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ABSTRACT

It was shown in literatures that every density matrix for a spin-j system can be defined in terms of the
well-known Fano statistical tensor parameters. On the other hand, this spherical tensor parameters can be
uniquely determined by units vectors. In this study, we construct the density matrix for the most general
spin-1 system in terms of unit vectors. We also give some cases to show symmetric properties of
spherical tensor parameters. To bring out usage of these parameters, we consider noisy GHZ state.
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INTRODUCTION

The concept of density matrix, p, first introduced independently by Von Neumann (1927), Landau (1927)
and Dirac (1929) in eminently suited to describe polarized spin assemblies. If we have N two level atoms,
each atom may be represented as a spin-1/2 system and theoretical analysis can be carried out | terms of
collective spin operator f= %zgzl o,. Here g, denote the Pauli spin operator of the ath qubit. For a

system characterizing by a state ) in the Hilbert space, p = |[){y| is the density matrix or density
operator associated with the quantum state [y). Since p = pt and Trp = 1 number of real parameters
needed to specify a density matrix is N2> — 1 where N = 2j + 1 is the dimension of the Hilbert space.

It is very well known that p for a system of spin-1/2 particles has the form

Tr -
p=Tp[1+5.P] M
In terms of the Pauli spin matrices ¢ and the polarization vector P. Clearly, p assumes a diagonal from if
1+IPI | |

the z —axis is chosen parallel to P and correspond to the number of spin-up and spin-down
particles in the assembly. This concept extended to a spin-j system and probabilities p(m) are assigned to
the (2j + 1) states |jm);m = +j ... — j, there by leading to the notion of oriented systems (Blin-Stoyle
Grace 1957).

A standard form for the density matrix p for any arbitrary spin-j has been obtained by Fano (1951,1957),
wherein the state of polarization is completely described in terms of what are known as Fano statistical

tensors tX where k = 0,1,2...2j and g = —k ...+ k.

Fano Representation of Density Matrix
The systematic use of tensor operators was first suggested by Fano (1953). In this representation it is
well-known (Fano, 1951, 1953, 1957, 1983) that the density matrix p of a spin-j assembly can be

expressed in the form
Trp
Z Z tk <t () @

=0g=—
Where N = 2j + 1 is the dlmen3|on of the Hilbert space. The complex spherical tensor parameters tf,‘
denote the average expectation values

i =<1 ()>
_Tr(p) 7))
Trp
Of the irreducible (spherical) tensor operators r[; (f) (Rose, 1957).

(3)
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The r[;'s satisfy the orthogonally relations

Tr(rq T )_ (2 + D68, 4)
Here the normalization are in agreement Wlth Madison conventlon (Satchler, 1970). Also, we have
7 (1) = (-7 %, (J) (5)
And hermiticity of the density matrix together with equation (5) demands
th' = (—1)9¢ek,. (6)
The matrix element of the operator 7 (J) take the form
(im'| <k ()ljm) = [K]C(jkj; mqm) (7

Where [k] =+/2k +1 and C(jkj;mgqm’) are the well known Clebsch-Gordan Coefficients. Using
equation (7), the matrix elements of p can be written as,

Trp o,
Pm'm = Tz[k]c(]k];m qm) t!; (8)

And conversely tc’; can be expressed in terms of p,, ', using equation (3) as,

th= ) (KICGhi;m'qm) ppi - ©
m=—j
It is well-known that corresponding to a given set of unit vectors Q;; i = 1,2...k, a spherical tensor
s¥(Q1 ..Qx) of rank k can be associated through
Sclf (leéz Qk) =((1®0)® Q3)®Qk)]c§ (10)
Which is unique and completely symmetric in the k indices. Therefore, it was shown (Ramachandran and
Ravishankar, 1986) that

th =Py ( (Q(Ql,fpl) ® Q6. <P2)) ® Q(63,93) ) ® .1 R QO @)k (11)
Where

A ~ ~ 1, 2
QL) ® Q(92:<P2)); = Xq, C(11k; q1929) (Q(91' 901))q1 (Q(Qz; <P2))q2 (12)

and Py is real in order to ensure about equation (6). Also, the spherical components of Q are given by,

(a, qo)): = EY; ©,9). (13)

Here Y1(9 @) are the well-known spherical harmonics.

Note that t" q = —k ...+ k, satisfying equation (6) contains (2k + 1) real parameters and the new
parameters Q(Gl, @;);i = 1,2 ...k, together with P, constitute exactly the same number of parameters.
Standard Expression of Density Matrix for Spin-1 System

Let us now consider spin-1 state. In this case j = 1 and hence according to equation (2) we can construct
the density matrix in terms of spherical tensor parameters. Since in the case of spin-1, k = 0,1,2 and
qg=-2,—1..1,2 weget

1 t t t t 2t
p=§[tgrg +td ol +tf +t111 1+tOT0 + tf 1} +t211 1+t212 +t2, 12 ] (14)
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p

3 1 t(% 3 1 2 \/ 2
1 + E to + \/i E (t_1 + t—l) 3 t_z
= 3 1 2 2 3 1 2
3| - ;@ +D) 1-+vV2t? S -2 |- (15)

3 3
V3 t? —\E(t%—tf) 1-— Et3+—

Matrix form of the density matrix can be establish with knowing about matrix elements of z&'s from
equation (7) which is given in appendix ,
According to equation (11), we can formulate t{,‘ s in the case of spin-1 state as follows:

| =

to = P1Q5(61, 1) = P1Cosb; (16)
TP .
thy = P1Q41 (61, 01) = T;Sinel etion 17)

t§ = P2[Q(62, 92)®Q (63, 93)]5
= P,[C(112;000)Q4 (82, 92) Q4 (03, 03) + C(112; 1 — 10)Q1 (8,, 92) Q11 (83, ¢3)
+C(112; -110)Q1; (6, 92)Q1 (63, 93)]

2 1 o o
= P, | |5C0s6,C058; — —=(Sinb,Sinb; e'?2e~1%3 + Sinh,Sinb; e~ 1#2¢?3)| (18)
3 2V6
tf = P,[Q(62, 92)®Q(85, 93)]}

= P,[€(112;101) Q1 (6;, 92) Q5 (83, 03) + C(112;011) Q4 (82, 92) Q1 (83, 03)] =
—2[Sing;CosB3e9? + SinbsCoste'#3] (19)

t2, = P,[Q(6,, 92)®Q (63, ¢3)1%4
= P,[C(112;-101)Q1, (62, 92) Q5 (63, 93) + C(112;011) Q5 (62, 92)QL1 (65, 93)]

P , .
= 72 [Sin6,Cos65e7%2 + SinB;Cos6,e7193] (20)
t = P2[Q(62, 92)®Q (83, 92)]; = P[C(112;112)Q] (62, 92)Q} (B, 9)] =
2 [sin6,Sindze'?2e'¥3] -
t2, = P2[Q82, 92)®Q (63, 93)12; = P,[C(112; -1 — 1 = 2)Q2, (62, 92) Q21 (63, 03)] =
2 [sing,Sinbze~'02¢71#3] )

Thus, the matrix elements of the density matrix p,,’,, (equation (8)) in terms of Py, P, and (6;,¢;) in
the |1m > basis will be,

1 3 P P ) ) o

pu =31 +£ P,Cos6; +T%Cosezcose3 —ﬁsmezsmeg( eiP2e7103 4 gmi020103) |, (23)
11 |3 /P . » P, . » . »

P10 = 3| 13 (ESLnﬁl et +?[5m9260503e Y2 + SinB;Cosb,e ””3]) , (24)
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1(v3 P . .
P11 = §[ > 2 (SinB,Sinfze~'P2e7193)|, (25)
1 3 Pl . i PZ . i . i
P =3 |3 (E&nel el?1 4 ?[Sln92C0593e 92 4 SinB3Cos0,e fps]) ) (26)
1[1 P [2 Cos6,Cos0 ! (S' 0,Sinf; e'?2e~%3 + Sinh,Sinf; e~ 192 i"’3)] (27)
=—[1 — P, [—=Co0s6,Cos03 — —=(Sinb,Sinb3 e'?2e in@,Sinbs e e ,
Poo 3 2 73 2 3 3 2 3 2 3
1 3 (P . —ipy P2re ip . ip
Po-1 = 3| |2 (ESlnel e 91 —?[SmBzCost%e 2 4 SinB3Cos6ye 3]) , (28)
1[V3P o
p1q = 5[72 (Sind,Sinbsei?2ei?3)|, (29)
1 Pl . i PZ . i . i
P—10 = 5[(5511191 e'1 —?[SmBZCos%e 2 + SinfB3Cos0e 3])], (30)

1 3 P P . . S
p1-1 = 3 1- +\/; P;Cos0; + \/—%C0592C0593 —ﬁSin@zSin%( e'¥2e7'¥3 + e_”/’ze”/’3) . (3D

Symmetric Properties of t’,; s:
As we mentioned in previous sections, spherical tensor parameters are symmetrized product of unit

vectors Q(6;, ¢;);i = 1,2 ... k. Let us now consider some examples to show symmetric properties of tf; s.
A K=2and g =1

—P . )
t? = TZ[SinBZe“"Z Cos@3 + Sinb3e'?3Cos6,]

—P: . .
= Tz [23(xz + iy2) + 25 (x3 + iy3)] (32)
B: K=2and g=0
2 2 1 .. . 0 i . . gy i
ty =P, §C0592C0593 _2_\/5(5”1925”193 e'®2e7'%3 + Sinf,Sinb; e ””Ze””3)

2 1 . . . .
=P, [\Ezzzz =572 (2 +iy2) (x3 = iy3) + (xz — iy2) (x3 + iy3)) |- (33)
With Q(8, ) = (Sinf Cose, Sind Sing, Cosd) and Q.Q = 1.
NOISY 3-QUBIT GHZ State
Let us consider a noisy GHZ state (Eltschka and Siewert, 2012 ) of the form
1—x
pNoisy (GHZ) = X |GHZ >< GHZI +T[ (34)

where x is noisy parameter and |GHZ > is 3-qubit GHZ state as,

|GHZ > =%(|000>+|111 >). (35)

© Copyright 2014 | Centre for Info Bio Technology (CIBTech)



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)
An Open Access, Online International Journal Available at http://www.cibtech.org/jpms.htm
2014 Vol. 4 (3) July- September, pp. 51-56/Ashourisheikhi

Research Article

Here 3-qubit means N = 3. Since N = 2j therefore, j =
The density matrix corresponding to this state is,

N |

14+3x X
(200 =)
0o 5 0 0
; = 36
PNoisy (GHZ) | 0 0 % 0 | (36)
X 1+3x/
\E 0 0 8
. 143x 1—x x
Since, p3 3—p§ 3=—>— p1 1—p1—1—— and p3 —3—p_3 == we can construct
T2 2 8 2 2 2 8 2 2

3

2
spherical tensor parameters of noisy GHZ state With understandlng that k=01..3, g=-3..3 and
according to equation (8) t" s are,

ty =3 c(313-303) +c(313-101)
0=V31C{315:307)ps3 2°2'2"2)P4
+c(313-_30_3) +c(313_10_1)
27272 " 2) PR P 21207 07 ) Pl
3 3 143 1 1 1—
=‘/§[< 5 5) ()T o0 (37)
3 33 3 3 31 1
td =5 c(—z—;—o—) c(—z—,—O—)
0 [€{z273i303)ps3t Clg23i307) L1
+c(323_30_3) +(3323-_10_1)
242772 "2 ) PR P 2277 0%) Pl
1 1 143 -1 -1\ 1—-
:@[< Ly g> By ()i (39)
3 33 3 3 31 1
ts =7 C(—3—;—0—) C(—3—;—0—)
3=V71c(335 3 2) PR3t (3270297 PLL
+C<333'_30_3) +C(333_10_1)
2°2772 "2 ) PR P 2327 0%) Pt
_ O[3 i (3o 3 yim_
_\/§[<\/; \/;> 8 +(35 35) s ~ 0 (39)
t3 =7 6(23%;%33%);)_;%:—& (40)
3 =7 c(333:5-35) pp s = x )
thy =tiy =ti, =t} =t =0, (42)
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Thus, according to our calculation the only non-zero ¢ s for noisy 3-qubit GHZ state are t§ = x, t3 =

—x and t3; = x which are depend on noisy parameter.

Conclusion

The paper is devoted to study the density matrix in terms of spherical tensor parameters. Since these
parameters can be uniquely determined by unit vectors, therefore, we constructed the standard form of the
density matrix for spin-1 system in terms of unit vectors. The symmetric properties of spherical tensor
parameters were shown in some cases. As an application of these parameters we consider a noisy 3-qubit
GHZ state. We concluded that in this case the spherical tensor parameters are depending on noisy
parameters.
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Appendix: Irreducible tensor operators
For j = 1, matrix representation of irreducible tensor operators TZ,‘ 's, according to equation (7), are,

100 /1 0 0 /0 10
=0 1 0) rgz\goo 0 ), 111:—\/;001,
0 0 —1 0 00

0 0 1
/0 0 0 (1 0 0 (0 -1 0
1312\/;100, ﬁ:\ﬁo—z 0, rf:\/;O 0 1}
01 0 0 0 1 0 0 0
/(0 0 0 0 0 V3 0 00
Tfl=51 0 0] =0 0 0} 2,= 0 0 0}
0 -1 0 0 0 0 V30 0 0
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