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ABSTRACT

The objective of this paper is to introduce and investigate the Nano generalized — semi pre closed sets and
Nano semi pre — generalized closed sets in a Nano topological spaces. Its basic properties are also
analyzed.
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INTRODUCTION

In 1970, Levine introduced the concept of generalized closed sets as a generalization of closed sets in
topological spaces. This concept was found to be useful and many results in general topology were
improved. Andrijevic (1986) introduced semi pre open sets and Dontchev (Lellis and Carmel) introduced
generalized semi pre open sets in general topology.

The notion of Nano topology was introduced by Lellis (1963) which is defined in terms of
approximations and boundary regions of a subset of an universe using an equivalence relation on it and
also defined Nano closed set, Nano interior and Nano closure.

In this paper, a new class of sets on Nano topological spaces called Nano generalized — semi pre closed
sets and Nano semi pre — generalized closed sets are introduced and the relation of these new sets with the
existing sets are discussed.

Preliminaries

Definition: 2.1 (Levine, 1963) Let U be a non-empty finite set of objects called the universe and R be an
equivalence relation on U named as indiscernibility relation. Then U is divided into disjoint equivalence
classes. Elements belonging to the same equivalence class are said to be indiscernible with one another.
The pair (U, R) is said to be the approximation space.

Letc U . Then,

o The lower approximation of X with respect to R is the set of all objects which can be for certain
classified as X with respect to R and is denoted by Ly (X).

Lr(X) = U{R(x):R(x) € X,x e U}

where R(x) denotes the equivalence class determined by x € U.

e The upper approximation of X with respect to R is the set of all objects which can be possibly
classified as X with respect to R and is denoted by Ug (X).

Ur(X) = UR(x):R(x)NX # ¢,x € U}

e The boundary region of X with respect to R is the set of all objects which can be classified neither as X
nor as not—X with respect to R and is denoted by By (X).

Br(X) = Ug(X) — Lg(X)

Property: 2.2 (Levine, 1963) If (U, R) is an approximation space and X,Y < U, then

1) Lp(X) € X € Ur(X)

2) Lr(¢p) = Ur(¢) = ¢

3) Lr(U) =Ur(U) =U

4) Up(XUY) = Up(X) U Ur(Y)

5 Urp(XNY) S Ug(X) NnUR(Y)
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6) Le(XUY) 2 Lg(X) ULg(Y)

7) L(X nY) = Lg(X) N Lg(Y)

8) Lr(X) € Lg(Y) and Ux(X) € Ugr(Y) whenever X € Y

9) Up(X€) = [Lr(X)]° and Lg(X€) = [Ur(X)]°

10) UR(UR(X)) = LR(UR(X)) = UR(X)

11) LR(LR(X)) = UR(LR(X)) = Lg(X)

Definition: 2.3 (Levine, 1963) Let U be the universe, R be an equivalence relation on U and

TR(X) ={U, ¢, Lg(X),Ur(X), B (X)} where X € U. Then by property 2.2 t5(X) satisfies the following
axioms:

i) Uand ¢ € tz(X).

ii) The union of the elements of any sub collection of 7z (X) is in Tz (X).

iii) The intersection of all elements of any finite sub collection of 7z (X) is in 7z (X).

Then tx(X) is a topology on U called the Nano topology on U with respect to X, (U, TR (X)) is called the
Nano topological space. Elements of the Nano topology are known as Nano open sets in U. Elements of
[Tr(X)]€ are called Nano closed sets with [Tz (X)]¢ being called dual Nano topology of 5 (X).

Remark: 2.4 (Levine, 1963) If 7z (X) is the Nano topology on U with respect to X, then the set

B = {U, Lg(X), B (X)} is the basis for 75 (X).

Definition: 2.5 (Levine, 1963) If (U, TR(X)) is a Nano topological space with respect X where X € U
and if A € U, then

e The Nano interior of a set A is defined as the union of all Nano open subsets contained in A and is
denoted by NInt(A). NInt(A) is the largest Nano open subset of A.

o The Nano closure of a set A is defined as the intersection of all Nano closed sets containing A and is
denoted by NCI(A). NCL(A) is the smallest Nano closed set containing A.

Definition: 2.6 (Levine, 1963) Let (U, TR (X)) be a Nano topological space and A € U. Then A is said to
be

* Nano semi open if A € NCI(NInt(4))

e Nano pre open if A € NInt(NCL(A))

e Nano a open if A © NInt[NCI(NInt(4))]

e Nano semi pre open if A € NCI[NInt(NCI(4))]

NSO(U,X),NPO(U,X),t5(X) and NSPO (U, X) respectively denote the families of all Nano semi open,
Nano pre open, Nano a open and Nano semi pre open subsets of U.

Let (U, TR(X)) be a Nano topological space and A € U, A is said to be Nano semi closed, Nano pre
closed, Nano a closed and Nano semi pre closed if its complement is respectively Nano semi open, Nano
pre open, Nano a open and Nano semi pre open.

Definition: 2.7 (Bhuvaneswari and Mythili, 2014) A subset A of (U, TR (X)) is called a Nano generalized
closed set (briefly Ng-closed) if NCL(A) < V whenever A € V and V is Nano open in (U, TR (X)).

Definition: 2.8 (Bhuvaneswari and Thanga, 2014) Let (U, TR (X)) be a Nano topological space and A <
U. Then A is said to be

o Nano generalized a closed set if NaCl(A) < V whenever A € V and V is Nano a open in U.
e Nano a generalized closed set if NaCl(A) < V whenever A € V and V is Nano open in U.

Forms of Nano Generalized - Semi Pre Closed Sets and Nano Semi Pre — Generalized Closed Sets

Throughout this paper (U, ‘L'R(X)) is a Nano topological space with respect to X where X € U. R is an
equivalence relation on U. Then U /R denotes the family of equivalence classes of U by R.

In this section, we define and study the forms of Nano generalized — semi pre closed sets and Nano semi
pre — generalized closed sets.
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Definition: 3.1 If (U, TR (X)) is a Nano topological space with respect X where X € U and if A € U, then

e The Nano semi pre closure of a set A is defined as the intersection of all Nano semi pre closed sets
containing A and it is denoted by NspCl(A). NspCl(A) is the smallest Nano semi pre closed set
containing A.

o The Nano semi pre interior of a set A is defined as the union of all Nano semi pre open subsets
contained in A and it is denoted by NspInt(A). NspInt(A) is the largest Nano semi pre open subset of A.

Definition: 3.2 A subset A of (U, TR (X)) is called a Nano generalized - semi pre closed set (briefly Ngsp-
closed) if NspCI(A) € V whenever A € V and V is Nano open in (U, 7z (X)).

Definition: 3.3 A subset A of (U, TR (X)) is called a Nano semi pre - generalized closed set (briefly Nspg-
closed) if NspCI(A) < V whenever A € V and V is Nano semi open in (U, 7z(X)).

Theorem: 3.4 Every Nano closed set is a Nano semi pre closed set.

Proof: Let A be a Nano closed set. Then NCI(A) = A. We have to prove that NInt[NCl(NInt(A))] cA
which implies that A is a Nano semi pre closed set. NInt[NCI(NInt(A))] = NInt(A) € A. Hence Ais a
Nano semi pre closed set.

Remark: 3.5 The converse of the above theorem is not true which has been seen from the following
example.

Example: Let U={ab,c,d} with U/R ={{a},{c},{b,d}} and X ={ab}. Then 7z(X)=
{U, ¢,{a},{a,b,d},{b,d}} which are open sets. Then
{a},{b},{d},{a, b}, {b,c} {c,d},{a d},{b,d} {a, b, c} {a,c, d} are Nano semi pre closed sets but are not
Nano closed sets.

Theorem: 3.6 Every Nano closed set is a Nano generalized — semi pre closed set.

Proof: Let A be a Nano closed set of U and A €V, V is Nano open in U. Since A is Nano closed,
NCI(A) = A, A cV thisimplies NCI(A) < V. Also NspCI(A) < NCI(A) which implies NspCL(A) € V
whenever A € V and V is Nano open in U.

Therefore A is a Nano generalized — semi pre closed set.

Theorem: 3.7 Every Nano closed set is a Nano semi pre - generalized closed set.

Proof: Let A be a Nano closed set of U and A € V, V is Nano open in U. Since every Nano open set is
Nano semi open. Therefore V is Nano semi open in U. Here A is Nano closed, NCI(A) = A, A € V this
implies NCI(A) € V. Also NspCIl(A) € NCI(A) which implies NspCl(A) € V whenever A € V and V is
Nano semi open in U. Therefore A is a Nano semi pre - generalized closed set.

Remark: 3.8 The converse of the theorem 4.6 and 4.7 is not true. Let U = {a, b, c,d} with U/R =
{{a},{c},{b,d}} and X = {a,b}. Then tx(X) ={U, $,{a},{a b,d},{b,d}} which are open sets. Then
{a},{b},{d},{a, b}, {b,c} {c,d} {a d},{b,d} {a, b, c} {a, c,d} are Nano generalized — semi pre closed
sets and Nano semi pre — generalized closed sets but are not Nano closed sets.

Theorem: 3.9 Every Nano generalized closed set is a Nano generalized — semi pre closed set.

Proof: Let A be a Nano generalized closed set. Then NCL(A) < V whenever A € V, VV is Nano open in U.
But NspCl(A) € NCI(A), this implies NspCl(A) €V whenever A<V and V is Nano open in U.
Therefore A is a Nano generalized — semi pre closed set.

Theorem: 3.10 Every Nano generalized closed set is a Nano semi pre - generalized closed set.

Proof: Let A be a Nano generalized closed set.

Then NCI(A) <€ V whenever A € V, V is Nano open in U. Since every Nano open set is Nano semi open
set.

Therefore V is Nano semi open in U. Also NspCIl(A) S NCI(A) ,this implies NspCl(A) S V whenever
A € V and V is Nano semi open in U. Therefore A is a Nano semi pre - generalized closed set.

Remark: 3.11 The converse of the theorem 4.9 and 4.10 is not true. Let U = {a, b, c,d} with U/R =
{{a},{c},{b,d}} and X = {a,b}. Then tx(X) = {U, $,{a},{a b,d},{b,d}} which are open sets. Then
{a},{b},{d},{a,b},{a,d},{b,d} are Nano generalized — semi pre closed sets and Nano semi pre —
generalized closed sets but are not Nano generalized closed sets.
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Theorem: 3.12 The union of two Nano generalized — semi pre closed set in (U, 7 (X)) are also Nano
generalized — semi pre closed set in (U, 7z(X)).

Proof: Let A and B be two Nano generalized — semi pre closed set in (U, T (X)). Let V be a Nano open
set in U suchthat A<V and B € V. Then we have AU B € V, since A and B are Nano generalized —
semi pre closed set in (U,7z(X)), NspCl(A) SV and NspCl(B) V. Now NspCI(AUB) c
NspCl(A) U NspCL(B), this implies NspCI(AU B) <V whenever AUB <V and V is Nano open in
(U,7x(X)). Thus A U B is a Nano generalized — semi pre closed set in (U, 7z(X)).

Remark: 3.13 The intersection of two Nano generalized — semi pre closed set in (U, 7z (X)) are also
Nano generalized — semi pre closed set in (U, 7z (X)) as seen from the following example.

Example: Let U={ab,c,d} with U/R ={{a},{c},{b,d}} and X ={ab}. Then tx(X)=
{U, ¢,{a},{a,b,d},{b, d}} which are open sets. Then the Nano generalized — semi pre closed sets are
{a},{b},{c},{d},{a, b}, {b,c},{c,d} {a d} {a c}, {b,d},{a b,c} {b c,d},{a,c,d}. Here {b,c,d}n
{a,c,d} = {c,d} is also a Nano generalized - semi pre closed sets.

Theorem: 3.14 The union of two Nano semi pre - generalized closed set in (U, TR(X)) are also Nano
semi pre - generalized closed set in (U, TR (X)).

Proof: Let A and B be two Nano semi pre - generalized closed set in (U, TR(X)). Let V be a Nano semi
open set in U such that A € V and B € V. Then we have AU B € V, since A and B are Nano semi pre -
generalized closed set in (U,7z(X)), NspCl(A) €V and NspCl(B) V. Now NspCl(AUB) c
NspCl(A) U NspCL(B), this implies NspCl(A U B) < V whenever AU B €V and V' is Nano semi open
in (U,7x(X)). Thus A U B is a Nano semi pre - generalized closed set in (U, 7 (X)).

Remark: 3.15 The intersection of two Nano semi pre - generalized closed set in (U,‘L’R(X)) are also
Nano semi pre - generalized closed set in (U, TR (X)) as seen from the following example.

Example: Let U={ab,c,d} with U/R ={{a},{c},{b,d}} and X ={ab}. Then tx(X)=
{U, ¢,{a},{a,b,d},{b, d}} which are open sets. Then the Nano semi pre - generalized closed sets are
{a},{b},{c},{d},{a, b},{b,c} {c,d},{a,d},{a,c},{b,d},{a,b,c},{b,c,d},{a,c,d}. Here {a,c}n{c,d} =
{c} is also a Nano semi pre - generalized closed sets.

Theorem: 3.16 If A is Nano a generalized closed set in (U, TR (X)) then it is Nano generalized — semi pre
closed set.

Proof: Let A be a Nano a generalized closed set and A €V, V is Nano open in U. Then we have
NaCl(A) € V. But NspCl(A) < NaCl(A), this implies NspCI(A) < V whenever A € V and V is Nano
open in U. Therefore A is a Nano generalized — semi pre closed set.

Theorem: 3.17 Let A be a Nano generalized — semi pre closed set in (U, tz(X)). f ASB <
NspCIl(A), then B is also a Nano generalized — semi pre closed set in (U, TR (X)).

Proof: Let V be a Nano open set of a Nano generalized — semi pre closed subset of 7z(X) such
that B < V. Since € B , we have A € V. As A is a Nano generalized — semi pre closed set,
NspCl(A) € V. Given € NspCl(A) , we have NspCIl(B) € NspCl(A), Since NspCl(B) <
NspCIl(A) and NspCl(A) <€V, we have NspCI(B) € V whenever B € V and V is Nano open.
Hence B is also a Nano generalized — semi pre closed set.

Note: 3.18 Evey Nano generalized — semi pre closed set is Nano semi pre - generalized closed set.

Note: 3.19 Every Nano semi pre closed set is Nano generalized — semi pre closed set and Nano semi pre -
generalized closed set.

Conclusion

In this paper, some of the properties of Nano generalized — semi pre closed sets and Nano semi pre —
generalized closed sets are discussed. This shall be extended in the future research with some
applications.

© Copyright 2014 | Centre for Info Bio Technology (CIBTech)



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)
An Open Access, Online International Journal Available at http://www.cibtech.org/jpms.htm
2015 Vol. 5 (3) July- September, pp. 27-31/Shalini and Indirani

Review Article

REFERENCES

Andrijevic D (1986). Semi pre open sets. Matematicki Vesnik 38(1) 24-32.

Bhattacharyya P and Lahiri BK (1987). Semi Generalized Closed Sets in Topology. Indian Journal of
Pure and Applied Mathematics 29 375-382.

Bhuvaneswari K and Mythili Gnanapriya K (2014). Nano Generalized Closed sets in Nano
Topological spaces. International Journal of Scientific and Research Publications 4(5) 50- 53.
Bhuvaneswari K and Thanga Nachiyar R (2014). On Nano generalized (] - Closed sets in Nano
Topological Spaces. International Journal of Engineering Trends and Technology 13(6) 31- 33.
Bhuvaneswari K et al., (2014). Nano Semi Generalized and Nano Generalised Ssemi -Closed Sets in
Nano Topological Spaces. International Journal of Mathematical and Computer Applications Research
(IIMAR) 4(3) 117-124.

Bhuvaneswari K et al., (2014). On Nano Generalized Pre Closed Sets in Nano Pre Generalized Closed
Sets in Nano Topological Spaces. International Journal of Innovative Research in Science Engineering
and Technology, Issn: 2319-8753 3(10) 25-29.

Devi R, Maki H and Balachandran K (1993). Generalized [ - Closed sets in Topological Spaces.
Bulletin of the Fukuoka University of education, Part 111 42 13-21.

Dontchev J (No Date). On generalizing semi pre open sets. Memoirs of the Faculty of Science Kochi
University Series A Mathematics 14 41-54.

Lellis Thivagar M and Carmel Richard (No Date). Note on Nanotopological Spaces (communicated).
Lellis Thivagar M and Carmel Richard (2013). On Nano forms of weakly open sets. International
Journal of Mathematics and Statistics Invention 1(1) 31-37.

Levine N (1963). Semi open sets and Semi continuity in Topological Spaces. American Mathematical
Monthly 70 36-41.

Levine N (1970). Generalized closed sets in Topological Spaces. Rendiconti del Circolo Matematico di
Palermo 19 89-96.

© Copyright 2014 | Centre for Info Bio Technology (CIBTech)



