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ABSTRACT  

The non-homogeneous quintic equation with five unknowns given by 
32244 )(65 pwzyx   

is 

considered and analyzed for its non– zero distinct integer solutions. 
 A few interesting relations between 

the solutions and special numbers, namely, polygonal numbers, pyramidal numbers, centered pyramidal 

numbers, pronic numbers are presented. 
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INTRODUCTION 
The theory of Diophantine equations offers a rich variety of fascinating problems. In particular, Quintic 

equations, homogeneous and non-homogeneous have aroused the interest of numerous mathematicians 

since antiquity (Dickson, 1952; Mordell, 1969).  

For illustration, one may refer (Gopalan and Vijayashankar, 2010; Gopalan and Vijayashankar, 2010; 
Gopalan et al., 2013) for Quintic equation with three unknowns and (Gopalan and Vijayashankar, 2011; 

Gopalan and Vijayashankar; Gopalan et al., 2013; Gopalan et al., 2013; Gopalan et al., 2013; 

Vidhyalakshmi et al., 2013; Vidhyalakshmi et al., 2013) for Quintic equation with five unknowns.  
This paper concerns with the problem of the non-homogeneous Quintic equation with five unknowns 

given by
 

32244 )(65 pwzyx  . A few relations among the solutions are presented.  

Method of Analysis 
The non-homogeneous quintic equation with 5 unknowns to be solved is given by  

  

32244 )(65 pwzyx 
      (1) 

   

Assume  vuzvuyvux  2,,
 
and vuw  2       (2) 

Substituting   (2) in (1), it leads to 
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322 65pvu                       (3) 

Pattern-1 

 Assume 
22 bap              (4) 

where a and b are non-zero distinct integers. 

Write  65  as   )8)(8(65 ii                   (5) 
Using (4) & (5) in (3) and employing the method of factorization, define 

 
3))(8( ibaiivu           (6) 

Equating the real and imaginary parts of (6), we get 

 
3223 3248 bbaabau           (7)

 
3223 8243 bbaabav    

Substituting (7) in (2), the integral solutions of (1) are given by 

 
3223

3223

927217),(

721279),(

bbaabaybay

bbaabaxbax




            (8)  

          
3223

3223

10304515),(

6185117),(

bbaabawbaw

bbaabazbaz




       (9) 

along with (4) 

Properties 

 014),(),(),( ,6  aCPaawaayaax   

 )3(mod0824)1,(),1,()1,( ,4,6  aa tCPawayax  

 )}2,()2,({4 aazaaw  is a cubical integer 

 0)1(Pr4812162),1(),1( 5
,61,6   aPCPCPaawaaz aaaa  

Note 1 
In (2), the representations of z and w may be taken as  

                     12,12  uvwuvz          (*) 

In this case, the values of z and w are given by 

112602402403783781616),(

112602402403783781616),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
 (10) 

Thus (4),(8)and (10) represent a different set of solutions to (1) 

Note 2 

Observe that z and w in (2) may also be considered as 

                   
2,2  uvwuvz

        (**) 
For this choice, the corresponding values of z and w are obtained as 

263012012018918988),(

263012012018918988),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
       (11) 

Thus (4),(8) and (11) represent an another set of integer solutions to (1) 

Pattern-2 

In (3), write  65  as   )8)(8(65 ii 
 

Following the procedure in pattern1, the corresponding integer solutions are 
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3223

3223

b7ba21ab27a9y)b,a(y

b9ba27ab21a7x)b,a(x




                (12)

 
3223

3223

6185117),(

10304515),(

bbaabawbaw

bbaabazbaz




             

along with (4) 

Note 3 

For this choice of z and w given by (*) and (**), corresponding two sets (I and II) of values of z and w are 
as follows: 

SET I: 

112602402403783781616),(

112602402403783781616),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
 

SET II: 

263012012018918988),(

263012012018918988),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
 

Considering (4),(12) along with above sets I and II inturn, we have two more choices of solutions to (1).  

Pattern-3 

Instead of (5), write 65  as   )81)(81(65 ii    
 

 Following the procedure presented in pattern-1, the corresponding integer solutions of (1) are 

           
3223

3223

927217),(

721279),(

bbaabaybay

bbaabaxbax




          (13)  

          
3223

3223

1751186),(

15453010),(

bbaabawbaw

bbaabazbaz




       

along with (4). 

Properties 

 )},(),({12 aazaax   is a cubical integer 

 }8))1,()1,({7 ,10,6  aa tCPazax is a perfect square 

    )26(mod018),1(),1( ,8,6  aa tCPayaw  

 }64218)2,2()2,2({6 ,4,52,6  aaa ttCPaway is a nasty number 

Note 4 

For this choice of z and w given by (*) and (**), corresponding two sets (I and II) of values of z and w are 
as follows: 

SET I: 

112602402403783781616),(

112602402403783781616),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
 

SET II: 

263012012018918988),(

263012012018918988),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
 

Considering (4),(13) along with above sets I and II in turn, we have two more choices of solutions to (1).  
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Pattern-4 

 In (3), write 65  as   )81)(81(65 ii    
 Following the procedure presented in pattern-1, the corresponding integer solutions of (1) are

 

 
3223

3223

721279),(

927217),(

bbaabaybay

bbaabaxbax




          (14)  

          
3223

3223

15453010),(

1751186),(

bbaabawbaw

bbaabazbaz




      

along with (4).  

Note 5 

For this choice of z and w given by (*) and (**), corresponding two sets (I and II) of values of z and w are 
as follows: 

SET I: 

112602402403783781616),(

112602402403783781616),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
 

SET II: 

263012012018918988),(

263012012018918988),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
 

Considering (4),(14) along with above sets I and II inturn, we have two more choices of solutions to (1).  

Pattern-5 

In (3), write 65  as   )47)(47(65 ii    
Following the procedure presented in pattern-1, the corresponding integer solutions of (1) are 

 
3223

3223

113393),(

393311),(

bbaabaybay

bbaabaxbax




           (15)  

          
3223

3223

15453010),(

35418),(

bbaabawbaw

bbaabazbaz




      

along with (4).   

Properties 

 065195)1,(6)1,( ,4  atayaz  

 )(3)( 333 zyxwwxzy   

 )(2)( yxwz    

 ))(22(3)( 2333 zyxzxyxwxzy   

Note 6 
For this choice of z and w given by (*) and (**), corresponding two sets(I and II) of values of z and w are 

as follows: 

SET I: 

16608408401981985656),(

16608408401981985656),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
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SET II: 

233042042099992828),(

233042042099992828),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
 

Considering (4),(15) along with above sets I and II in turn, we have two more choices of solutions to (1).  

Pattern-6 

In (3), write 65  as   )47)(47(65 ii    
Following the procedure presented in pattern-1, the corresponding integer solutions of (1) are 

 
3223

3223

393311),(

113393),(

bbaabaybay

bbaabaxbax




          (16)  

          
3223

3223

35418),(

15453010),(

bbaabawbaw

bbaabazbaz




       

Note 7 

For this choice of z and w given by (*) and (**), corresponding two sets (I and II) of values of z and w are 

as follows: 

SET I: 

16608408401981985656),(

16608408401981985656),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
 

SET II: 

233042042099992828),(

233042042099992828),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
 

Considering (4), (16) along with above sets I and II in turn, we have two more choices of solutions to (1).  

Pattern-7 

In (3), write 65  as   )74)(74(65 ii 
  

Following the procedure presented in pattern-1, the corresponding integer solutions of (1) are 

 
3223

3223

113393),(

393311),(

bbaabaybay

bbaabaxbax




          (17)  

          
3223

3223

18543),(

10304515),(

bbaabawbaw

bbaabazbaz




 

Properties 

 )780(mod065),2(3),2( ,6  aCPaway  

 065195)1,(3)1,( ,4  ataway   

 0),(),(),(),(  aaxaawaayaaz   

 )216(mod08618),2(),2(),2( ,4,6  aa tCPaxayaz   
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Note 8 

For this choice of z and w given by (*) and (**), corresponding two sets(I and II) of values of z and w are 

as follows: 
SET I: 

16608408401981985656),(

16608408401981985656),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
 

SET II: 

233042042099992828),(

233042042099992828),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
 

Considering (4), (17) along with above sets I and II in turn, we have two more choices of solutions to (1).  

Pattern-8 

In (3), write 65  as   )74)(74(65 ii    

Following the procedure presented in pattern-1, the corresponding integer solutions of (1) are 

 
3223

3223

393311),(

113393),(

bbaabaybay

bbaabaxbax




         (18)  

          
3223

3223

10304515),(

18543),(

bbaabawbaw

bbaabazbaz




       

Note 9 

For this choice of z and w given by (*) and (**), corresponding two sets (I and II) of values of z and w are 

as follows: 

SET I: 

16608408401981985656),(

16608408401981985656),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
 

SET II: 

233042042099992828),(

233042042099992828),(

3342245566

3342245566





bababaabbabawbaw

bababaabbabazbaz
 

Considering (4), (18) along with above sets I and II in turn, we have two more choices of solutions to (1).  

Pattern-9 

(3)   can be written as 1*65 322 pvu 
      (19)

 

write  65  as   )8)(8(65 ii 
               (20) 

and 169

)125)(125(
1

ii 
          (21)

 

Using (4),(20) & (21) in (19) and employing the method of factorization, define 
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 13

)125(
))(8( 3 i

ibaiivu


       

Equating the real and imaginary parts, we get 

 )1013038428(
13

1 3223 bbaabau                                                               

 )2884303101(
13

1 3223 bbaabav    

Since our interest is to find integer solutions, replace a by 13a and b by 13b in the values of  u and v , we 

get 

 
3223 1706951207141964732 bbaabau                                                               

 
3223 4732141965120717069 bbaabav   

Hence in view of (2), the integral solutions of (1) are given by 

         
3223

3223

21801654033701112337),(

12337370116540321801),(

bbaabaybay

bbaabaxbax




       (22)  

          
3223

3223

38870116610228157605),(

29406882187959926533),(

bbaabawbaw

bbaabazbaz




     

  

 
22 169169),( bapbap                                   (23) 

Note 10 

For this choice of z and w given by (*) and (**), corresponding two sets(I and II) of values of z and w are 
as follows: 

SET I: 

153791787402423115240

242311524016137536221613753622161541016161541016),(

153791787402423115240

242311524016137536221613753622161541016161541016),(

3342

245566

3342

245566









baba

baabbabawbaw

baba

baabbabazbaz

 

SET II: 

226895893701211557620

12115576208068768118068768118077050880770508),(

226895893701211557620

12115576208068768118068768118077050880770508),(

3342

245566

3342

245566









baba

baabbabawbaw

baba

baabbabazbaz

 

Considering (22), (23) along with above sets I and II in turn, we have two more choices of solutions to 

(1).  

Properties 

 
333 )2()](3)[(8 ywzzyxwwzy   

 )32(3)( 333 wyxxwwxzy   
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 ))(22()32( 2 zyxzxyxwyxxw   

 )(3))()(2( 333 zyxwwxywxz    

Note that 1 may also have the following representations: 

1) 
169

)512)(512(
1

ii 
  

2) 
625

)247)(247(
1

ii 
  

3) 
625

)724)(724(
1

ii 
  

Applying the procedure presented above, we get different choices of solutions to (1). 

 

CONCLUSION 
In this paper, we have illustrated different methods of obtaining non-zero integer solutions to the quintic 

equation with 5 unknowns given by 
32244 )(65 pwzyx  . As the quintic Diophantine equation 

are rich in variety one may consider other forms of quintic equation with variable 5  
 and search for 

their corresponding integer solutions along with the corresponding properties.  
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