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ABSTRACT 
The Diophantine equation of degree six with four unknowns given by 

 
)7())(( 52222 wyxyxzyxyx   is analyzed for its non-zero integral solutions. A few 

interesting relations between the solutions and special numbers are given. 
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INTRODUCTION
 The theory of diophantine equations offers a rich variety of fascinating problems (Carmichael, 1959; 

Dickson, 1952; Mordell, 1969; Telang, 1996). Particularly, in (Gopalan et al., 2007; 2010a), sextic 

equations with 3 unknowns are studied for their integral solutions (Gopalan et al., 2010b; 2012a,b; 
2013a,b; 2014) analyse sextic equations with 4 unknowns for their non-zero integer solutions. This 

communication concerns with yet another sextic equation with 4 unknowns given by

)7())(( 52222 wyxyxzyxyx  .Using different methods infinitely many non-zero integer 

quadruples (x, y, z, w) satisfying the above equation are obtained. Various interesting properties among 
the values of x, y, z and w are presented.  

Method of Analysis 

The equation under consideration to be solved is 

                   )7())(( 52222 wyxyxzyxyx                                                                    (1) 

Intoduction of the linear transformations  

                     vzvuyvux  ,,                                                                                          (2) 

in (1) leads to  

                     
522 73 wuv                                                                                                           (3) 

Equation (3) is solved through different methods and thus, we obtain different patterns of solutions to (1). 

Method 1  

Assume 
22 3baw                                                                                                                                  (4)                        

)32)(32(7 ii                                                                                                                   (5) 

Using (4) and (5) in (3) and employing the method of factorization, define                                                                  
5)3)(32(3 biaiuiv   

Equating real and imaginary parts on both sides of the above equation we get 
54322345 27909060152 babbababaav   

54322345 1845603010 babbababaau   

Substituting the values of u,v  in (2) the non-zero distinct integral solutions to (1) are given by 

22

54322345

54322345

54322345

3

27909060152

45451503025

9135309053

baw

babbababaaz

babbababaay

babbababaax









 

Properties 

1)       2,9
201,3701,31,206

a
tawayax   is a nasty number 

2)       bazbaybax ,,,6 2  is a nasty number 

3)     )(mod25558822160,19,1 53 bppPbwbbz rbbtb   

4) 3(     3

1,8,4

3 59418965))1,(1,1, 2  aaaa
pttSawaazax  is a perfect square 

5) aaa ttCP
ayax

,5,4

12 609015
14

)1,()1,(5



  is fifth power of an integer 

6) )1,()3(976115*3 ,212,8,4

6

,4 2 aztttCPptOH aaaaraaa   is a cubical integer 
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Case i 

Equation (5) can be written as 

                         
4

)331)(331(
7

ii 
  

Proceeding as in method1 and taking a=2A,b=2B we obtain the non-zero integral solutions to (1) as       

)3(2

81452703045(2

)909030060502(2

)72180240120404(2

222

543223454

543223454

543223454

BAw

BABBABABAAz

BABBABABAAy

BABBABABAAx









 

Case ii 

In (5) write ‘7’ as       

                           
4

)35)(35(
7

ii 
  

Proceeding as in case1 the non-zero integral solutions of (1) are given by  

)3(2

)45451503025(2

)72180240120404(2

)1827060180106(2

222

543223454

543223454

543223454

BAw

BABBABABAAz

BABBABABAAy

BABBABABAAx









 

Method 2 
Replace u by αw and v by βw  in (3) we get                                                                                                               

                             
322 73 w                                                                                                  (6) 

Using (4) and (5) in (6) and using the method of factorization define 

                   
3)3)(32()3( biaii                                   (7) 

Equating real and imaginary parts of (7) and using (2) we get the non-zero integral solutions to (1) as  

22

54322345

54322345

54322345

3

2754181292

452730615

98161833

baw

babbababaaz

babbababaay

babbababaax









         

Properties 

1)   )2(42)1,2(3)1,2( 2  n

nn Kyyx  

2)  
30

)1,()1,( ayay 
can be written as difference of two squares 

3)  )52412(9)1,(2)1,( ,4,10

3

4,,4

3

aaaa ttCPFawaaz  is a cubical integer 

4)    )51(mod18)1,()1,(7828120 ,4

5

,33,,5 2  azaytPtF aaaa        

Case iii 
In (5) write ‘7’ as  
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4

)331)(331(
7

ii 
                                                                                      

Proceeding as in method2 and taking a=2A,b=2B we obtain the non-zero integral solutions to (1) as       

)3(2

)812754627(2

)452730615(2

)18271266(2

222

543223454

543223455

543223456

BAw

BABBABABAAz

BABBABABAAy

BABBABABAAx









 

Case iv 

In (5) write ‘7’ as       

                           
4

)35)(35(
7

ii 
  

Proceeding as in case iii the non-zero integral solutions of (1) are given by  

)3(2

)27135183095(2

)721084824244(2

)18162123666(2

222

543223454

543223454

543223454

BAw

BABBABABAAz

BABBABABAAy

BABBABABAAx









 

Method 3 

Replace u by αw
2
 and v by βw

2
 in (3) we get                                                                                                               

                             w73 22                                                                                                   (8) 

Using (4)and (5) in (8) and proceeding as in method2, we obtain the non-zero integral solutions of (1) as 

22

54322345

54322345

54322345

3

2718181232

4593065

9276183

baw

babbababaaz

babbababaay

babbababaax









 

Properties 

1) )766(763)1,()1,()1,( ,4

5

6,,4 aaa tPFazayax   

2) )3(mod452624)1,()1,( ,25

17

7,,4

3  aaa tCPFawaay  

3) )41(mod9466),1()1,( ,4

20

6,,4

3  aaa tCPFawaax  

4)30x(2a,a),6y(a,a),2z(3a,a)and 6w(a,a) are nasty numbers,  

Case V 

In (5) write ‘7’ as  

                         
4

)331)(331(
7

ii 
                                                                                      

Proceeding as in method2 and taking a=2A, b=2B we obtain the non-zero integral solutions to (1) as       
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)3(2

)8195469(2

)90186012102(2

)7236482484(2

222

543223454

543223454

543223454

BAw

BABBABABAAz

BABBABABAAy

BABBABABAAx









 

Case vi 
In (5), write ‘7’ as       

                           
4

)35)(35(
7

ii 
  

Proceeding as in case.v the non-zero integral solutions of (1) are given by  

)3(2

)2745183035(2

)7236482484(2

)1854123626(2

222

543223454

543223454

543223454

BAw

BABBABABAAz

BABBABABAAy

BABBABABAAx









 

Conclusion      
In this paper we have analysed a sextic equation with 4 unknowns for its non-zero distinct integral 

solutions. As Diophantine equations of sixth degree are rich in variety, one may search for other forms of 

sextic equation with multi variables for determining their integer solutions 
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