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ABSTRACT 
The object of the present paper is to study the absolute Nevanlinna summability of the factored Walsh-

Fourier series with factor of the type  𝑛𝛼 , 0≤ 𝛼 < 1, which includes absolute Nevanlinna summability of 

the Walsh-Fourier series (𝛼 = 0). 
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INTRODUCTION 

1.1 In a paper [3] published in 1921, Nevanlinna (1921) suggested and discussed an interesting method, 

called 𝑁𝑞-method. Ray and Samal (1980) studied absolute 𝑁𝑞 -summability of Trigonometric Fourier and 

its conjugate series. Later Samal (1986) extended 𝑁𝑞-method to   𝑁𝑞𝛼
 -method   (0 ≤ 𝛼 < 1) and studied 

absolute 𝑁𝑞𝛼
–summability of factored Trigonometric Fourier series and factored conjugate series with 

factor of the type 𝑛𝛼(0< 𝛼 < 1). The object of the present paper is to study the analogous result of 

Samal’s result. 

1.2 The 𝑵𝒒-Method   

Let F (w) be a function continuous parameter w defined for all w > 0 and let it be desired to consider the 

“generalized limit” of F(w) as w→ ∞ . The 𝑁𝑞-method consists in forming the 𝑁𝑞 -transform or mean 

                                        𝑁𝑞F (w) ≡ ∫ 𝑞(𝑡)𝐹(𝑤𝑡) 𝑑𝑡
1

0
                                                           

and then considering the  

                                          lim
𝑤→∞

 𝑁𝑞F(w)                                                                                                                  

where, the class of functions q is such that  

q(t) is non-negative and monotonic increasing for 0< 𝑡 < 1,                                                            (1) 

∫ 𝑞(𝑡)
1

0
𝑑𝑡  = 1                                                                                                                       (2)                                                                                                                                     

and  lim
𝛿→0

∫ 𝑞(𝑡) log
1

1−𝑡

1−𝛿

0
𝑑𝑡      exists                                                                                                      (3) 

When  lim
𝑤→∞

 𝑁𝑞F(w)  exists, it is called the 𝑁𝑞-limit of F(w). 

By a lemma due to Moursund (1832) 

∫
𝑄(𝑡)

𝑡

1

0
𝑑𝑡  exists if and only if   lim

𝛿→0
∫ 𝑞(𝑡) log

1

1−𝑡

1−𝛿

0
𝑑𝑡  exists,  

Where, Q (t) =∫ 𝑞(𝑢) 𝑑𝑢
1

1−𝑡
. 

So the condition (3) can be replaced by ∫
𝑄(𝑡)

𝑡

1

0
𝑑𝑡 exists.  

The   𝑵𝒒𝜶
 -Method   (𝟎 ≤ 𝜶 < 1) (Samal, 1986). 

Let the class of functions 𝑞𝛼 be such that  

𝑞𝛼(t) is non-negative and monotonic increasing for 0< 𝑡 < 1, 

∫ 𝑞𝛼(𝑡) 𝑑𝑡
1

0
 = 1 

and      ∫
𝑄𝛼(t) 

𝑡𝛼+1

1

0
𝑑𝑡 exists, where 𝑄𝛼(t) = ∫ 𝑞𝛼(𝑢) 𝑑𝑢

1

1−𝑡
. 

The series Σ𝑈𝑛 is summable by 𝑁𝑞𝛼
-method to S if lim

𝑤→∞
 ∑ 𝑈𝑛𝑛≤𝑤  𝑄𝛼(1−𝑛

𝑤
) = S 
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Again the series Σ𝑈𝑛 summable  | 𝑁𝑞𝛼
| (or absolute 𝑁𝑞𝛼

-summable) if 

∫
𝑑𝑤

𝑤2

∞

𝐴
|∑ 𝑛𝑈𝑛𝑞𝛼(𝑛

𝑤
)𝑛≤𝑤 | < ∞, where, A is a positive constant. 

For   𝛼 = 0  the 𝑁𝑞𝛼
-method reduces to 𝑁𝑞-method. 

1.3 

The Rademacher functions are defined by  

𝑟0(𝑥) = {
1 ,    𝑖𝑓  𝑥 ∈  [0,1/2)

−1, 𝑖𝑓 𝑥 ∈   [1/2,1)
 

𝑟0(𝑥 + 1) = 𝑟0(𝑥),            𝑟𝑛(𝑥) = 𝑟0(2𝑛𝑥) ,             (𝑛 = 1,2,3, … … … … … … . )  
Walsh functions are given by 

𝑤0(𝑥) = 1    

and  𝑤𝑛(𝑥) = 𝑟𝑛1 (𝑥)𝑟𝑛2 (𝑥) … … … … … … … … . . 𝑟𝑛𝑘 (𝑥), 

for n= 2𝑛1 + 2𝑛2 + . . . . . . . . . . . . . . + 2𝑛𝑘, where integers 𝑛𝑖 are uniquely determined with 𝑛𝑖+1 < 𝑛𝑖. 
Any  𝑥 ∈ [0,1]  can be written in the form   

𝑥 = ∑ 𝑥𝑘2−(𝑘+1)∞
𝑘=0  ;                                                                               (4) 

Where, each 𝑥𝑘 = 0 or 1.   If  𝑥  is not dyadic rational, it can be uniquely expressed in the form (4). We 

call it dyadic expansion of 𝑥. For dyadic rationals, there are two expressions of this form, one which 

terminates with 0’s and other which terminates with 1’s. By dyadic expansion of dyadic rational, we shall 

mean the one which terminates with 0’s.  

Dyadic Derivative 

For each function 𝑓 defined on [0,1) and non-negative integer n, let 

𝑑𝑛𝑓(𝑥) = ∑ 2𝑗−1𝑛−1
𝑗=0 {𝑓(𝑥) − 𝑓(𝑥  +̇   2−𝑗−1)}  for 𝑥 ∈ 0,1).  

Then, 𝑓 is said to be dyadically differentiable at 𝑥 if 𝑓[1](𝑥) =  lim
𝑛→∞

𝑑𝑛𝑓(𝑥) exists and finite.  𝑓[1](𝑥) is 

called dyadic derivative of 𝑓 at 𝑥.  
1.4. 

Let  𝑓(𝑥) be a periodic function with period 1 and Lebesgue integrable over (0, 1). Then, the Walsh-

Fourier series of  𝑓 is 

𝑓(𝑥) ~ ∑ 𝑐𝑘  𝑤𝑘(𝑥)  ≡  ∑ 𝐴𝑘(𝑥)∞
𝑜

∞
0  , where, 𝑐𝑘 = ∫ 𝑓(𝑢) 𝑤𝑘(𝑢) 𝑑𝑢

1

0    
 . 

We have  

          𝑤𝑘(𝑥) 𝑤𝑘(𝑦) = 𝑤𝑘(𝑥 +̇  𝑦) , where  𝑥 +̇ 𝑦 = ∑ |𝑥𝑘 − 𝑦𝑘|∞
𝑘=0  2−(𝑘+1) , 

if  𝑥 =  ∑ 𝑥𝑘  2−(𝑘+1)∞
𝑘=𝑜     and  𝑦 =  ∑ 𝑦𝑘  2−(𝑘+1)∞

𝑘=0  are dyadic expansion 𝑥 and 𝑦  respectively. 

By a result due to Fine [1] 

𝐴𝑘(𝑥) = ∫ 𝑓(𝑢) 𝑤𝑘(𝑢)𝑤𝑘(𝑥) 𝑑𝑢
1

0    
   

          =∫ 𝑓(𝑢) 𝑤𝑘(𝑥 +̇  𝑢) 𝑑𝑢
1

0    
  

         = ∫ 𝑓(𝑥 +̇  𝑢) 𝑤𝑘(𝑢) 𝑑𝑢
1

0    
 

Purpose of the Present Work 

The absolute Nevanlinna summability of the Trigonometric Fourier series, Conjugate series and their 

factored series has been studied in the following problems.  

Theorem A (Ray and Samal, 1980) 

ϕ(𝑠)  ∈ BV  (0, 𝜋)   ⇒   ∑ 𝐴𝑛(𝑥)  ∈  |𝑁𝑞|∞
𝑛=0    

Theorem B (Ray and Samal 1980) 

ψ(𝑠)  ∈ BV  (0, 𝜋) 𝑎𝑛𝑑  
𝜓(𝑠)

𝑠
∈ 𝐿(0, 𝜋)   ⇒   ∑ 𝐵𝑛(𝑥)  ∈  |𝑁𝑞|∞

𝑛=1  

Theorem C (Samal, 1986) 

If 0< 𝛼 < 1 and   ∫ 𝑢−𝛼 |𝑑𝜙(𝑢)|
𝜋

0
 <  ∞ , 

then   ∑ 𝑛𝛼 𝐴𝑛(𝑢)   𝑖𝑠 |𝑁𝑞𝛼
|∞

𝑛=1 -summable at 𝑢 = 𝑥. 
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Theorem D (Samal, 1986) 

If 0< 𝛼 < 1,  (i)   ψ(+0) = 0 and (ii)  ∫ 𝑢−𝛼 |𝑑ψ(𝑢)|
𝜋

0
 <  ∞ , 

then   ∑ 𝑛𝛼 𝐵𝑛(𝑢)   𝑖𝑠 |𝑁𝑞𝛼
|∞

𝑛=1 -summable at 𝑢 = 𝑥. 

In the year 2000, in a paper Sahoo (2000) we have studied the following problem on absolute ces𝑎̀ro 

summability of factored Walsh-Fourier series. 

Theorem E (Sahoo, 2000)   

Let  ϕ(𝑡) = 𝑓(𝑥+̇𝑡) – S, where S is function of 𝑥. If ϕ(𝑡) is strongly differentiable in X and 

∫
|𝜙[1] (𝑡)|

𝑡𝛼

1

0
𝑑𝑡 <  ∞ , 0 < 𝛼 < 1 , then the series ∑ 𝑛𝛼 𝐴𝑛(𝑥)   ∞

𝑛=1 is summable |𝐶, 𝛽| , 𝛽 >  𝛼. 

The object of the following paper is to prove the following theorem on Walsh- Fourier series. 

Theorem 

Let  ϕ(𝑡) = 𝑓(𝑥+̇𝑡) – S, where S is function of 𝑥 and 0 ≤ 𝛼 < 1. 

If  ∫ 𝑢−𝛼 |𝑑𝜙(𝑢)|
1

0
 <  ∞, then the series ∑ 𝑛𝛼 𝐴𝑛(𝑥)   ∞

𝑛=1 is summable |𝑁𝑞𝛼
|. 

For 𝛼 = 0, the theorem becomes  

If ϕ(𝑢)  ∈ BV  (0,1)   𝑡ℎ𝑒𝑛  ∑ 𝐴𝑛(𝑥) 𝑖𝑠 𝑠𝑢𝑚𝑚𝑎𝑏𝑙𝑒 |𝑁𝑞|∞
𝑛=1   

If we take  𝑞𝛼(𝑡) = {
(𝛼 + 𝛿)(1– 𝑡)𝛼+𝛿−1 ,

0  ,
  

0 ≤ 𝛼 < 1 𝑎𝑛𝑑 0 < 𝛼 + 𝛿 ≤ 1 𝑓𝑜𝑟 0 < 𝑡 < 1
𝑓𝑜𝑟 𝑡 ≥ 1

  

Then,  𝑁𝑞𝛼
-method reduces to Ces’aro method (C, 𝛼 + 𝛿).  

So by taking 𝑞𝛼(𝑡) as above in our theorem we obtain the following corollary.  

Corollary 

If 0 ≤ 𝛼 < 1 and  ∫ 𝑢−𝛼 |𝑑𝜙(𝑢)|
1

0
 < ∞, then the series is ∑ 𝑛𝛼 𝐴𝑛(𝑥)   ∞

𝑛=1 is summable |𝐶, 𝛽| , 𝛽 >  𝛼. 

Notations and Lemmas 

3.1. 

We need the following notations.  
[𝑤]= N 

𝐷𝑛(𝑢) = ∑ 𝑤𝑘(𝑢)𝑛−1
𝑘=0   

𝐽𝑘(𝑢) = ∫ 𝑤𝑘(𝑥) 𝑑𝑥
𝑢

0
.  

3.2. 

We need the following lemmas for the proof of our theorem. 

Lemma 1 (Samal, 1986) 

For  0 < 𝛼 < 1, ∫
𝑄𝛼(𝑡)

𝑡𝛼+1  𝑑𝑡
1

0
 exists if and only if  ∫

𝑞𝛼(𝑡)

(1−𝑡)𝛼  𝑑𝑡
1

0
 exists. 

Lemma 2 (Samal, 1986)  

For   0 ≤ 𝛼 < 1,   ∑
𝑄𝛼(

1

𝑘
)

𝑘1−𝛼
∞
𝑘=1    is convergent. 

Lemma 3 (Fine, 1949)  

𝐽𝑘(𝑢) = 𝑤𝑘′(𝑢) 𝐽2𝑛(𝑢) , 𝑤ℎ𝑒𝑟𝑒 𝑘 ≥ 1, 𝑘 = 2𝑛 + 𝑘 ′, 0 ≤ 𝑘′ < 2𝑛  , 𝑛 = 0,1,2,3, … … … … … ..  

and 𝐽2𝑛(𝑢) =  2−(𝑛+2) {1 − ∑ 2−𝑟𝑤2𝑟+1(2𝑛𝑢)∞
𝑟=1 }, 𝑛 = 0, 1, 2, 3…………… 

Lemma 4 ((Schip et al., 1990) page 35, Theorem 10 )  

For  0 <  𝑢 <  1, |𝐷𝑛(𝑢)|  < 𝑚𝑖𝑛 (𝑛,
2

𝑢
) 

Lemma 5 

𝐷2𝑛(𝑢)  = {
2𝑛, 𝑖𝑓 𝑢 ∈ [0,

1

2𝑛)

0, 𝑖𝑓 𝑢 ∈ [
1

2𝑛 , 1)
    

The proof of this lemma is similar to Paley’s Lemma([7], 𝑝𝑎𝑔𝑒 7). 

Lemma 6 

For  0 < 𝑢 < 1 𝑎𝑛𝑑 0 < 𝑤𝑢 < 1 ,  



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online) 

An Open Access, Online International Journal Available at http://www.cibtech.org/jpms.htm 

2016 Vol. 6 (1) January-March, pp. 17-23/Sahoo 

Research Article 

© Copyright 2014 | Centre for Info Bio Technology (CIBTech)  20 

 

∑ 𝑘𝛼+1
𝑘≤𝑤−1  𝑞𝛼 (

𝑘

𝑤
) 𝐽𝑘(𝑢) = 𝑂(𝑢𝑤𝛼+2) . 

Proof. 

∑ 𝑘𝛼+1
𝑘≤𝑤−1  𝑞𝛼 (

𝑘

𝑤
) 𝐽𝑘(𝑢)  

   

≤ 𝑢𝑤𝛼+1  ∑ 𝑞𝛼 (
𝑘

𝑤
)𝑘≤𝑤−1   

< 𝑢𝑤𝛼+2.   
Lemma 7 

For 𝑘 = 2𝑛 + 𝑘 ′, 0 ≤ 𝑘 ′ < 2𝑛𝑎𝑛𝑑 0 < 𝑢 < 1, 

∑ 2(𝑛+2)𝐽𝑘(𝑢) = 𝑂 (
1

𝑢
)

𝑝
𝑘=1 ,  

for any positive integer 𝑝 . 

Proof. 

Let  𝑝 = 2𝑞 + 𝑝′, 0 ≤ 𝑝′ < 2𝑞 for some positive integer 𝑞 and  
1

2𝑚 ≤ 𝑢 <
1

2𝑚−1 .   

Then  

|∑ 2(𝑛+2)𝐽𝑘(𝑢)𝑝
𝑘=1 |  

= |∑ ∑ 2𝑟+2 𝐽2𝑟+𝑘′(𝑢) + ∑ 2𝑞+2𝐽2𝑞+𝑘′(𝑢)𝑝′
𝑘′=0

2𝑟−1
𝑘′=0

𝑞−1
𝑟=0 |     

≤ |∑ ∑ {1 − ∑ 2−𝑖𝑤2𝑖+1(2𝑟𝑢)∞
𝑖=1 }𝑤𝑘′(𝑢)2𝑟−1

𝑘′=0
𝑞−1
𝑟=0 |  

+|∑ {1 − ∑ 2−𝑖𝑤2𝑖+1(2𝑞𝑢)∞
𝑖=1 }𝑤𝑘′(𝑢)𝑝′

𝑘′=0 |  𝑏𝑦  𝐿𝑒𝑚𝑚𝑎 3  

= |∑ 𝐷2𝑟(𝑢)𝑞−1
𝑟=0 {1 − ∑ 2−𝑖𝑤2𝑖+1(2𝑟𝑢)∞

𝑖=1 }|  

+|𝐷𝑝′(𝑢){1 − ∑ 2−𝑖𝑤2𝑖+1(2𝑞𝑢)∞
𝑖=1 }|  

≤ ∑ 2|𝐷2𝑟(𝑢)|𝑞−1
𝑟=0 + 2|𝐷𝑝′(𝑢)|  

≤ ∑ 2𝑟+1  + 𝑂 (
1

𝑢
) ,𝑚−1

𝑟=0  𝑏𝑦 𝐿𝑒𝑚𝑚𝑎 5 𝑎𝑛𝑑 𝐿𝑒𝑚𝑚𝑎4.  

= 2𝑚+1 − 2 + 𝑂 (
1

𝑢
)  

= 𝑂 (
1

𝑢
)  

Lemma 8 

For 0 < 𝑢 ≤ 1, 

∑ 𝑘𝐽𝑘(𝑢) = 𝑂 (
1

𝑢
)2𝑛−1

𝑘=1   

Proof. 

For 0 < 𝑢 ≤ 2−𝑛 and 1 ≤ 𝑘 ≤ 2𝑛 − 1 

𝐽𝑘(𝑢) = 𝑢  and therefore, it is easy to show that ∑ 𝑘𝐽𝑘(𝑢) = 𝑂 (
1

𝑢
)2𝑛−1

𝑘=1  for   0 < 𝑢 ≤ 2−𝑛 . 

For   𝑢 > 2−𝑛,   suppose  
1

2𝑚 < 𝑢 ≤
1

2𝑚−1. 

Then  |∑ 𝑘𝐽𝑘
2𝑛−1
𝑘=1 (𝑢) |  =  |∫ (∑ 𝑘𝑤𝑘(𝑡)2𝑛−1

𝑘=1 )
𝑢

0
𝑑𝑡| 

=|∫ 𝐷2𝑛
[1](𝑡)

𝑢

0
𝑑𝑡|           as  𝑤𝑘

[1](𝑡) = 𝑘𝑤𝑘(𝑡) 

=|∫ [∑ 2𝑗−1{𝐷2𝑛(𝑡) − 𝐷2𝑛(𝑡 +̇ 2−𝑗−1)}∞
𝑗=0 ]

𝑢

0
𝑑𝑡| 

≤ ∑ 2𝑗−1|∫ {𝐷2𝑛(𝑡) − 𝐷2𝑛(𝑡 +̇ 2−𝑗−1)}
𝑢

0
𝑑𝑡|∞

𝑗=0   

= ∑ 2𝑗−1|∫ 𝐷2𝑛(𝑡)
𝑢

0
𝑑𝑡 − ∫ 𝐷2𝑛(𝑡 +̇ 2−𝑗−1)

𝑢

0
𝑑𝑡|∞

𝑗=0   

=∑ 2𝑗−1𝑚−2
𝑗=0   + 2𝑚−2 |1 − ∫ 𝐷2𝑛(𝑡 +̇ 2−𝑚) 𝑑𝑡

𝑢

2−𝑚 |  + ∑ 2𝑗−1𝑛−1
𝑗=𝑚 |1 − 2𝑛 ∫ 𝑑𝑡

2−𝑗−1+2𝑛

2−𝑗−1 |  

+ ∑ 2𝑗−1 |1 − 2𝑛 ∫ 𝑑𝑡
2−𝑛

0
|∞

𝑗=𝑛                by Lemma 5. 
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(For 𝑛 = 𝑚 , the sum  ∑ 2𝑗−1𝑛−1
𝑗=𝑚 |1 − 2𝑛 ∫ 𝑑𝑡

2−𝑗−1+2𝑛

2−𝑗−1 | vanishes.) 

< ∑ 2𝑗−1𝑚−1
𝑗=0   

= 2𝑚−1 −
1

2
  

=O(
1

𝑢
) 

So, for 0 < 𝑢 ≤ 1,    ∑ 𝑘𝐽𝑘(𝑢)2𝑛−1
𝑘=1 = 𝑂 (

1

𝑢
). 

Lemma 9 

For  0 < 𝑢 ≤ 1  and positive integer 𝑝, 

∑ 𝑘𝐽𝑘(𝑢)𝑝
𝑘=1  =   𝑂 (

1

𝑢
). 

Proof. 

Let p=2𝑛 + 𝑝′, 𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑝′ < 2𝑛. 

Then  

∑ 𝑘𝐽𝑘(𝑢)  
𝑝
𝑘=1 = ∑ 𝑘𝐽𝑘(𝑢)  2𝑛−1

𝑘=1 + ∑ 𝑘𝐽𝑘(𝑢)  
𝑝
𝑘=2𝑛   

=𝑂 (
1

𝑢
) + ∑ (2𝑛 + 𝑘)𝐽(2𝑛+𝑘)(𝑢) ,

𝑝′
𝑘=0      by Lemma 8. 

=𝑂 (
1

𝑢
)  + (

2𝑛+𝑝′

2𝑛+2 ) max
0≤𝐿,𝐿′≤𝑝′

|∑ (2𝑛+2)𝐽(2𝑛+𝑘)(𝑢)𝐿′
𝐿 | 

=𝑂 (
1

𝑢
),         by Lemma 7. 

Lemma 10 

For 0 < 𝑢 ≤ 1 𝑎𝑛𝑑 𝑤𝑢 > 1, 

∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢) = 𝑂 (

𝑤𝛼𝑞𝛼(1−
1

𝑤𝑢
)

𝑢
)

𝑘≤𝑤−
1

𝑢

  

Proof. 

|∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)

𝑘≤𝑤−
1

𝑢

|  

≤ (𝑤 −
1

𝑢
)

𝛼
𝑞𝛼 (1 −

1

𝑤𝑢
) max

1≤𝐿,𝐿′≤𝑤−
1

𝑢

|∑ 𝑘𝐽𝑘(𝑢)𝐿′
𝑘=𝐿 |  

= 𝑂 (
𝑤𝛼𝑞𝛼(1−

1

𝑤𝑢
)

𝑢
),    by Lemma 9. 

Lemma 11 

For 0 < 𝑢 ≤ 1 𝑎𝑛𝑑 𝑤𝑢 > 1, 

∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)[𝑤−1]

𝑘=[𝑤−
1

𝑢
]+1

=  𝑂 (𝑤𝛼+1𝑄𝛼 (
1

𝑤𝑢
)) 

Proof.  

.|∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)[𝑤−1]

𝑘=[𝑤−
1

𝑢
]+1

| 

 

≤ ∫ 𝑥𝛼𝑞𝛼 (
𝑥

𝑤
) 𝑑𝑥

𝑤

𝑤−
1

𝑢

   Since 𝐽𝑘(u) <
1

k
   

 

=∫ 𝑤𝛼+1𝑡𝛼𝑞𝛼(𝑡) 𝑑𝑡
1

1−
1

𝑤𝑢

  

< 𝑤𝛼+1𝑄𝛼 (
1

𝑤𝑢
) . 

Proof of the Theorem 

For 𝑘 ≥ 1, we have 
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𝐴𝑘(𝑥) = ∫ 𝜙(𝑢)𝑤𝑘(𝑢) 𝑑𝑢
1

0
  

= [𝜙(𝑢)𝐽𝑘(𝑢)]𝑢=0
1 − ∫ 𝐽𝑘(𝑢) 𝑑𝜙(𝑢)

1

0
  

= − ∫ 𝐽𝑘(𝑢) 𝑑𝜙(𝑢)
1

0
 , 𝑎𝑠 𝜙(+0) 𝑎𝑛𝑑 𝜙(1) 𝑎𝑟𝑒 𝑓𝑖𝑛𝑖𝑡𝑒 ; 𝐽𝑘(0) = 𝐽𝑘(1) = 0. 

The series ∑ 𝑘𝛼𝐴𝑘(𝑥)∞
𝑘=1  is summable |𝑁𝑞𝛼

|, (0 ≤ 𝛼 < 1) if 

∫
𝑑𝑤

𝑤 2 |∑ 𝑘𝛼+1𝐴𝑘(𝑥)𝑞𝛼 (
𝑘

𝑤
)𝑘≤𝑤 |

∞

1
  < ∞.  

Now  ∫
𝑑𝑤

𝑤 2 |∑ 𝑘𝛼+1𝐴𝑘(𝑥)𝑞𝛼 (
𝑘

𝑤
)𝑘≤𝑤 |

∞

1
  

= ∫
𝑑𝑤

𝑤 2 |∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) ∫ 𝐽𝑘(𝑢) 𝑑𝜙(𝑢)

1

0𝑘≤𝑤 |
∞

1
 

≤ ∫ |𝑑𝜙(𝑢)|
1

0
 ∫

𝑑𝑤

𝑤 2 |∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)𝑘≤𝑤 |

∞

1
 .                                               ……………..   (5) 

∫
𝑑𝑤

𝑤 2 |∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)𝑘≤𝑤 |

∞

1
  

= ∫
𝑑𝑤

𝑤 2 |∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)𝑘≤𝑤−1 |

∞

1
+ ∫

𝑑𝑤

𝑤 2 |𝑁𝛼+1𝑞𝛼 (
𝑁

𝑤
) 𝐽𝑁(𝑢)|

∞

1
    where 𝑁 = [𝑤]   ……  (6)         

∫
𝑑𝑤

𝑤 2 |∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)𝑘≤𝑤−1 |

∞

1
  

= ∫
𝑑𝑤

𝑤 2 |∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)𝑘≤𝑤−1 |

1

𝑢
1

 + ∫
𝑑𝑤

𝑤 2 |∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)𝑘≤𝑤−1 |

∞
1

𝑢

                       …..  (7) 

By the use of Lemma 6, 

∫
𝑑𝑤

𝑤 2 |∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)𝑘≤𝑤−1 |

1

𝑢
1

  

= 𝑂 (𝑢 ∫ 𝑤𝛼
1

𝑢
1

𝑑𝑤)                  

= 𝑂(𝑢−𝛼)                                                                                                                …………… (8) 

Using Lemma 10 and Lemma 11; for  0 < 𝑢 ≤ 1 𝑎𝑛𝑑 𝑤𝑢 > 1 , we have 

∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)𝑘≤𝑤−1   

= ∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)

𝑘≤𝑤−
1

𝑢

 + ∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)[𝑤−1]

𝑘=[𝑤−
1

𝑢
]+1

  

=  𝑂 (
𝑤𝛼𝑞𝛼(1−

1

𝑤𝑢
)

𝑢
) + 𝑂 (𝑤𝛼+1𝑄𝛼 (

1

𝑤𝑢
)) 

So,   

∫
𝑑𝑤

𝑤 2 |∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)𝑘≤𝑤−1 |

∞
1

𝑢

  

=∫  𝑂 (
𝑤𝛼𝑞𝛼(1−

1

𝑤𝑢
)

𝑢
)  

𝑑𝑤

𝑤2

∞
1

𝑢

 + ∫   𝑂 (𝑤𝛼+1𝑄𝛼 (
1

𝑤𝑢
))  

𝑑𝑤

𝑤2

∞
1

𝑢

  

= 𝑂 (𝑢−𝛼 ∫
𝑞𝛼(𝑡)

(1−𝑡)𝛼

1

0
 𝑑𝑡) + 𝑂 (𝑢−𝛼 ∫

𝑄𝛼{𝑡}

𝑡𝛼+1

1

0
 𝑑𝑡) 

= 𝑂(𝑢−𝛼)                                                                                                                      ………  (9) 

Now (7), (8) and (9) together imply  

∫
𝑑𝑤

𝑤 2 |∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)𝑘≤𝑤−1 |

∞

1
  = 𝑂(𝑢−𝛼)                                                                  …..  (10) 

Also we have  

∫
𝑑𝑤

𝑤 2 |𝑁𝛼+1𝑞𝛼 (
𝑁

𝑤
) 𝐽𝑁(𝑢)|

∞

1
  

≤ ∫ 𝑁𝛼𝑞𝛼 (
𝑁

𝑤
)

∞

1

𝑑𝑤

𝑤2  

= ∑  ∫ 𝑁𝛼𝑞𝛼 (
𝑁

𝑤
)

𝑘+1

𝑘

𝑑𝑤

𝑤2
∞
𝑘=1   

= ∑  ∫ 𝑘𝛼𝑞𝛼 (
𝑘

𝑤
)

𝑘+1

𝑘

𝑑𝑤

𝑤2
∞
𝑘=1                    as   𝑘 < 𝑤 < 𝑘 + 1  
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= ∑  
1

𝑘1−𝛼 ∫ 𝑞𝛼(𝑢)
1
𝑘

𝑘+1

𝑑𝑢∞
𝑘=1   

= ∑  
𝑄𝛼(

1

𝑘+1
)

𝑘1−𝛼
∞
𝑘=1   

< ∑  
𝑄𝛼(

1

𝑘
)

𝑘1−𝛼
∞
𝑘=1   

=  𝑂(1)                 by Lemma 2.                                                                        …..  (11) 

By use of (10) and (11) in (6)  

∫
𝑑𝑤

𝑤 2 |∑ 𝑘𝛼+1𝑞𝛼 (
𝑘

𝑤
) 𝐽𝑘(𝑢)𝑘≤𝑤 |

∞

1
 = 𝑂(𝑢−𝛼)  

So from (5) we have  

∫
𝑑𝑤

𝑤 2 |∑ 𝑘𝛼+1𝐴𝑘(𝑥)𝑞𝛼 (
𝑘

𝑤
)𝑘≤𝑤 |

∞

1
  

= ∫ 𝑂(𝑢−𝛼)|𝑑𝜙(𝑢)|
1

0
   

 = 𝑂 (∫
|𝑑𝜙(𝑢)|

𝑢𝛼

1

0
) 

= 𝑂(1). 

Hence,  ∑ 𝑘𝛼𝐴𝑘(𝑥)∞
𝑘=1  is summable |𝑁𝑞𝛼

|. 

This completes the proof of our theorem. 

Lastly, I express my gratefulness to Dr. B. K. Ray for his valuable suggestions during preparation of this 

paper. 
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