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ABSTRACT

The object of the present paper is to study the absolute Nevanlinna summability of the factored Walsh-
Fourier series with factor of the type n®, 0< a < 1, which includes absolute Nevanlinna summability of
the Walsh-Fourier series (a = 0).
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INTRODUCTION
1.1 In a paper [3] published in 1921, Nevanlinna (1921) suggested and discussed an interesting method,
called N,-method. Ray and Samal (1980) studied absolute N, -summability of Trigonometric Fourier and

its conjugate series. Later Samal (1986) extended N,-method to N, -method (0 < a < 1) and studied
absolute N, —summability of factored Trigonometric Fourier series and factored conjugate series with

factor of the type n“(0< a < 1). The object of the present paper is to study the analogous result of
Samal’s result.
1.2 The N 4-Method

Let F (w) be a function continuous parameter w defined for all w > 0 and let it be desired to consider the
“generalized limit” of F(w) as w— oo . The N,-method consists in forming the N, -transform or mean
1
NgF (w) = fo q(t)F(wt) dt
and then considering the
vlvi—IEo NgF(w)
where, the class of functions g is such that

g(t) is non-negative and monotonic increasing for 0< t < 1, @

fya@®dt =1 ()
. 1-6 1 .

and ISI_I;% Jo a® log—dt  exists (3)

When lim N, F(w) exists, it is called the N -limit of F(w).
W—0o0
By a lemma due to Moursund (1832)

1Q(t) . P 1-6 1 .
fo Tdt exists if and only if (13133 fo q(t) logl—_tdt exists,

Where, Q (1) =J,"_, q(w) du.
So the condition (3) can be replaced by f;@dt exists.
The N, -Method (0 < a < 1) (Samal, 1986).

Let the class of functions g, be such that

q.(t) is non-negative and monotonic increasing for 0< t < 1,
1

Jy Ga®)dt =1

and fol 2‘;&? dt exists, where Q,(t) = fll_t G () du.

The series ZU,, is summable by N, -method to Sif lim ¥,y U, Qu(1—3) =S
W —0o0
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Again the series U, summable | N,_| (or absolute N,,_-summable) if

oodW

Iy |ZnewnUnqq (2)| < o0, where, A'is a positive constant.
For a =0 the N, -method reduces to N,-method.
13
The Rademacher functions are defined by

(1, if x€ [0,1/2)
ro(x) = {—1, if x €

[1 /2 1)
ro(x + 1) = ry(x), 1, (x) = 1r,(2™x), (n=1,23,. e e )
Walsh functions are given by
wo(x) =1
and wy, () = 1, ()T, (X) e vee e e e Ty (X)),
forn=2M +2%2 + ... ... + 2™k, where integers n; are uniquely determined with n;,; < n;.
Any x € [0,1] can be written in the form
x = Yizox 2% (4)

Where, each x, = 0or 1. If x is not dyadic rational, it can be uniquely expressed in the form (4). We
call it dyadic expansion of x. For dyadic rationals, there are two expressions of this form, one which
terminates with 0’s and other which terminates with 1’s. By dyadic expansion of dyadic rational, we shall
mean the one which terminates with 0’s.

Dyadic Derivative

For each function f defined on [0,1) and non-negative integer n, let

dof () = 3020277 H{f () — f(x + 27/71)} forx € 0,1).
Then, f is said to be dyadically differentiable at x if f[*(x) = lim d,,f (x) exists and finite. lx) is
called dyadic derivative of f at x.
14.
Let f(x) be a periodic function with period 1 and Lebesgue integrable over (0, 1). Then, the Walsh-
Fourier series of f is
fG) ~ 25 e wie(x) = X5 4 (x) , where, ¢ = [ f(u) wye(u) du .
We have
wi () wie () = wi(x + ), where x +y = ¥7_olx, — yie| 27K,
if x= 3% %, 2~ %D and y = Y%_, v, 2-**D are dyadic expansion x and y respectively.
By a result due to Fine [1]
A =[] F @) wie@)wye(x) du
=f01 f@) Wi(x + w) du

1 .
=f, fx+ w)w)du
Purpose of the Present Work
The absolute Nevanlinna summability of the Trigonometric Fourier series, Conjugate series and their
factored series has been studied in the following problems.
Theorem A (Ray and Samal, 1980)
0(s) €BV (0,m) = Tr_oAn(x) € [Ny
Theorem B (Ray and Samal 1980)
y(s) €BV (0,m)and Y2 e L(0,m) = NiiB,(x) € |N]
Theorem C (Samal, 1986)
Ifo<a<land [u®|dp(u)|< =,
then ¥;_; n*A,(u) is|N, |-summable at u = x.
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Theorem D (Samal, 1986)

If0<a <1, (i) w(+0)=0and (i) [ u™®|dyw)| < o,

then Y;_4 n*B,(uw) is [N, |-summable atu = x.

In the year 2000, in a paper Sahoo (2000) we have studied the following problem on absolute cesaro
summability of factored Walsh-Fourier series.

Theorem E (Sahoo, 2000)

Let o(t) =f(x+t) - S, where S is function of x. If ¢(t) is strongly differentiable in X and

[1]
folld’t—a(t)ldt < 0,0 < a < 1,then the series Y5y n* A, (x) issummable |C,B|,8 > «a.

The object of the following paper is to prove the following theorem on Walsh- Fourier series.
Theorem
Let ¢(t) = f(x+t) - S, where Sis functionof x and 0 < a < 1.
If fol U™ |dp(u)| < oo, then the series Y5y n% A, (x) is summable |N,_|.
For a = 0, the theorem becomes
If (u) €BV (0,1) then ¥j_1A,(x)is summable |N,]|
1-)2t6-1 0<a <land0<a+6 <1for0<t<1
If we take g, (t) = {(0‘ + 5)(0 't) ’ fort =1 f
Then, Nqa—method reduces to Ces’aro method (C, a + §).
So by taking q, (t) as above in our theorem we obtain the following corollary.
Corollary
If0<a <1land [ u~®|d¢(u)| < o, then the series is Y-, n% A,(x) is summable |C,8],5 > a.
Notations and Lemmas
3.1.
We need the following notations.
[wl=N
Dp(w) = TiZg wi(w)
Jie@) = [ wie(x) dx.
3.2.
We need the following lemmas for the proof of our theorem.
Lemma 1 (Samal, 1986)

For 0<a<1, /[ 2O 4 exists if and only if folq“—(t)a dt exists.

0 ta+1 (1_t)
Lemma 2 (Samal, 1986)

%)
kl—a

For 0<a<1, Xi-
Lemma 3 (Fine, 1949)
Je() = wi(w) Jon(u) ,wherek > 1,k =2"+k,0<k'<2™ ,n=0123, . cceceree ooe.
and Jon(u) = 272 {1 —¥%  27Twor (2™}, n=0,1,2,3.............

Lemma 4 ((Schip et al., 1990) page 35, Theorem 10)

For 0< u< 1, |Dy(uw)| <min (n,%)
Lemma 5

is convergent.

0,if u€ [zin 1)

The proof of this lemma is similar to Paley’s Lemma([7], page 7).
Lemma 6

Foro<u<landO<wu<1,
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Yrsw-1 k1 qq (&)]k(u) = 0(uw®+?) .
Proof.

eaw-1k% qa () ) @)

a+1 k
< Ty 10 (£)

< uwa+2

Lemma 7

Fork=2"+k,0<k'<2"and0<u<1,
1

Y1 2D (w) =0 (;).

for any positive integer p .

Proof.

Let p=29+p’,0 < p’ < 29 for some positive integer g and zim <u<
Then
|ems 202 (W)
— |ZQ—1 zr_1 2r+2 ]2T+k (u) + ZP q+2]2q+k (u)|
|Z =0 i _01{1 Z 127 Wy, (27 u)]Wk ()]
+[XP. {1 Y1 27wy, 29wy (w)| by Lemma3
= |45 Dar ) (1~ 31 2wy 70|
+|DP (u){l — 2127wy, 29w
< 2125 21D (w)] + 2| Dpi(w)|
<ymtl2rtl 4+ 0 (%), by Lemma 5 and Lemma4.

=2m1 -2 +0(3)

=0(;)
Lemma 8
ForOo<u<1,

2Tk = 0/(5)
Proof
ForO<u<2Mand1<k<2™"-1

m-1"

J, (W) = u and therefore, it is easy to show that X271 kJ,(u) = 0 G) for 0<u<2™,

For u > 27", suppose —< US

Then Y223 ke ) | = | [ (S kwe (D) dt|
=5 DI e) at| as wi(0) = kw, (t)

—|f0 (2720277 H{Dyn(t) — Don(t 4+ 27771)}] dt|

< 70 20 Y [ {Don(6) — Don(t +27771) } dt|

= 7020 [ Dan(©) dt — [ Don(t +27771) dt|

=220 4 m2 |1 - X Don(e 4 27 de| + X5 207 2t

1- 2"[211

“

2-

+Y5 20 |1 2" f; dt| by Lemma 5.
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(Forn =m, the sum Y721 2/71

Zm 12] 1
=2m 1_ 2

1

=0(3)

So,foro<u<1, YiilkJy(w)=0 (%)

Lemma 9

For 0 <u <1 and positive integer p,

Sho k@) = 0(3)

Proof.

Let p=2" + p,where 0 < p' < 2™

Then
he k(@) = = Y20 k) (w) + X on k(W)
( ) + Y0 @M+ k) i), byLemmas.
=o(;

) + (B2 max [5E@2) i)

0<L,L'sp’
=0 (Z) by Lemma 7.

Lemma 10
ForO<u<1landwu >1,

S etk aa () Ja) = 0 <—Waq“(l_ﬁ)>

u

1- an i 1+2n dt| vanishes.)

Proof.
Bk 100 (£) 1)

< (w- %)a Ga (1 - max |Zk RIAD]

1<L,L
a _1
=0 (W) by Lemma 9.

Lemma 11
ForO<u<1landwu > 1,

S k0 (0= 00, (2)

wu

Proof.

(ER ey e ae () I

< fww_lx“qa (%) dx Since J,(u) < %

-f 1 W““t“qa(t) dt

< Wa+1Q (Wu) '

Proof of the Theorem
For k = 1, we have
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A () = [T pWw, (W) du
= [pW kW10 — f Jew) dp(w)

= —fo Je() dop(w) ,as ¢(+0) and ¢ (1) are finite ; J,,(0) = J,(1) = 0.
The series Yi_; k* A (x) is summable |N,_|, (0 < a < 1) if

[ k““Ak(xma( )| <o

NOW f k%14, (x)q, (k)|

=% o kg, (5) 5 1w dop )|

< 1dp@l [ S e ke (S | . )
I % Seaw k1 qq (5) 1 @)

=z (g)]"(uﬂ e
qa( )@

[
{‘m Yrsw-1k**1qq ( )]k(u)|

By the use of Lemma 6,
k
i w2 Zk<w 1k qq (;)]k(u)|

=0 (u Jrwe dw)
=0@W™%) e (8)
Using Lemma 10 and Lemma 11; for 0 < u < 1 and wu > 1, we have

Zrew-1k“"1qq (g)]k W)
=3, k0 () 10+ B

_, (Waqagl-ﬁ)> . 0( atig, (wlu))

So,

P (%) ]N(u)l where N = [w] ...... (6)

a (ﬁ)]k(u)| oo (7)

ke+iqq () /@)

I qa( )]k(u)|
5 (ﬁ) g 0w ()

:0( —a (1 _9a(® dt) (u‘“ 104(t} d)

0 (1-t)* 0 tat1
=0W™%) 9)
Now (7), (8) and (9) together imply
Lz “ig, (D) @] = 0@ oo (10)
Also we have
I e g () nw)
<IN (5)
3 1 )
—Zklfk“ (%)fv—f as k<w<k+1
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= Tiees e L da) du

- Zk 1 Q“(k+1)

klla
< Xk=1 kl(a)
= 0(1) by Lemma 2. e (1)
By use of (10) and (11) in (6)

172 | Beaw k4 () Je )| = 0 )

So from (5) we have

1 | Bhaw k4 () aa ()|
- 0w ldptu)
_0 (fl |d¢(u>|)

ua
=0(1).
Hence, Y-, kA (x) is summable |N,_|.
This completes the proof of our theorem.
Lastly, | express my gratefulness to Dr. B. K. Ray for his valuable suggestions during preparation of this
paper.
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