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ABSTRACT 

This piece of work consist of  𝐴,    is an abelian group, (𝐴, , ) is a vector space, A =

  𝑎0 + 𝑎1𝑥1 + ⋯+ 𝑎𝑛−1𝑥𝑛−1 + 𝑎𝑛𝑥𝑛  / 𝑎𝑖 ∈ 𝐹 𝑎𝑛𝑑 𝑛 ∈ 𝑁  , is a modified inner product space. 
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INTRODUCTION 
Herstein cotes in (1) 

Definition: A nonempty set of elements G is said to form a group if in G there is defined a binary 
operation, called the product and defined by *, such that  

1. a, b ∈ G implies that a*b ∈ 𝐺 

2. a, b, c ∈ G implies that (a*b)*c = a * (b*c) 

3. There exist an element e ∈ G such that a*e = e*a = a for all a ∈ 𝐺 

4. For every a ∈ 𝐺 there exist an element 𝑎−1 ∈ 𝐺 such that 𝑎 ∗ 𝑎−1 = 𝑎−1 ∗ 𝑎 = 𝑒 

Definition: A group G is said to be abelian (or Commutative) if for every a, b ∈ G,  

𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎. 
Definition: A nonempty set V is said to be vector space over a field F if V is an abelian group under an 

operation which we denote by +, and if for every a ∈ 𝐹, v ∈ 𝑉; there is defined an element, written as av, 

in V subject to  
1. a (v+w) = av + aw; 

2. (a + b)v = av + bv;  

3. a (bv) = (ab)v;  
4. 1v = v;  

For all a, b ∈ 𝐹; v, w ∈ 𝑉 Where the 1 represent the unit element of F under multiplication. 

Definition: The Vector Space V over F is said to be an inner product space if there is defined for any two 

vectors x, y ∈  𝑉 an element (x, y) in F such that  

1.  𝑥, 𝑦 = , ∀ 𝑥, 𝑦 ∈ 𝑉  
2.  𝑥, 𝑥 ≥ 0 𝑎𝑛𝑑  𝑥, 𝑥 = 0 𝑖𝑓𝑓 𝑥 = 0  
3.  𝑐1𝑥 + 𝑐2𝑦, 𝑧 = 𝑐1 𝑥, 𝑧 + 𝑐2 𝑦, 𝑧 , ∀𝑐1, 𝑐2 ∈ 𝐹 & 𝑥, 𝑦, 𝑧 ∈ 𝑉 
 

 

DISCUSSION 

Let 𝐴 =   𝑎0 + 𝑎1𝑥1 + ⋯+ 𝑎𝑛−1𝑥𝑛−1 + 𝑎𝑛𝑥𝑛  / 𝑎𝑖 ∈ 𝐹 𝑎𝑛𝑑 𝑛 ∈ 𝑁   and  

Let 𝑥 = 𝑎0 + 𝑎1𝑥1 + ⋯+ 𝑎𝑛−1𝑥𝑛−1 + 𝑎𝑛𝑥𝑛 , 𝑎𝑖 ∈ 𝐹 𝑎𝑛𝑑 𝑛 ∈ 𝑁,  

 𝑦 = 𝑏0 + 𝑏1𝑥1 + ⋯+ 𝑏𝑛−1𝑥𝑛−1 + 𝑏𝑛𝑥𝑛 , 𝑏𝑖 ∈ 𝐹 𝑎𝑛𝑑 𝑛 ∈ 𝑁,  

 𝑧 = 𝑐0 + 𝑐1𝑥1 + ⋯+ 𝑐𝑛−1𝑥𝑛−1 + 𝑐𝑛𝑥𝑛 , 𝑐𝑖 ∈ 𝐹 𝑎𝑛𝑑 𝑛 ∈ 𝑁,  

 −𝑥 = (−𝑎0 ) + (−𝑎1)𝑥1 + ⋯+ (−𝑎𝑛−1)𝑥𝑛−1 + (−𝑎𝑛)𝑥𝑛 , 𝑎𝑖 ∈ 𝐹 𝑎𝑛𝑑 𝑛 ∈ 𝑁  

 𝑂 = 0 + 0𝑥1 + ⋯+ 0𝑥𝑛−1 + 0𝑥𝑛  
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 1= 1 + 0𝑥1 + ⋯+ 0𝑥𝑛−1 + 0𝑥𝑛  

𝑐𝑥 = (𝑐𝑎0) + (𝑐𝑎1)𝑥1 + ⋯+ (𝑐𝑎𝑛−1)𝑥𝑛−1 +(𝑐𝑎𝑛)𝑥𝑛 , 𝑐 ∈ 𝐹  

 x = y iff 𝑎𝑖 = 𝑏𝑖 , ∀ 𝑖 

Now we define first binary operation on A as  

𝑥 𝑦 =   𝑎0 + 𝑎1𝑥1 + ⋯+ 𝑎𝑛−1𝑥 + 𝑎𝑛𝑥𝑛     (𝑏0 + 𝑏1𝑥1 + ⋯+ 𝑏𝑛−1𝑥𝑛−1 + 𝑏𝑛𝑥𝑛) 

 =   𝑎0 + 𝑏0 + (𝑎1 + 𝑏1)𝑥1 + … + 𝑎𝑛−1 + 𝑏𝑛−1 𝑥𝑛−1 + ( 𝑎𝑛  + 𝑏𝑛)𝑥𝑛   

 ………… (1)  

 =>  𝑥 𝑦 = 𝑦 𝑥, ∀ 𝑥, 𝑦, ∈ 𝐴 

 𝑥  𝑦 𝑧 = (𝑥 𝑦) 𝑧, ∀ 𝑥, 𝑦, 𝑧 ∈ 𝐴  

 0 𝑥 = 𝑥 0, ∀ 𝑥 ∈ 𝐴 

 𝑥  −𝑥 =  −𝑥 𝑥 = 0, ∀ 𝑥 ∈ 𝐴 

 (A, ) is an abelian group. ………… (2) 

Now we define second binary operation  on A as  

 𝑐 𝑥 = 𝑐𝑥, ∀ 𝑐 ∈ 𝐹 & 𝑥 ∈ 𝐴 ………… (3) 
 

=> 𝑐 (𝑥 𝑦) =  𝑐 𝑥  (c y), ∀ 𝑐 ∈ 𝐹 & 𝑥, 𝑦 ∈ 𝐴 

(𝑐1 𝑐2) 𝑥 = (𝑐1 𝑥) (𝑐2 𝑥), ∀ 𝑐1, 𝑐2  ∈ 𝐹 & 𝑥 ∈ 𝐴 

 

𝑐1 (𝑐2 𝑥) = (𝑐1 𝑐2) 𝑥, ∀ 𝑐1, 𝑐2 ∈ 𝐹 & 𝑥 ∈ 𝐴 

 

 1 𝑥 = 𝑥, ∀ 𝑥 ∈ 𝐴  

=> (𝐴, , ) is a vector space. ………… (4) 

 

Now we define inner product on A as 
(𝑥, 𝑦) =  𝑎0 + 𝑎1 + ⋯+ 𝑎𝑛−1 + 𝑎𝑛  (𝑏0 + 𝑏1 + ⋯+ 𝑏𝑛−1 + 𝑏𝑛)  ∈ 𝐹 

 =>  𝑥, 𝑦 = , ∀ 𝑥, 𝑦 ∈ 𝐴  
  𝑥, 𝑥 ≥ 0 𝑎𝑛𝑑  𝑥, 𝑥 = 0 𝑖𝑓𝑓 𝑥 = 0 𝑜𝑟  𝑎𝑖 = 0 

 𝑐1𝑥 𝑐2𝑦, 𝑧 = 𝑐1 𝑥, 𝑧 + 𝑐2 𝑦, 𝑧 , ∀𝑐1, 𝑐2 ∈ 𝐹 & 𝑥, 𝑦, 𝑧 ∈ 𝐴 

 …………. (5)  

From (1) to (5) we come to the Conclusion that  

𝐴 =   𝑎0 + 𝑎1𝑥1 + ⋯+ 𝑎𝑛−1𝑥𝑛−1 + 𝑎𝑛𝑥𝑛  / 𝑎𝑖 ∈ 𝐹 𝑎𝑛𝑑 𝑛 ∈ 𝑁  , Is a modified inner product space. 
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Conclusion 
From the above discussion, I come to the following conclusions 

 𝐴,    is an abelian group. (𝐴, , ) is a vector space.  

𝐴 =   𝑎0 + 𝑎1𝑥1 + ⋯+ 𝑎𝑛−1𝑥𝑛−1 + 𝑎𝑛𝑥𝑛  / 𝑎𝑖 ∈ 𝐹 𝑎𝑛𝑑 𝑛 ∈ 𝑁  , Is a modified inner product space. 
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