (2.10). Since b; is a gradient vector, from (2.9) we have

Eij:bij , FU =0 and FJ'-i:O.
Thus, (2.10) reduces to
(4.14) ik = Blbj+ Bibor + Bjboj — bOmg "By — CjmAY'

. —CimAT" + Cixm AT g™ + 25(C; imCar

+CkmCm Cik Cins) -
From (2.11) and (4.3) it follows that at F™*~1(c), we have

-1 i — 1 i 1
(4.15) Bi=2b;+a™V; B' = (1+b2) a(1+b?)

yl,
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A™ = B™bgq ,B;j = i(aij_ a”iY) + Ebib' ’
o o 3 g (44b?H o
B = (6 —a™y)+ 2a(1+b2)b b 2a2(1+b2)yb] '
AT = B'boo + B™by -

From (4.15) we have BY = 0, B;, = 0 which leads to AT* = B™by,,.
Now contracting (4.14) by y* we get

D}O = Bibjo + B]lbo() - BmC;mbOO
Again contracting the above equation with respect to y/, we have

D(i)0=Bib00={ L pip 1 y'} boo

(1+b2) a(1+b?)
Paying attention to (4.1) along F™1(c), we get
(4.16) biDjy = —2—bj+ )y — L pmpycl b
JO T (1+p2) IO T 2a(14p2) 1700 (1+b2) 00
Now we contract (4.16) by yl we have
b2
(4.17) biDgy = i) Doo:

From (3.3),(4.5),(4.9) and M, = O,we have
b™b c;mBg, = b2M,=0

Thus, the relation b;j; = b;j — b,.D;, after use of (4.17), gives

ilj ij
1
biljy 3’] = boo — ergo = (1+_b2)b00 .
Consequently (4.12) and (4.13) may be written as
1 i —
(4.18) (1+b2) H, +(1+b2) bjyB: =0
b2 1
(1+b2) 0 + (1+b2)b00 =0
respectively. We see that the condition Hy=0 [ equivalent to

boo = 0 ,where b;; does not depend ony®. Using the fact that B = b;y* =0 on the F""1(c), the
condition byo = 0 can be written as b;;y'y’ = b;y*c;y’ for some c;(x) . Thus, we can write

(419) 2b1] = biC]' + b]'Ci

Now from (4.1) and (4.19) we get

boo =0, bingBg5 =0b;jBLy) =0.

Hence, from (4.18) we getH, = 0, Again from (4. 19) and (4.15) we get
biobt = C"” AT =0, AIB} = 0 andB;B4B) = ——hag
Now we use equations (3.3),(4.4), (4.6),(4.9) and (4.14) to get

T j _ __—Cob?
(4.20)b,D];BLB) = racioihas

Using (4.20) the equation (4.11) becomes

’ b? b? _
(4.21) mHa[g +mh(xﬁ—o

Hence, the hyper surface F™~1(c) is umbilical.

Theorem 4.3: The necessary and sufficient condition for F™~1(c) to be a hyperplane of first kind is that
(4.21) holds good. Hence, the hyper surface F™~1(c) is umbilical. From (4.21) we see that the second
fundamental tensor of F™*~1(¢) is proportional to its angular metric tensor.

Now from lemma (3.3), F™~1(c)is a hyperplane of second kind if and only if H, =0 and Quz =0
which implies that H,g = 0. Thus, from (4.21) we get

co=c;()y' =0
Centre for Info Bio Technology (CIBTech) n
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Therefore, there exists a function 1 (x) such that

c;(x) = Y(x)b;(x)

Thus, equation (4.19)is written as

2b;; = b ()Y (x)bj(x) + b ()P (x)b; (%)
or
(4.22) bij = Y (x) b;b;
Hence, we have
Theorem 4.4: The necessary and sufficient condition for a hypersurface F™~1(c) to be a hyperplane of
second kind is that (4.22) holds good.
Next, lemma (3.4) together with (4.9) and M, = 0 shows that F*~1(c) can never become a hyperplane of
the third kind. Hence, we have
Theorem 4.5: The hyper surface F™~1(c) can never become a hyperplane of the third kind.
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