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ABSTRACT
A regular solution for the Boltzmann equation is proved using the Sobolev inequalities.
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INTRODUCTION

The Boltzmann equation is one of the fundamental equations in Kinetic theory. It describes the shock of
particles by giving the expression of the collisions operator. We follow the theory of binary and elastic
collisions due to Lichnerowicz and Chernikov (1940), according to which at a position and a given time,
only two particles enter in collision, without destructing themselves, only the sum of their momenta being
preserved (Noutchegueme, Dongo and Takou, 2005), (Noutchegueme and Takou, 2006) and
(Noutchegueme and Dongo, 2005) had solutions in the sense of distributions. (Mucha, 1998) says that there
exists a solution which is a function of class C*, but without giving the elements of proof. In the present
paper, we prove in details by giving the derivatives up to order three of the change of variables. We show

why one must consider a weighted Sobolev space HZ2(R®) with d > g

(Glassey, 1996) studies the Boltzmann equation in the Minkowski spacetime. He also gives the formulation
of the relativistic Boltzmann equation we adopt here. We choose the Robertson-Walker spacetime, which is
a simple curved space; notice that the Boltzmann equation is more complicated in a curved spacetime than
in the flat spacetime, because of the Christoffel symbols which appear in the left hand side, and the
determinant of the metric, which appears in the right hand side with the collision operator. This brings some
obstructions in calculations. (Noutchegueme, Dongo and Takou, 2005), (Noutchegueme and Takou, 2006)
and (Noutchegueme and Dongo, 2005) had function space in which the solutions were only distributions. In

the present paper, we have as function space, the Sobolev space Hd3 in which the solutions are regular

functions of class C*. The difference is very important. To obtain this result, we had to do calculations
which are not trivial (fundamental inequality, linearized Boltzmann equation, - -- ) and we found solution in

H 3 weak star. It was not easy. We leave for later the treatment for large time, since the short time is

already long enough.
The work is organized as follows :
In section 2, we introduce the Boltzmann equation;
In section 3, we prove the fundamental inequality;
In section 4, we prove the existence theorem.
The Boltzmann Equation
The Equation
We consider the Robertson-Walker spacetime, which is a curved Lorentzian manifold, whose metric writes

g = —dt® +a(t)[(dx')* + (dx?)? + (dx*)?] (2.1)

where (x“) = (x% x')=(t,x') are the coordinates in R*.
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We adopt the Einstein summation convention A B“ = ZAQB“ . We suppose that a >0 is sufficiently
a . . :

smooth and that — is bounded over each interval [0,T], T >0. Hence there exists C >0 such that
a

a
| =< C, from where we deduce :
a

1 e

a(t) <ae”™ (= )(t) <— 22)
0
with a, = a(0).
The only Christoffel symbols which are not zero are the T'Y and T}, where:
Mh=Tg=T§=aail, ==l =" @3)
The Boltzmann equation writes :
L, f=Q(f,f) (2.4)

1. where f is the distribution function which mesures the probability of density of presence of the
particles in a given domain. f is a real positive function of the position X and of the momentum

p=(p”)=(p° p), p=(p'). Thefunction f isdefined on the tangent bundle T (R*) :

f: T(R*) >R"
(x*, p") > f(x*, p”)

2. L, isthe Lie derivative with respect to the vector X ; here :

(Ly)* =-T5, p*p“+eFp’ (2.5)
where € is the elementary charge of particles, F = (F, ) the Maxwell fields generated by the charged

particles.
We normalize the rest mass of the particlesto m =1, and they are in the mass hyperboloid whose equation

is: g,,p“p” =—1 inthe tangent bundle.
The expression (2.1) of the metric gives :

p° =\1+a%((p") +(p*)’ +(p*)") (26)
where the choice p° >0 symbolizes the fact that particles eject toward the future.

(F“?) is solution to the Maxwell equation :
s 2 f(n
PTIgl” f(P) 4%
R3Td p—eu” (2.7)
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where we suppose that the particles are comoving which means u = (u”) =(1,0,0,0). We have for
£=0:

V,F®=0, F°+T4F*°+I F* =0

since F depends only on t and is antisymmetric. (2.7) then gives;

e=a’(t)[,f(p)dp (28)

3. Two particles have the momenta (p,q) before the collision and the momenta (p’,q’) after the
collision and the conservation law implies :
p+q=p'+q (2.9)

4. Q isthe collision operator which can be written, taking two functions f and g on R® :

Q(f,9)=Q"(f,9)—-Q (f,9) (2.10)
Where
Y+ v (13(?5) v i _— —_ = =f = I
Q" (f.9) = / o dg | f(P)g(@)B(p,q.p.q)dw (2.11)
. }';3 . 52
o (13(?5) i\ — = = D
O (f.9) = [ a1 | 1(Pe@B(p.3.7.7)de (2.12)
JE3 J 82
with :

S? the unit sphere of R® whose area element is denoted dw:;
B s a positive regular function called the shock kernel or the cross section of collisions, on which
we make the following assumptions :

3C>0,0<B(p,q, p',q) <C
(H,) (1+|_P|)'P8§BPL1(R3 2, €L(R),0<5|<3,0<1<3
(1+] )" 02B e L" (R*xR°x8?),1<| B[<3

5. The conservation law (2.9) split into :
' +q"=p" +¢" (2.13)
P+q=p +7q (2.14)

(5) is the conservation of the elementary energy defined by :
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& =1+’ ()[(p")? +(p2)? +(p*)*1+y1+a2 M) +(a2)* +(a°)?] (2.11)
we interpret (5) following R.T.GLASSEY by setting :
P'= p+b(p.d.0)0
q'=q-b(p,q, @)@ (2.12)
(weS?)

inwhich b isaregular function of its arguments; b isa real valued function which, following (2.6), (5),
(5) is solution of a quadratic equation whose non trivial solution is :

_ 2p'q%w- (- p) 213
P60 = (&) ~[@- (p+q)F @1

with E= T € given by (2.11); the dot (-) is the scalar product defined on R® by :

P
p-a=a’Olp'a + pq’ + pig’land | pl = 2O + (02 + (0] (214)

Note that the change of variables (2.12) give _p a in function of E : a @ , so that the integrals in (4),
(4) which are taken with respect to a and @ leave a function of the only variable B :
Now using the usual formulas, the Jacobian of the change of variables (p,q) > (p',q') given by (2.12)
is:
o’
o(p,

QIQI

). P (2.15)
) p°

Functional Space
Definition 2.1 Let meN, seR*, T>0, | pl=/(p)+(p?)2 +(p%)?;

1 HI(R®)={f :R* >R, (I+| p)*"0~f e L*(R%),| Bl<m}
HT(R®) is a seperable Hilbert space with the norm :
Hf| Im(R3) = OIHHX H(l + |p )3+ _j|a f|| L2(R3)

——S

2. H'(0,T,R*) ={f :[0,T]xR® >R, f continuous, f (t,) e H"(R®), vt [0, TT}
Endowed with the norm :

s+|3
H]( |Hm(0 TR3) = g[uploiﬂ?éq H 1 Ll |p|) |a f( )";2(33)

H™(0,T,R®) is a Banach space.

Remark 2.1 Since [0,T] is compact, and the application f :[0,T[xR*—R,
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f(t,) e H'(R®) continuous,
(+] p))

(| p I)“'ﬁ'@ﬁf(t )

is reached, i.e, there exists t, €[0,T] such that :

SUpP max

R3)
te[0,T]10<(8I<3

= max |(1+] p )22 f (t,,)|

Su
p max L2 (R3 0<|8|<3

te[0,710<(I<3
this means that HY (0,T,R®) is also a seperable Hilbert space.
For afixed r >0, we set :

HI.(0,T,R®) ={f eH?(0O,T,R), ||f||Hrsn(0,T,R3) <r}

2R3

Endowed with the norm induced by H;“(O,T,Rs), Hzr(O,T,R3) is a completed metric space.
If m=0, f eH"(R®) = (1+| p])* f e L2(R%). So HY(R®) will be denoted L2(R®).

The choice of mand d > g

Since we are looking for regular solutions of the Boltzmann equation, we look for f eCﬁ (R3), the
continuous and bounded functions of class C'. So we look for m such that :

H™(R3) — CH(R?)

By the Sobolev embbeding theorem, we know that :

WH(R?) — EFR™) if m>k+ >

Herewehave n=3, p=2, k=1 (W, =H"). We must take m such that :

m>1+§—E
2 2

5 .
the smallest enteger m such that m > 3 is m=3, and we have :

H3(R®) — HY(R®) < CL(R%)
Now the authors of [2] , [3], [4] had solutions f suchthat: f eL}(0,T;R®) where:

L (R®) ={f :R® >R/ (1+| p] f e L'(R®)}

and

LlZ(O,T,RS) ={f :[0,T]><R3 >R/ f(t)e le(Ra), vte[0,T]}
L, (0,T,R?%) is endowed with the norm :

[hor5, = st (21D )

1R

fromss which le (O,T ,R®) is a Banach space.
5

Let us show that, if d > > then :

HY(RY) < L3(R?) o Li(R).
Let f eH(R®).Wehave:
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[l ey = [ I PD I Idp= [+ D" @D’ | f [dp.
By Schwartz inequality, we have :

1 1 L
gy £ o B0 6D 901 1 6 = (o 90
But IR3(1+ | p)>2d p has the same nature as J'Om(l+ r)?r?dr which is equivalent to J‘OMerdr_
But this integral converges if 5—2d <0, i.e d > g Hence if d >g,then

” f |||_12(R3) < C” f ”L% R%) < C” f ”Hfj (R3)

2.3 Boundedness of (p,d,®) 8€b(6,a,a)) , 1< <3

Proposition 2.1
1. Thereexists T >0 such that

@) —[w-(p+9)F=2,t<[0,T] (2.16)
2. We have:
(€)? —[w-(E+§)]2 > (1-a%)(p°)?
(f)z —[o-(p+ 9)]2 > (1- az)(qo‘))j (2.47)
&) —[o-(p+9)]" =(1-a%)pq

3. Thefunction (p,q,®)— agb(_p,a, o), is bounded for 1<| B|<3.

Proof.
1. Wehave |@-(p+q)[<|ef[p+g| then (€)° ~[w-(p+Q) > €)° ~|of|p + q -
But: || = a*(e? + w? + @) <a’.So:
@) -lo-(p+F 2 @) -a’[p+a| = @7 -a*([p| +[a| +2[o]Ja) @
But by definition (2.11) of &€ we have & = p°+q°. Then using (2.14) we have :

@ = (L] e fa]'y =2+ ol [l + 2L+ o e [al") = 2+ (olf + Il + 2o Ja

Hence, using (a), we have :
€ -[o-(p+a)F =2+ @-a*)(p[ +[al +2|p|a]) - (b)
Now we had by (2.2) 0<a(t)<ae®, then a’(t)<a’e** <aZe’’.
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If T issuchthat: aje**" <1,then 1-a* >0, and using (b), we obtain :

) —[w-(p+q)F =2 ;thatis (2.16)

2. (b)implies that (€)% —[w-(p+ Q)P 21+ (1-a*)(p| +[al’ +2|p||d])
Since 1—a* >0, we have :
@) ~[o- (p+q)F 21+ (1-a)|p[ : €)*~[o-(p+QTF =1+(1-a*)|q|
But 1>1-a?,so
@) -[o-(p+QF = (1-a%)+(1-a?)|p| = (1-a®)1+|p[) = 1-a*)(p°)?

) ~[o-(p+a)f = (1-a%)+(1-a)d| = (1-a*)(L+[d[") = (1-a")(@")’
Now taking th_e pr_oduct of the 2 inequalities, we obtain :
(@) ~[o-(p+a)T)* > (1-a%)*(p°)*(a°)’
And taking the root : -
€)* ~[w-(p+9)F > (1-a%)p°q"
(c), (d), (e) are (2.17).
3. Let f=1.Wehave:

DZb(p,d, w)_ab(g—p?a)) i=123; o p=a’(o'p+a’p’+a’p?). Set:
A:2p°q°€w-(a—‘p)=2p°q06w-(%—p—%>=2€w-(p°a—q°‘p)
A, =€) ~[o-(p+q)I

We have b= Al . Then:
A,

8A1 OAQ oA Az
bpao)_ o Mo _op o
ap' A§ A, A§
~ 2 Al
Buta—ei:a E) :then :
op
a%ep’ _
a—A} 2a2pa)(pq q° p)+ ep w-q-23a°q€w
op p°
a—Af:Zaep 2aa)(p+q)a)
op p°
We have :
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Ai%:26co~(p°a—q°‘p)[2a2€;¥;—2a2w-(‘p+a)wi]

and : |
|A12—’;?|s2’e‘|w|(p°|a|+q°|‘p|)[2a2€'§—;'|+2a2|w|(|‘p|+|a|)|a>i I
<4ap’q”(p’+q")[2a(p” +q°) +2(p° +q°)]
<8a(p°q”)(p° +9°)*
| Aig—gﬂs CMP°a’) + p°(a°) +6°(p°)’]

Now we have :

6 i _ . - _ i _

| a_’;} < 2a %”wn( p°la] + o°|) + 22°0°8 | | 4208 "s_o'||a)|| ld
<4ap’q®+2a’q”(p° +9°)+2a’q°(p° +q°) = 4ap’q’ +4a*q°(p° +q°)
0

|6—’;}|sccr)[p°q° +(q°)?]

. ob
From the expression of F , We have :
p

A A%
op A, A

we now use (2.17) which gives :

A > (1-a%)(p°)*, A, =(1-a*)@")*, A,=(1-a%)p°g°
AF>(1-a%)%(p°)*, A7 =(1-a%)%(q°)*, Ay =(1-a%)*(p°g°)?
Al >(1-a%)7p°(q°)°, Al =(1-a*)?q’(p°)’
to obtain :
ay
a—pi c poqo_i_(qo 2 c
A, : (r)((<:l°)2+|o°q°)S M
| AR
B _omy P+ +a ()
p ey ey <
Hence_ B
| AL < e qr)
p
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Let |f|=2, wehave:

Dﬂb(pqw)_aba(? qja)) i Jb(B!C_La))! i’j=1’213
p'op " P
We have, using (a) :

.,A.L 0, A0, iR 0 A0A Aﬁz.,Az Aﬁ A0 i A

. b(p.q, ) = 2L (i)
AR R TR s
We have, using (b) and (c) :
— ) — q° 4.0 i
o in:2a25?a)-q—2a25!(w~p)q——2aq po 2a'q’p'plo- p -2a'q’w, — P ~+2a'(0-q) P'p!
PP 'p (p°)’ p° (p°)*

2a25 (o q) 2a* e(a) q) p'p’
| po - p° (p)
p'p! 2a’€s; 2a‘Ep'p!
oz T 0 0\3

(%) p (p")

-2a'w o,

0% A =22

From the inequalities :

| A KCMI(P")?a’+p°(a°)]

0% iAISCMI@)* + p°a’]

[0,A0 1A IS CM)A°(p°)* +p°(a°)* +(a°)°]

0% A I CMIA*(p%)’ +(p°a’)* + p°(a’)’] 0)
| A8 A I<CMIA°(p%)° +(p°a°)* + p°(a’)’]

10,1A0 ;A ls CMI(p")*+p°a" +(a°)*]

and given that from (i) we have :

2 2
laiipjb(mw)lg|api/:m+2|apiA1Aa;,-A2|+|A||i§p,-Az|+2|A||api§aijz|
we deduce that :
|2%,,b(p.q,@) [<C(T)

Let | B |=3. We have :

— = o°b (p q co)
V/ =———="7
DBb(p,q,w) apicpiop” pIpkab(p q ), 1,],k=1,2,3
azb(p,q,a))

we derive the function given by (i), with respect to pk , We use estimations analogous to

op'op’
(j) and we de_du_ce that :
8% 5 xb(p.q. @) [<C(T)

This ends to prove that (_pa W) - D{b(f), a ) isbounded for every S suchthat 1<| #|<3.
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This ends the proof of Proposition 2.1

The Fundamental Inequality
We want to prove that, if the collision kernel B satisfies the hypotheses (H,) then,if f,geH](R®)

with d >g,then #Q(f,g) isalso in H3(R®), and that (f,g)H%Q(f,g) is continuous from

H3 (R*)xH;(R®) to HJ(R®). We will use several propositions to prove this fundamental result. We
will denote by C(T) several constants depending onlyon T .

e 5
In what follows we suppose that B satisfies (H,) and that d >E.

Proposition 3.1 Let f,geH?3(R®). Then we have :

— 1
(D) Q1) <COfhg ool

L2 (R3)
Proof :
Wess have :
(L+1pD? —Q (f.9)=(L+|p)* j dquf(‘p')g(a')B(‘p,a,B',a')dw
thus
(1+|_p|)d#Q+(f,9) =L af,f(p)9(@)B(p.q, p',q)dw]’d p
or (R%)
(1) Q' (1 o <cm. (1+(||op)|) [, 5o T(PIO@)B(R.0, . 0T d
L2(RY)
<cm, (1+(I'O'°)') s g5 F(P)O@)BB2 (5.0, 7' 4)dcdel'd p

We apply the Cauchy-Schwartz inequality for the integral on R*xS? to obtain :

@ 1pD* (p LF(@)FIo@)F Bdade -
¢ Bdgdw]d
LZ(R3)< Oy Ules o 1[....Bdadoldp

(L+] )’ —Q (f.9)

<cm, M”B”emsxsz p[maxszlf(p')ll?ég)'y Bdedo -

But [B| &) € L*(R®) and B is bounded, hence :

Ll(R3><

<cM)[dof[, . (“' p') (B Flo(@) E’dﬁ (3.1)

L2(R%)

(L+] p)’ Q (f, 9)
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We have : (1+| p[)? <C(T)(p°)?, then :

1+| pl<C(T)p° <C(T)(p° +q°) <C(T)(p*° +0"), since by (5), p°+q° = p°+q”°

and on the other hand :

p° = \/1+az[( P +(p*) +(p"?)] S1+\/az[( p)? +(p?)? +(p”)?1 < C(T)(L+] p')

So :

1+| pICT)(p° +q°) <CM)[(A+] p') + @+ [ gNISCT)(2+| pl+]9]) <CT)2+2] p'|+2]ql) <C(T)(L+] p'

. So we have :

(L+] p) <C)(L+ PN+ (3.2)
We also know by (2.15) that : o o
dpdq _dp'dg 33)

quO pIOqVO

<1, (3.1) gives, using (3.2) and (3.3) :

Since Oqo

2

<CM) [ dof ,(1+pD* | ()P dp'[ ,(+aD* | g(@)F dg

L2R%)

(1+|B|>%Q+(f,g)

<C(T)|f ||i§, <R3>||9”i2 R%)
Then :

_ 1 .,
(2+] p)° FQ (f.9) SC(T)”f”L%1 (R3)||g||L2(R3) SC(T)”f”Hg(R3)”g”Hg(R3)

L2(R®)

Proposition 3.2 Let f,g eH3(R®). Thenfor B suchthat | B|=1, we have :

< C(T)” f ”Hﬁ (R3)||g||H3 R3)

L2 (R

(1+|‘p|)d“aﬁ($@(f,g»

.Let i=1,2,3. Wehave | f|=1.
O (5Q (F,0)=0 ,(Q"(F,0)==0,Q"(f,9) -~ 2.Q'(f,0)
p Pp p- ° (pY)

and :
(W P2 (5 Q7 (F.g)= (1 pD™ =0 ,Q"(F.9)— (| p)** 22 Q7 (f.g).
Pp p-° (p")

So:

a‘2 pi

1. A AL + f,
(I+]pl) (po)gQ( 9)

+
L2(RY)

<

L2(R%)

(+1PD* 50,Q°(1.9)

(1+19D*"2,, (50" (1.0)

L2(R%)
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and

0,Q'(f.9)
cJarpp =Y

rem)arpper L9

L2(R3)

a0, (5D

12(rR3) L2(R%)
(3.4)
Since (1+| p[) <C(T)p° and |a’p’ |<C(T)p°.

The second term of (3.4) is estimated in proposotion 3.1; for the first term, we have :
2 —
—nds L + _ —1 — a3 dd TN (o 2
@ 1p)™ 50, Q (o) = [dpls el p)™ e’ [ 5 [ 000, [F (PIO(@BI @)

in (3.5), we have :
0 [T(p)9(a)BI=0;p'0 ;T(p)9(a)B+0 ;q'0 ;9(a)f(p)B+T(p)9(q)d ;B (36)
We know by proposition 2.1, 3) that Dé"b(_p,a, ) isbounded for 1< #|<3

L2(R%)

So, since p'= p+b(p,q,®) and q'= p—b(p,q, ®) . Z—B| and |Z—ci| are bounded. So, from (3.5)
P p

we have :

(L] pl)*
0

(L+] Pl)d“pfa Q" (f, g)

<c(m)[ dp(

L2(R%)

_[Rs oLz(Ia f(p)9(@)B+ ()0 ;9(a)B|+| f(p)g(q)? ;Bl)de)’

2

— o 1 . 1 20+2 10, f(p)a(q)B|
aippto oty <aemapEEI gr ——dgde) @)
p-° 2®3) (p°)’ s q
If(p)a 19@@)B| If(p)g(q)a BI _
+(,[R3X52 q0 dade)” + IIRs §2 e dqdw)’}
We have for the first term in the right of (3.7), using Cauchy Schwartz inequality :
1 1
(=@ p)* 10, f(p)g(q)Bszl -
sz (p ) (.[.[R‘?’XSZ qo dq a))
2 12
— (1+| p ]+ 10 TP Ie@)I" B _
< R3d p(p—) .”R3xsz (9°)? )(J..[RaxSZBd qde)
But .”R3 SzBdadw=||B||L1(Rs 52, € L”(R*) and B is bounded, so we have :
_(1+|_p|)2d+2 |a f(p)g(q )Bl _ (1+| p|)2d+2 1 — - _
[«d pW(jLw 7 dode)® <C|. deijaxszwlap,if(p)|2|g(q>|2dqdw

Now we have :
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dpdq _dp'dg
quO pIOqIO

(] p2 =L+ pD(2+| p)) <CT)p°(+| p(L+| g <C(T)p°q°p"°q"”;
(+] pl) <C(T)(&+| PP+ )

(3.8)
Then :
— (14| p 2 10, f(Pe@Bl _
Jotp = o Yo dade)
1 2d+2 5 d d
< [dof], PV g
<J' J‘J‘R3XR3 |p|) (1+|p|)2d dedq

zdpdq

<] IIRng“'p" (1) (@)™
sccr)jszdijs(lﬂ p*# 10 f(P)F dp jR3(1+|q D™ [a(p) " dq

1 20+2 10, f(p)9(q)B|
szdp%qugxsz ooy <COlf ool ©9

Replacing 8p,if by Eﬂq,ig the same remarks gives

— (1] p ¥+ | £(p)2,;9(a")B|
J.R3d p%(IJ}Q3XSZ ;0 dqdw) <C(T)” ”H HGE )”g”H MG (3.10)

Now we have, for the last term of (3.7), using Cauchy-Schwartz inequality :
1 1

- 2d+2 | f(p)llg@)llo ;BI?lo Bl _
[ |o—(1+(|pIO |)) ([fo.sc o dedoy

() MO LECHEE Bl -
dp—F—5— d 6 B|d qd
<fotp = oo 7 dodel([[, .10 ,Bldade]

But 0 Be L”(R*xR*xS?) and |0 ,B e L”(R®), then

Pl R3xs2)

eyt T®NI@10,8] wa
[ p%(msxsz . dade)’ <C[dof[ Sz%l ()l 9(@)F d pdg

We use (3.9) in which we replace 6p,i f by f toobtain:
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If(lo)IIQJ(Q)II8 Bl _

— (1 2d+2 )
.[R3 ( +(| pp |)) (J‘J-R3><52 qo dgdw)

<CM)[da(| (@ pD* | (P dp)(| o(+1aD* [9@) F da)

(1] p )22 [f(e)lg@)lo Bl
Lo (e gp 00y <CO g 0l 0, 010
From (3.9), (3.10), (3.11) have, given (3.5) :
a1
(a+1pD*™ 50, & QT | - =<CO g s g e (312
L2(R3)

(3.12) and Proposition 3.1 applied to the Iast term of (3.4) give Proposition 3.2

Proposition 3.3 Let f,geH3(R®). Thenfor B suchthat | B|= 2, we have:

(1+|6|>d+zaﬁ<$cz(f,g))

<C(T)[f ||Hg (R?’)”g”Hg ®%)

L2(R3)

. We sow that :

a(—Q(fg»- aQ(fg) (""“;Q(fg)

Derlvatlng this formula with respect to p’, we have:

pp,( Q' (f,9)= a( 70,Q'(f.9)-0 | (f‘;Q(fg»

a‘p’ . p . a’s; . a p'p’
- 0 Q" (f,9)———0 Q"(f,g)- Q' (f, Q"
(p0)3 p| ( g) ( ) ] ( g) (p0)3 ( g) ( )5 ( g)
(3.13)

2 l + _i 2 +
apipj (FQ (f,g))— po apipj

For the second and the thirth terms of (3.13), we will have, given (3.12) :

. a 1 ~ aZ j 1 PR .
(l+|p|)d2 :||(+|0p|) E)) (+|p0|) aIQ (f,g)
(p) 2wy | P00 D p ; )
IR 1 +
<CM)|(L+| p)° 1—05piQ (f.9)
P L2(R%)

<C(T)|f ||Hg (R3)”g”H3 G
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(L+]p |)d+2( 0y3 ) s SC(r)”f||H§,(Fe3)”g”H§(R3)
22p) L ED (3.14)
(L] p*? (p°)° S C(T)”f||H§(R3)”g”H§(R3)
L2(R3)

For the fourth and fifth terms of (3 13) we will have, given Proposition 3.1 :

@ p)? 22 qr(t.q) (1(”")") (a25) (1| p)° —Q (.9)

(p°)’

L?(R%) L2(R%)

<C(T)

(1+|‘p|)d$Q+(f,g>

L2(R%)

_ a%s!
1p) Q) <O lolge, @15)

L2 (R

@1p)* pp! (@) o
TTER (0 o(f.9)

@+ p)* 2 PP g (f,g)
(%)

<C(T)

L2(RY) L2(R%)

(1+|‘p|)d$Q+(f,g>

L2(R%)

@ )2 PP o (1,g)
(p")

SC(T)”f||H§(R3)||(~:]||H3(R3) (3.16)

L2(R%)

We then have to study only the term [|(1+ | p|)d+2 . JQ (f,9)
p

L2 (R

We have :
appee, @ (fa)f
T

P

= [LApL s s pD* ], dqj 2, (1(2)9@)B)doT (317)

L2(R%)

If we derive Gpi (f (E')g(a')B) given by (3.6) in the proof of Proposition 3.2, with respectto p’, we
obtain :
&% ;i (f(p'a(@)B) =2 [0, p'd ; f(p)g(a)B+f(p)2 ;40 ,9(q)B+ f(p)g(q)d B]

=0 [0, p'o  (P)g(@)Bl+a ,[f(p)2,q'0 ,9(@)BI+d ;[f(p)u(@)d BI
We then have
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ss{ngdp[;o(lﬂde” 2’f deww @, P ; f(P)g(@)B) I

2R

2
A A+ 1 +
(| p)° zﬁaiiij (f,0)

+ [Pl (@ pD2a’ dqjdww (f(p)2 ;q'0 ,9(a)B) [T’
R p

+j3d‘p[io<1+|p|)“ a’[, qjdwm (f(P)g(a)2 ;B) '}
R p

(1+||o|)‘”2IO 2 Q(f, g) <3(a+pB+7) (3.18)
L2(R®)

where
a:szda%(mpr a’ dqjdww @00 F(p)9(@)B) I’

ﬂ:Jde‘p%uﬂpD“ s qjdww (f(p)2 ;0’0 ;9(a)B) I’ (3.19)

y=jR3dB[§(1+|p|)“ [ dqjszdwla ((p)9(@)2 B I

Estimation of «

We have :
0,0, P T(p)9(@)B) =0 ;p'o f(p)a(@)B+a po;  f(p)9(a)B

+0,p'0  F(P)0 ;0'0_;9(a)B+0 ; p'd ; f(p)9(@)o ;B
p q p p p

Set

I=IR3dB[#(1+|p|)d*2 2’ Odqjszwﬂ i P'0 i f(p)g(a)Bdo]’
J=jR3d‘p%(1+|p|)“+2 2’ Odqj 0, P2, f(p)9(@)Bldw)

K = [ A PI=5 1+ D 2a°[ —dqj 0,p'0,,F(p)2 ;00 ;0(a")B|do)’
R p

L= [ dpls (1 p) 2] odqj 16,72, F(P)9(a)0 ;B|do]
R p

0%, , p' is bounded since be(p,q,co) is bounded for | B|=2.
p'p
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We can then write :

DD ,if(B')g(a')BﬁB% o
<emf, S S ; dadel’d p

and using the Cauchy-Schwartz inequality for the integral on R®xS?, we obtain :

o f(P)Flg@)FB _ o
2d+2 (1+ p |) p!

L <CM)[ @+ pD*** =5[] s .o @7 dode]([[ , ,Bdade]d p
We know that (1+| p|) PBPLl(R3 2, €L°(R?)  that B isbounded, so:

L<cM)ff, @+ 1pD* 12, f(P)Fla@)F “*Lgo') dppgq

dpdq _dpdg
poqo - IOqVO

— -, - — ., (| p)?tdpdg

| SO [ b DD @ 10D 10, T () Flo@F R SRS

<CM(,@r D210 F (P dp)[ L@+ aD* [g@) [ da)

We know that and that (1+| p[)? < C(T)p°q°p’°q’°. So we have :

I< C(T)”f||2H§(R3)”g”2H3(R3) (3.20)

We now have for J, since
azj f(p)=0 ;0 i p'o J f(p'))=0 i plaz,i i f(pl)"'az,i j p'o j f(p’)
p-p p p p p prp prp p

(1+| p )2+ 6%, ; f(p)a(a’ )Bl _
] R [ P dqdeldp
12 p'e%,  F(p)+2%, ;p'a i f(p)la@)B
(1+|p|)2d4 |8Jp8'| i Qo j — —
SC(T)J.R3W[”R3X52 b PP PP dqde]*d p
p q
_ _ _ 1
14 | )20+ (0%, ;TP I+l ;f(pINla(@)IB? 1 _ —
<ef R KELRT
p q
Using Cauchy-Schwartz inequality we obtain :
+ 2 i fe)+o  f(p)D*a(@)f B
(1] p > (1951, i 5
J <C(T)J T(”.RaXSZ - (pqo)z dqdw)||B”L1(R3xsz)

B isbounded and (1+| p |)?|B| e L”(R®x S?),, this gives :

L1(R3xs2)
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14 2d+2 [o%, . f(B')|2 +]0 f(_p') I -
Jscaﬁﬁp(|pb j&@z L mﬁzp' 19(q") [ dgde
. dpdq _dp'd — 0 — - -,
since pﬁq? = p'?oq,? . (1] P2 <CT)P°a°p°q”, L+| pls CT)(L+| P+ g

I<eM)|[ 40 pD* (“';") (2%, 1)+l f(no)|)|g(q)|2‘”"°2q

2( | p)?
p°q’p”q”

<C)|[[aa@ P00, (PP +10 5 F(PIFIAHIAD™ 19(@)) 7dpdg

<CI)([ @ 1PD* 0% ; F(P)F +12_5 F(p) 1 P)(J 2+ 1aD* [9(@) [ der)

<CO)([a@r 1D 122 F(P)F dp+[ (L P[0 ; f(P)F dp)([s(+ D™ [9(a) F dq)

J< C(T)” f ||2H3(R3)||g||lz—|(3j(R3) (3.21)
By a calculation identical to | we obtain :
K <CO)f 3 ey l0lhz e,

(3.22)
L<CO)f [ lolkia o)

Finally (3.20), (3.21), (3.22) imply for « defined in (3.19)
2 2
@ < C)| [z e [0l e (629
Estimation of £ _and y _given in (3.19)

ﬁ:JdeB[#(lﬂpbd*z 2’ qjdma (F(p)0 ;9'0 ,9(a)B) I

=IR3dE[§(1+|p|)d*2 a’[ qjszdma (f(p)9(@)2 ;B) I

For S, we treat the term &°, ,jg(q) as we treated the term o7 j f(p'), and, using the same
qq pp

arguments, we obtain :
B = C(T)”f|||2-|§(R3)||g||»2-|§(R3) (3.24)

2l B
p'p!

eL”(R%) and &%, ;Bel”(R°xR’xS?).
pp

L1 (R3xs2)
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The same arguments as in the other cases give :
2 2
SIS0 L] NEPICH ¢/ NEPEY (3.25)
using (3.23), (3.24), (3.25) we obtain for (3.17) :
— 2
[@1p)™?0%, Q" (f.9)]
| P
(3.26) gives with (3.15) and (3.16) :
And+ 1 +
(L+|p)’ Zaf(FQ (f,9)

= C(T)”f|||2—|3(R3)||g||l2—|3(R3) (3.26)

L2(R3)

= C(T)”f||H3(R3)”g”H§(R3)’ |1BI=2.

L2(R3)
This ends the proof of proposition 3.3

Proposition 3.4 Let f,geH3(R®). Thenfor B suchthat | B|= 3, we have :

(1+] pl)d+36ﬁ( 7Q7(1,9)) SC(T)”f||H§(R3)||g||Hg(R3)

L2 (R3)

Proof.
1
If we derive af)ipj [—0Q+(f ,9)] given by (3.13) with respect to p*, we obtain :

(HP)TEE, 5 k QT () 2pr (1 p) AN, Q7 (fa)
ra T 0

(1+ [P0 0 [0 Q7 (fr9)] =

pipipk

2p’(1+|p|) (1+|P‘)d+2dzl L QT (f.9) . (12 |:(5i(pn)3( ;)a_p pip* (1 + | ‘)2:| (1+|§‘)d+1ingC2+(f_9)
2 ) P
[(Ok(p )®—8a?p"pip* (1+‘ ) }(H P, QT (F.9)  a2pi(14B) (+EN*282; L Q (F9)  a26i(141p)) 14BN 7202, QT (f.9)
- 2k P W P NGk ;e )
atdipnk + + §1 69 ()5 pind —5a2(p0)3pk - 5196 +(f,
ﬂp{pﬁﬂl):\pﬂ (1+\pl)dp(2+(fg) 3a p;z;(l)ﬂpﬂ (1+1P) p‘Z’“Q 19) | 3,4 [(akoﬂpap(g); (»")%p )(1+\p|)3} (P dp%kcl (f:9)
We remark that :
2p*(1+| p a’si(L+|p Enini (1l T2
B Chcem TP kem 1B e
4 i Ak N3
ao;p(+|pl)
| — (0 0)6 I<C(T).
o —3a2 5.6 5a

Given the results obtained in Proposition 3.1, Proposition 3.2 and Proposition 3.3, we can say that :

@ lp)*E, Q' ()|
)

(3.27)

A nd+ 1 +
(1+| p)° Sazipjpk (FQ (f,9)) +C(T)|| f ||H3(R3)||g||H3(R3)

L2(R3)

For the first term of (3.27), we observe that :
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(1+]p)) 53, iy Bel”(R*xR® B eL*(R%)

| j k
L1 (R3xs2

Dfp,qu are bounded, (1+| p[)> <C(T)p°q°p"°q”

then, with calculations similar to those we did in previous steps, we conclude that :
(1] p)**0°, ;. Q (f.9)
pPpp
p0

<COfluziee19llz ey

L2(R%)
This inequality applied to the first term of (3.27) ends the proof of Proposition 3.4

Remark 3.1 By Proposition 3.1, Proposition 3.2, Proposition 3.3 and Proposition 3.4, we have :

1P 250 (1.0 <O l0lhoge (3.28)

L2(R%)

max
0<|l<3

Proposition 3.5 Let f,g eH3(R®). Then we have :

(1+] Dl)d*'ﬂ'ﬁﬂ[ Q (f,9)]

Orll]%i(fﬂ 2w < C(T)” f ||H3(R3)||g”H3(R3)
. Recall that :
a® - - -
Q (1.9)= [ 7daf. (Po(@Bde (3.29)

For | #|=0 :we have

(1D 5O (1, o - fol s @l pD*a’ [ 500, F (P@B(p.0. p.a)daT'dp

L2(R®)
(T)_[ (1+| p|)2d [_”Rsxsz f_(p—)ggq)B?- 2dqdw]?d p
(T)I (1+| IOI)2d [”RSXSZI f(p)l Ig(Q)I Bdada)][”g Bdgdaldp

Now B is bounded, |B||

el"(R?), 1+| p|< (1+| pD(@+|q) and p°g° =1 we then have :

1 (R3xs2)

(L+ p)* —Q (f, 9)

<Cm)(|@+1pD* | £(p) F dp)(| .+ PD* | 9@ da)

L2(R%)
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(L+] p)’ Q (f, 9)

<C| Flha e 19z ey (3.30)

L2(R%)

For |f|=1 Let i=1,2,3. We have to compute

(1+17D*"0, (5@ (1.9)

2R3
We have :
0. (Lot g))-—a Q(f.9)- 2P o (t,9) (331)
o p° (p)
and :
@a+lph*a, ( Q' (f,9)) = (1+ | p ) poapiQ+(f,g)—(1+|‘p|)d“( ";Q( 9).
Then :
nd+1 - f d 1a Q (f ) d+1
aepprto QOO e s P By 2P o h )
P P L2(R%) P 2R3 (p") L2(R%)
Q (f.0)
carrpy 22O e pye LU0
p 12(R3) LR?)
B : _8,97(f.9)
@pD* o, GO sl B e ol 322
L2(R3) |_2(R3)

Since 1+| p[< C(T)p° et a®p' <C(T)p°, and applying (3.30).
Let us compute the first term in (3.22). We have :

(10)™, o, o

<Jst(1+'p') 2[00, (1 (Po@B)Tdp

12(R%)

2d+2 (10, f(Pg@BI+ (M@, B| _
SCU)I@%[IL%SZ q° dode]’d p

Now we use Cauchy-Schwartz inequality to obtain :

0, f(p)g(q)B| i
<cm, (“('pp')) (I dqde)

2

(10)™ ;) o o
p°
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If(IO)g(Q)a Bl _
(oo

202 Iaif(_p)llg(a)lB% 1
<C(T)J'dp%[(“;3xsz P 7 B2dqdw)’

_ _ 1
| f(p)lg(@) o ;B 1o
+(.”R3x32 q° p |apiB|2 dqda))z]

10 . f(p)Flg@F B _ _
<om b o o] 81300

—(1+|p|)2d+2 If(p)llg(q)||6 BI _
BT dade)([[ .10 ,B|dade)]
.[R3 (p ) J.J-R3XSZ (q ) J.J.3 )
and since
o0 3 © 3 _ .
”B||L1(R3xsz) cL"(RY), i) L"(R"), B and 0 ;B are bounded, (I+| p)<C(M)p°,

and (1+| p|) < (+] p(2+|q]), we have :

‘%a gl <CM)[ @+ pD*If[s. .12, () Flg(@F dode
L2(R3)
+[[ a1 T(P)PlO(@) dadw]d p
<CM)[ s @I PD™ (@+aD* (2 F(PF 9@+ f(P) Flg(@)*)d pdq
<CM)(J oL+ pD*2 [0 T (P d p)(JR3(1+|q D** 1g(a)F da)
+CM)(| o+ PD* 1 £(p) P dp)([ s(2+1aD* | g(a) [ da)
then
@IoD™ ) o rgf  <Cmis ool
L2(R3)

If we apply this inequality to the first term of (3.32), we obtain :

— \ds 1
A 1p) 0,5 (O] <CON Tl a9l e (3:33)

L2(R®)
which give the required inequality for | £ |= 1.

As for Q7 (f,g) we establish, using the same method that for | #|=2 and | 8|= 3, we have :
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(1 PD*3 5 (1,0)]

<CO g
26 (3.34)

A NNd+3 A3 1 -
@HM)8W%&FQUQH&QSCUWL%ﬂ%ﬁW)

(3.30), (3.33) and (3.34) end the proof of Proposition 3.5

Proposition 3.6 (The fundamental inequality)

Let f,geH:(R®),where d >g.Then #Q(f,g)eHﬁ(Rs) and :

L o(t.9)
p

<C(T)|f ||H3(R3)”g"H3(R3)

H3 R®)
.Write: Q(f,9)=Q"(f,g)—Q (f,g) and apply Remark 3.1 and Proposition 3.5

The Existence Theorem
4.1 The Linearized Boltzmann Equation

We will prove that the Boltzmann equation which writes, since f depend only on t and E :
af  Prof 1

5t = D (4.1
Pl = —l“;#p’\p'“ — aspjfé fdp (4.2)
f(0.5) = folP) ' (43)

where f, e HJ, (R®), has a unique solution in H(R®) weak star 4.

We will need that 85Pi which depends on f , be bounded.

We suppose that : fO(N_p) = fo(_p), VN €SO, . Then f satisfies f(NE) = f(B) , see [3].
Letusset:

~

B = _Uﬂ p’p” +at pﬁFﬁi.[R3 Fd_p 4.2)

Lemma 4.1 Leti,j,k=1,2,3. Then :
FO 0 i(P—O), 0 j(p—o) are bounded and 67, J.(P—O)ZO
p p p p p'p p
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1. For F”

Since u' =0, i=1,2,3, equation (2.7) in which we put # =i implies :
1

ai if Ed_
v Fe=[ PIOEER |§0| P (4.2)
We prove that :
1
"flgl2dp
[ |§0| ap_ 4.3)
-1 0 0
0 -1 0 - -
Take N=| = 7 |eSOy;put p=Ng=(-q"'—9%°),

thensince f(Ng)= f(q), p°(Ng)=q°(q ) :

_ 1 _ R _ 1 _ _ R
f plf(p)lglzd—:_j qlf(NQ)Iglzdp:_I qlf(q)|g|2dq:_I pf(p)lglrdp
R p’ =T (NG R? q° R p°
1
1€/ 2 A~
Hencejapf(p)logl dp_,
R p
1 0 0 -1 0 0
_ 0 -1 0
Taking N = and N =
0 0 -1 0 0 -1

1 _ _ 1 _
)Iglzdp:I p’f(p)lglPdp_,,
R3 0

g
we prove that LS p"f(p 5

p p
So we have (4.3). Then applying (4.3), (4.2) shows that F* satisfies :
V,F4=0 (4.9)

|
since T, =I5, F =—F”* and T}, = — (see (2.3)), we have :
a

0,F 9+ F4+T! F =9, F% +32F =0
a
Hence :

0i — @3 Oi
F _(a(t)) F7(0)

So, by (2.2) :

1Fo 1= A9 i o)1 Fo 0y e < O (0) C(T)

a(t)
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2. Foro i(P—O) we have :
p

pi r,p'p*+a’ pﬂFﬁ‘,.[Rs fdp

o T 0

P

o : P —
= -2, p' +(a°F, +a3% Fil).L@ fdp

o

But R* is simply connected; so there exists a potential (A,) suchthat:
F.=V,A -V, A
Then: F; =V,;A, —V,;A =0 since A dependsonlyon t.

And F/=g"F, =g"F; =0.Hence:

P 21! p' +a°F; J'RS fdp

0

E i(P—o) =|—2r = 2|2 |<2CT  Gsince |2 [<C)
Pp a a

3. For 9 ()
P p

0

P i g i
|apj (F) = 2555 < 2| T [< 2CT

~ ~. ~.

4. For aiipj(P—o),since 0 j(p—o) does not depend on p*, &%, J-(P—O):O.
p PPp PPlp

This ends the proof of Lemma 4.1

Let f eH?2 (R®). The linearized Boltzmann equationin f is the equation :

of P of 1
Ar 0 Al -0

= Q(f, ) (45)
_ a e e
where Pi(f)=—r;ﬂpipﬂ+a3pﬁF/;jR3fd p;with f(0,p)=f,(p).
We will prove that (4.5) has a unique solution in Hz(R3)*—weak star. We use the Faedo-Galerking

method by constructing a sequence. We prove that the sequence is bounded in Hf’j (R3) :

4.2 Construction of the Sequence
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Let (w,) be a Hilbertian basis on Hﬁ (R3) . We look for a solution f of (4.5) as limit of a sequence
(f") where:

= ick t)w,,N eN’ (4.6)

k=1

where the coefficients c, (t) which are supposed to be derivables, are the solutions of the N first
differential equations of the system :

~.

@, f N/wk)ﬁu(';—;api fNiw ) = (#Q(F, )i ), k eN 4.7)

where (/) is the scalar product in H3(R®) ; the initial data are ¢, (0) = (f,/w, ).
Let us multiply the N first differential equation by C, . Taking the sum from1to N, we obtain :

CAN “)+(E—ﬁ,api )= o i) @)

PI

From (4.7), we have (9, f" +—;

l ~ o~
apifN—FQ(f, f)w,)=0, vk eN

Hence V =0, f" +P—6 N —iOQ(l?, F) is orthogonal in H3(R®) to the subspace generated by
p° p

(w,), keN". But this subspace is dense in H3(R®); hence V is orthogonal to the whole space
H3(R®), thento V itself. So V =0. We then have :

thN+—08ifN: 5Q(f, f) (4.9)
So " issolution of (4.5), with the initial data :

£1(0)= Y Ow, = Y (folw, ),

4.3 Estimations

We will prove that: VB eN?, | BI<3

@ 08B Oy s e B e e R E s e west |, s phener e

p0 a i Yoz L2 R3 ‘ LZ(R?’).

(4.10)

where (/) is the scalar product of L*(R®).
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Lemma 4.2 we have :

PlafN

(] pD (= o7 op (4.11)

)/ @+ P Y <C(f P ) £

2R3

Proof.
We have ;

0, (1D’ £M) =0 (@ pD) " +(@+ p)io "

Multiplying by P—O

~.

P P'a (@ P )—p—a (@)Y

(L+IpD? 5o, f" =
p° p°

Taking the scalar product with (1+| p|) N

(1] pD*? (78 L D f )|<|(—a (1 p)* FM (L p])° £ )I+I( 8 (@ D) N D FY)

(4.12)
For the first term of the right of (4.12) :

~.

(IO 0, (@I ph* ")/ (@ p) )=, [ (1+I|OI) F1/ (D £Y)

SR CREUAVT TR
=~ @l B 110 (0 P £

—(5pi[%](1+|5|)d £/ (@ pD? )

= (@D 1" 1550 (0 B £

—((3pi[llz—;](1+|BI)d £/ (@ pD? )

From there :

(E O (] ph* M)/ (1] pp* £ )=-(0 [ ](1+I|0|) fN 7@ fY)  (4.13)

P
then, since 8 i () isbounded, we have for the first term of (4.12)
p°
Di

|(E’ (@D ) 1@+ ) ) e C(F P o £ (4.14)

L2(R%)
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For the second term of the right of (4.12) we have :

— o _d(@+[p)p' _ dp'(d+] p))°
o (1| ph)? = £ = E7 (4.15)
g p| |pl(+] pl)
and :
P p'd N
| G0, (AP T+ D T |(———« |PDY) N /(L] p° £
p° |pI(+ pD
|(E’ 0, (D) T P ) C(E P 1D Y, o (4.16)
Since |P—iL|<C(f F) . Then (4.12) give, using (4.14) and (4.16)
0’ | pl(L+|p)

(] p])’ (—a'f )/ (1 P ") (P p )

L2(R3)
that is (4.11).

Lemma 4.3 we have for | g |=1:

i N

I((1+||0|)d+1a (= o7 op ‘”18 (N

)/ (L] p))

e J@IRD T

L2 (R3)

(4. 17)

N

. We have to estimate ((1+| p|)d+18 (—= o7 Zf —) [ (1+] p|)d+1a M), j=1,23.

We have :
PlafN |5i y ISi , y
0,157 70, 2, T 4500
So:
N
|((1+|pl)"”8 ( )/(1+||0|)‘”18 )] (4.18)

Oal

<I((1+I|0|)d+1a ( )a f /(1+I|0I)d+1a F (2 P D™ O)82 fN/(1+If>|)d+15p,-fN)I

But 6 ( 5) is bounded, so we have, for the first term of (4.18) :
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(@1 RD*2,, (5, 1 2 B

P EE N P E N
0, 1", D0 8

L2 R3)
(4.19)
Now we have : 9 [(1+|_p|)d+1apj fN]= (1+|_p|)d+1aiipj fN +0, [(1+|E|)d+1]ap,. fN
So we have for the second term of (4.18) :
ond+ Pi nd+
[((+] p]° 1(F)8i,-pif” I+ p)° 16p,- ™) (4.20)

P A+ LA+ P nd+ LA+
9 (Fapi[(l+| ph* 15p,— fRY(+] p)* lapj f N)|+|(Fapi [(1+]pD° 1]5pj f¥(2+ | p)* lapj ]

=3 . d+1) p' — da

But |50, (14| )" | L@@ ) R D@D B pen g
p° Ipl P° (X pDIpl

|P—0 (d +_1) L| is bounded, then, for the second term of (4.20), we have :

p (1+|p|)IpI

|(—a (I pD*0, £+ pD*o ;) c(f, F)H(1+|p|)"+1a o ez

L2(R®)

Now we proced for |(108pi [(1+|[_3|)‘”18pj 1"\']/(1+|E)|)d”6pj fN)| as we did in (4.13) and we
p

obtain, similarly to (4.13) :

~ ~.

2(‘: [(1+||0|)d+1a f]/(1+||0|)d+1a ") =-(, ( )(1+||OI)d+la fN/(1+||0I)8 )

Since 8 ( 5) is bounded, we obtain, for the first term of (4.20)

(550, [0+ 1DD0,, 111l p)2 , 1) (T (@ B)2,, 1], | 622
L2(R3)
(4.21) and (4.22) give, using (4.20) :
|((1+I|OI)‘“1( )62 i f ]/(1+||0I)d+16 )< C(f, I:)H(1+||O|)‘“16’ fNLZ(Rs)
This inequality added to (4.19) give (4.17).
Lemma 4.4 we have :
+ PI afN +

(] p])* 00 G ) (3] pD* 00 Y (4.23)

Oal
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C f F l+ d+282 N +H 1+ - d+282- N H 1+ d+282 fN
L)Y G RS CAEURCATAN WIS T o
. d+2 A2 PI afN d+2 A2
. We have to estimate ((1+] p[)**20 N k(— )/(1+| p|i2e iy M.
We have :
Di N Di Di
0 J-<P—oaf—i>:a G0 s T
PPp” Op p p - ~
PI a.l:N Pi Pi
J k(po p ) J k( o)a fN 8 [ 0]82| k N+apk[?]8ijpifN +Faikpjp|fN
Since 07, k(—0):0,we have :
p'p p
PI afN — ISi 2 N I5i 2 N ISi 3 N
k( 0 )_apj(F)apipkf +apk(?)apjpif +p_apkpjplf
5 5
Now, since 0 j(—0) and 0 k(—0) are bounded, we have :
P p
|((1+|p|)‘”26 (*)82. o f ]/(1+||O|)‘”262J gV EC(, F)H(1+|p|)”*262. o ph*Ee?, 2

d+2 S Y- d+2 A2 d+2 ~2 N
|(@+1p) apk(po)apip,-f 1@ p) 3, L P e P p) e, 1Y

x|(L+ph*tor;  fN

pip

L2(rR%)

(4.24)

P
Now about —&°, ; . f", we remark that :
p pepip

o [+ ph*2e?,  FN1= (| p2e°%, ; N +o [+ pDi?10%,  f"
p' plp pfplp! p' plp
So:
d+2 A3 N = A [\d+2 52 N1_~o " Nd+2152 N
(L] p)*™*0% ;£ =0 (A P02, £M]-0 [0+ p)"?10%; | f
and :

P! . P — 6 P — g
p—(1+| phees, N =Fﬁ L@+ p)° 252,- ka]_Fa L@+ pD* z]ﬁi,-pka (4.25)

P P p'
For the first term of (4.25) we proceed as we did to obtain (4. 13) and similarly :

PI + + + +
(IO o (1] pD* 00t )/ (L] pl)’ 00 1= ( )(1+||D|)d 00t /(] pl)’ 00t

P
So, since 0 (p —5) is bounded, we obtain :
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2

Pi N + _ + ) N +
(50, (@I pD™20, 1"/ (] PD 207, 1) (TPt P20, 1Y) | | (429)
p p p'p p’p p'p R3)
In the second term of (4.25), we have
P’ — han P S+ pDYt P (d+2)p (1+] p )i P (d+2)p'
P o @1pn)=" @rop TR P dr2)pdelp) ™y P (dr2)p
p- P p | pl p | pl(2+]pl) P~ pl(+]|pl)

is bounded, so, for the second term of (4.25), we obtain :

~.

2

P' A Nd+ TANd+ r) A Nd+
[Cs0, @ pD" 0 1" 1 el B0, £ s Pl 20 1]
(4.26) and (4.27) give, using (4.25) :

T A LRI E S O CRT

(4.27)

2

LZ(R3)
This last formula and (4.24) give (4.23).
Lemma 4.5 we have :
d+3 A3 PI afN d+3 A3
(1] pD*?0°, ; (5 o7 =)/ 1+ pl) 0, JY (4.28)
p'plp op plp
2
T \d+3 43 N d+3 A3 N S d+3 A3 N
ap'pipk 2R 0 p! ka 2 Rs)]+H(1+| Pl ap'pkaf 2R

i N
. We have to estimate ((1+ | p|)d+363I o J(P0 (gf —) [ (1+] p|)d+383I ol M)

A2 E — P_I 2 N T \n2 3
Recall that : 5pjpk(po)‘api(po)apipkf +8pk(|oo)6pi +( 0)8pkp,p.

then, since &° .(i):o ;
plpl 0
Y

P! P! = p!
Ot T =0 %1 140 C0 s T 40 C00 i T i 1429

P
We use the fact that 6 ( 5) is bounded to obtain :

T \d+3 A3
+a|jk
pplp

AN+ lSi A Nd+ ) A Nd+
|41 PD*70, €0 TV DD 200 1 C(T (0 D207

ppp
(4.30)
We then have only to estimate the last term of (4.29). We have :

0, ML+ P, TM1=0 [ P10, " + (2 )"0,

2R3 L2(R%)

pp p'p
We then have :

© Copyright 2014 | Centre for Info Bio Technology (CIBTech) m



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)
An Open Access, Online International Journal Available at http://www.cibtech.org/jpms.htm
2015 Vol. 5 (4) October-December, pp. 66-104/Noushegueme and Kenmogne

Research Article

P! + _ P nd+ P' nd+
S RD I 1 =00 A PD 1150 [ DY 1 030

pp pip
We proceed for the first term of (4.31) as we did to obtain (4.13); and similarly :

P + + + +
(IO o [+ p)* 0 1/ (1] p)’ 0 =0 ( )(1+||D|)d 0 /(1] p)* 0t

since Gpi (P—O) is bounded, we have :
p

~.

PI _ + . + rs ~ + 2
(RN DRI (D CRED W NGRS
In the second term of (4.31), we have '
P’ . ., P (d+3 .
B0 I ) 1= <d+3) e phr= D @R g e
p° | p] P’ pl(1+|p))
d P—O% is bounded. So we have for the second term of (4.31) :
P’ I pl(t+]p
ISi ~ + ~ + s - +
G0 M P01 £ @ D)7, TS CE P s )20y, 1], | 439)
(4.32) and (4.33) give for the first term of (4.31) :
|(—(1+| p|)d+354I i £ (0] p|)d+383| it )< C(f, F)H(1+| LD . )(4 34)

(4.34) and (4.30) give (4.28).

Remark 4.1 Lemmas 4.2, 4.3, 4.4 and 4.5 prove formula (4.10).

4.4 The Existence Theorem

Theorem 4.1
The Linearized Boltzmann equation (4.5) has a unique solution in H3 (R*)—weak star.

Proof.
1. Existence

We prove that the sequence (f") is bounded in HJ(R®).
since f eH3(R®) and f" eH}(R?), from Proposition (3.6) and formula (4.10), we have :

(1+] p|)d*'ﬂ'6ﬁ(p Q(f, f))e 2(R?) and (1+] p|)d+'ﬂ'8[’f e ’(R®), for S suchthat | BI<3.

From (4.9), we have :
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af N PI 61: N

e — V(] p) L")

(@@ PO, > Q(F, PV )™ Mo5 £ ") = (+] p)* 051
then
((1+|p|)"*'ﬂ'aﬁ[ SQ(F, D)@+ pl)* ol ) 435

-«1+|p|)"+'ﬂ'aﬂ[ Cpar e e )+((1+|p|)d*""a”[ A e e )

0 a i
But (1+| p[)**”' does not depend on t,so0 :
(1+] p|)d+|ﬁ|5ﬁ[ ] O, [(1+] p|)d+|ﬁ|5ﬂf ]

So that :

((1+||0|)d+'ﬂ'8ﬁ[ ]/(1+|p|)d+'ﬂ'0ﬁf )= @[+ p) L MY (L p VO fN)

_li d+|gl Ap N 2
=SSP DI AL

From (4.35), we then have :
A NdH 1 ) IR
(] p)° 'ﬁ'ag[—oQ(f V(| p)oLEY) (4.36)

A varop e+ L s pypr oz

- d+pl 58
- (@ ph e o

0 a i
Now, we always have :
H(1+|p|)d+'ﬂ'aﬂf |.

|((1+|pl)‘“'ﬂ'8"[ SO FYVC [ p D V02 1) < s | )00 >

2R3)

|+ 1pp* oz

L2(R3
Hg(R3) (R%)

So, from (4.36) we have :

d+pl »p d+pl 5 P d+[B| 5
2dtH(1+||o)| O s, < (@ D™ Oa.]/(1+|p|) rEN)+

—Q(f 1) H(1+ Ip D*aL NH

HIR®)

L2 (R®)
Now, by (4.10) we have :
@)ooz, (4.37)

2(R%)

T
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SUZON STy WS CIE Al R D O i P
We have ——H(l +| p ol H H(1+| p*al f NHLZ(RQ’)% (1+| p)ior f NHLZ(R3)

We then deduce from (4.37) that :

d A (A +a| Aa 1 rEry
slasmrraren|, o <c(fRCY Jarpp st , )+ )
PEr P H R?)
Taking the sum of (4.37) over | #|=0,1,2,3, we obtain :
1 ~ o~
d+|8l AS d+|Bl 5B _—
" ;Q\\<1+|p|) 01"y <P e pD™ 00, + 5@y )63
3R
Integrating and applying Gronwall Lemma, we obtain :
>arippvertt|, o <c(f. R ph Vel o), Q(f f)s)|  ds)
151<3 : 11<3 HR H3 RS)
By Proposition 3.6 (the fundamental inequality) we have :
[ \dHBIAB £ N £
lﬂ% @l ph* ot o <CEF a0 +T|f HH o) (4.39)
Since f,f, e HJ, (R®), we have
" -
|f HHS(R?,)SC(f,F,r) (4.40)

4.40) shows that 1S bounded in which is reflexive. So admits a subsequence we
(4.40) shows that (f") isboundedin H2(R®) which is reflexi fN) admi b

denote again (f") which converges to a solution f of the linearized Botzmann equation (4.5).

2. Uniqueness
Let us suppose that, for the same function f , there exists two solutions f,, f, of the problem with the

initial data : f,(0)= f,(0)= f,.

8_1‘1+P_i_iQ(f f)
Then f, and f, satisfy: o p P By substraction, we obtain :
0 pO apl 0 !
N PN g ith v,
o p°op
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We have :

%H(lﬂ‘podva)ui 2 = (at[<1+|‘p|)"V<t)]/(1+|‘p|)dV(t))+((1+|E|)"V(t)/a [(1+] p DV (®)])

9P V)
p

= —((1+| DI)d 5 SV (O/(2+ ] PV )~ (2] PV ®)/(2+ p]

=~ p)* apiv ®/( | p* %v ()~ ((+] )"V O/(2+] p])° E—;apiv ®)

=@ [+ pD*VO1-(@ ; (] p)*)V )/ (2+ | p)° E—;v ()

= (@1 PV /(2] p)° ';—;apiva))

~. ~.

=@, [a+1 p)*VOV(+| P’ z—;v () +(@; @[ pD WV O/(2+] p))* %v ®))

— (B pDV O+ P’ E—;apiva»

~. ~.

= (] p)*V©/2 ;[(1+] pD)’ ;’—;v OD+(@ ; (&1 )"V O/(2+] p)° ';—;v ®)

~.

— (B pDV O+ P’ E—;apiva»

~ ~.

= ([ p)*V©®/2 [(1+] pD)’ i—;]v () +(@ ; 1+ p) W O)/(2+] p)* z—;v ®)

%H(“'_p')dv(‘)ﬂizms) =(@ 1PV /0, 1+ P’ %N(t))ﬂ';—;(@pi (1+] P DUV @/(L+] D)V (1)

(4.41)
We know that :

o Pyt Py= QPO P S (—) — %P o e ppe
P p’ | p| p° p°" T pl(+]|pl) p° % p

~.

i =~ p
ut _d—p_P_O and 0 ;(—5) are bounded. On the other hand :
| p[(I+]p]) P

P_' e Pldp s P dp o
= o, (1+|p))° e 1P sty 1P
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P

nd ——————
P Ipl(+]pl)
Hence in (4.41) we have :

(@] PNV )/ [+ pD* —]\/(t)) <c(f. P phive)|

is bounded.

L2(R%)

|( [a (1 PV O/ DV O C(F P DV O 2 s

From (4.41), we deduce that :

R¥)

—H(1+| PV O 2, <CF R PDV O oo (4.42)
But —H(1+| POV O 2 0 = 2@+ PDV O o o OltH(1+| POV ()] 2 0,
then (4.42) implies :

—H(1+ [PDV ()] 2 e, <CEP A PDV O 0 (4.43)

Since V (0) =0, (4.43) implies, using Gronwall Lemma, that V =0.

Then f, = f, and the solution is unique.
This ends the proof of theorem 4.1

Theorem 4.2
The Boltzmann equation (4.1) has a unique solution f in H3(0,T,R%) suchthat f(0,p)= f,(p).

. Consider the application
®: H(0,T,R) — HI0OT,R?
f - O(f)=f
where f is the unique solution of (4.5).

1.  We will show that one can choose ||f0||H3 TR and T>0 such that ® sends

Hi (0,T,R®) in H{ (0,T,R®). In fact, this is to show that one can choose | f| and T >

H3 0T .R?)
such that :
(g ey 572Ul <0
Let us take the bound (4.39) in (4.38), we obtain :
—(ZH(1+| p)*azf| ) <C(fF)(f|

151<3

)

HER®)

+ iOQ(F, )
p

+7]f]
12 (R3) Hg (R®) H3®3)

Integrating this inequality on [0,t], O0<t<T, we obtain, using HLOQ(F F) <r?;
p

HE(R%)
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> @ ppt oz
15I<3
or

S2]KH|BDmmafﬁﬂwm%ﬁy+CGxFMHﬂ%m%T+r%2+r%)
[B1<3

L2(R%)

Hf NHH3(R3 S”f(’”H"‘(R?’) +C(f~' F)(T| f0||H (RB)T + T4 r7T) (4.44)

since r >0 is given, if we take || s 3 and T >0 such that:

HI(R®)

r
” fO”HS(Rg) SE

N (4.44) implies :
C(f,F)(|f|

r
2T 2 2

I + I + I < _—
HS’(R3) r r )_2

N
<
Hf HHS(R3) =T
Since the sequence (f") convergesto f in HJ(R®) —weak star, we have :

||f||Hg(R3) <f
this shows that

(H f HHS’I,(O,T,RS <r= (”f”Hd OTR3 = <r)

2. Weshowthat @ isa contraction in the space H; (0,T,R®).
Let f,,f,eH? (0,T,R%), f,f,eH? (0,T,R®) solutions of :
o Plof, 1 _ - -

— —Q(f, f
8t+p ap poQ(l D)
o, P o, 1 ==
PRSI N T
8’[ + p() ap, ~p0 ?( 2 2)

f,(0)= f,(0); P} =Pj(f}) j=12

ntegrating the equations on [O t],0<t<T, we have:

f.(t) = j( Lo T)- la £)(s)ds + £,(0)

f2<t):jo< Q(F, F,)- PZ'a £,)(s)ds+ 1,(0)

Then, subtractlng the second equatlon to the first one, we obtain :

t 1 ~ ~ P
ACEIAVE JO(FQ(fl, f)- Q(fz,f))(s)ds+ [ 18 f—pza F,)(s)ds  (4.45)
For the first term of (4.45) we have, using Q—Q —Q and thefactthat Q", Q  arebilinear :
1 s 1 =
X = jO(FQ(fl, f) = o QU T))E)ds
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[ R QR @ (R E)_Q (h By gy

p° p° p
B PN A K R S AN R RS A R (A A Y
0 p p° p°
then, usin P(f,9) <|If =Q" =Q ; gi
, g . < ||H3(R3)||g||Hg(R3), for P=Q" or P=Q ; given by (3.28) and
H3 R%)
Proposition 3.5, we have :
”X”HS(OYT,R?’ CT(Hf HH 30TRY) +H 2“H3(0,T,R3))“ f- fZHHg’(o,T,R3 <CTer - f HH 30T.RY (4.46)
For the second term of (4.45), we have :
Pl' P, p*p* of, o
6f 28f —( : 2) F, (f f)dp
p° p° p° op Z oJe
p p* af of t i T T4
So: Y= I—(ﬁpi Z)ds ZLFO[jR3(fl—f2)d plds
of, -~ -~ _
and |Y|<C(j| F a—pzi)|ds+jodsL3| f,—f,|dp)
So:
||Y||H§(0,T,R3) =CT (” fi- f2||Hg’(o,T,R3) +H fi- ZHHS(O,T,Rs)) (4.47)
From (4.45), (4.46) and (4.47), we deduce that :
”fl 2||H 307.RS )_CT(I’+1)Q|f 2||H§(0,T,R3)+H fi— ZHHS’(O,T,Ra)) (4.48)
Ifin (4.48) we take T suchthat: CT(r +l)<%,then we have :
1 ~
1= losar sy < EH f,— HZHg@,T,RS) (4.49)

(4.49) shows that @ is a contraction in the space H(0,T,R?%).
Then ® has a fixed point f solution of de Boltzmann equation.
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