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ABSTARCT
Recall that a ¢, method is obtained by deleting a set of rows from the Cesaro matrix c,. The purpose of

this article is to introduce the sequence spaces C?(p, f,s,z), Ci(p,f,s,z) and C7(p, f,s,z) using a modulus
function f . Several properties of this spaces, and some inclusion relations have been examined.
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INTRODUCTION
The notion of modulus function was introduced by Nakano [12] and further investigated by Ruckle [14],

Maddox [9], Tripathy and Chandra [15] and many others. A function f : [0,.0)—[0,0) is called a modulus
if

(i) f(x)=0 ifand only if x=0,

(i) f(x+y) < F OO+ F(y),

(iii) f is increasing

(iv) f is continuous from the right at 0-

It is immediate from (ii) and (iv) that f is continuous everywhere on [0, ) The idea of difference
sequence was first introduced by Kizmaz [6] write Ax, =x, —x,,, for k=123... Let » denote the space of

00

all comlex-valued sequences, A : w—w be the difference defined by ax=(ax);,. Let » denote the
space of all real or complex-valued sequence. It can be topologized with the seminorms p,(x)=|x,|,
(n=1,2,.), any vector subspace X of o is a sequence space. A sequence space X with a vector space
topology r, is a K -space provided that the inclusion map i: (X,z)—>®, i(x)=x, is continuous. If, in
addition,  is complete, metrizable and locally convex then (X,z) is an FK-space. So an FK-space is a

complete, metrizable locally convex topological vector space of sequences for which the coordinate
functionals P, (x)=x,, (n=12,...), are continuous. The basic properties of FK-spaces may be found in

[3], [6], [17] and [19].
Ruckle [14] used the idea of a modulus function f to construct a class of FK spaces

L(f):{x:(xk): kZ‘lf(|xk|)<oo}.

Let z=(z,) be a sequence of positive numbers i.e, z,>0vneN and X an FK-space. We shall
consider the sets of sequences x=(x,)

X, ={xew: [ﬁje X}

n

The set X, may be considered as FK-space. We shall call them as rate spaces ( see, [4] and [5]).Let F
be an infinite subset of N and F as the range of a strictly increasing sequence of positive integers, say
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F={a(n)}7, . The Cesaro submethod c, is defined as

(Clﬁnzzﬁaéim,(nzlzm}

where {x} is a sequence of a real or complex numbers. Therefore, the c, -method yields a subsequence
of the Cesaro method c,, and hence it is regular for any 1. c, is obtained by deleting a set of rows from
Ceséro matrix. The basic properties of c, - method can be found in [1] and [13] We need the following
inequality throughout the paper. Let p=(p,) be a sequence of positive real numbers with G =sup, p, and
D=max(1,2°?). Then, it is well known that for all a,, b, eC, the field of complex numbers, for all keN,

la, +b, <D a ™ +b/™ ) @
Also for any complex g,
" < mex 1,4 2)

see in [11} Motivating by Maddox [9] Jirimae [4] and Basarir [2] we make the following definitions: The
following sequence spaces
A(ij j|<oo},
)i

{ [{ 1 Ak
Cr(r)={xew: supg —— >
A[ij }—>O(k —)oo)}
)i

k | AK) iz
Cg(ﬂ)={X€WZ { 1 if)
A(lJ —L}—)O(k—)oo), forsomeL>o}
7 Ji
o B . 1 Mk)A X Pk
J(p,w)=4XeW : Sl; mé [;j, <00y,

k) &
. { { 1 4K
Ci(r)=<xew: >
Pk
A[ij} —0(k —)oo)},
7 Ji

A(ij -
T )

k) =

Cg(p,ﬂ)Z{XEW : {L%)

AK) ia

1 Ak
Cj(p,n):{XEW: {—Z

P
—>0(k —> ), forsomeL>0¢,
AK) ia

C; ={XeWw: k—* 1 ﬂ(k)A X " >0
7 (P,S,m)=4Xew : SLka mz (;1 <o, §20¢,
R Pk

Co(p,sim) = xew: k= L”%A[KJ 50(k—>), 520

A ' AK) 3| \z), v
and

{ _|: 1 Ak X Pk
Ci(p,s,m)=xew: k| —— A(—j -L/| —>0(kk—>x),s>0, forsomeL>0;.
k) &l \z),

RESULTS

In this section, C, - rate sequence spaces of difference sequence is defined by a modulus function, and

several theorems on this subject are given.
Definition 1. Let f be a modulus function. Then we define the following sets of sequences
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Pk
J‘| <o, > 0},

cr(p. f,8.7)= +supks| —2 37 ¢ o X
T(p, f,8,7)={xew : sup WE (;ji
P
ﬂ —)0(k—)oo),520}

; w0 (| x
Cg(p,f,s,ﬂ)—{XGw. k 20 E fUA[”l
cS(p, f “lxew k| SV (X)L
S(p s, m)=9xew: mg (;Ji_
where A(%)k :%_M

and
LT

Pk
ﬂ —>0(k > ), s>0, forsomeL>O}

Theorem 1.

(i) For any modulus function f, cl(p,f,s,z), C5(p,f,s,z) and C7(p,f,s,z) are linear spaces over the
complex field c.

(i) Let f be any modulus. Then CJ(p, f,s,z)cCS(p, f,s,7) cC(p, f,s,7).

Proof. (i) Let x,yeC)(p,f,s,z). For any «, s<C, there exist integers M and N such that |o]<M, and
|8 <N,. By definition of modulus function and inequality (1) we have

Pk
1 A ax+ py
‘ [m £l JW
Pk
1o ax 1 A% By
<k [m E fUA[71 }rm .gi f[‘A(7Jum
B Pk
A L/l(k) i G |,-s Ll(k) l
<DM?k [’1(") E fﬂA(ﬁl H +D Ny k [’1(") % fUA(”l ﬂ :

This implies that ax+ gy <C2(p, f,s,7z), and completes the proof. The others cases are routine works in
view of the above theorem.

(ii) The proof of the inclusion CJ(p, f,s,z) =C5(p, f,s,z) is routine verification. So, we leave it to the
reader. Let xeCS(p, f,s,7). Then there is some L such that

Ligf[{zj L
T Ji

| Ak) 5
From inequality (1), we get

r P P
1w X I ERCHNSE
‘ z(k)EfUA(Zlﬂ - L(k)éf[‘A(ﬂl “Lﬂ

Pk
- 1 A X -s Pk
<Dk {WE fUA(;)i—LH +Dk=[f (L.

There exissts an integer M such that |L|<M. Therefore we have

»

K-

P
ﬂ —>0(k > ), s>0.

»
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J‘| Pk

82

<Dk {WE fU [”jl—l_ﬂpk+Dks[Mf(m)]°.

This shows that xeC7(p, f,s,7z) , and completes the proof.

Theorem 2. CY(p, f,s,7), C5(p, f,s,7) and C7(p,f,s,z) are linear topological spaces paranormed by

Pk /M
- A(K)
s [m 2 fﬂ 2) ]] |

where M =max(1, G =sup, p,).

The proof follows by using standart techniques and the fact that every paranormed space is a topological
linear space [18, p.37] So we omit the details.

Theorem 3. C¥(p, f,s,7), C5(p, f,s,7) and C7(p, f,s,z) are complete in their paranorm topologies.
Proof. Let (x\/) be a Cauchy sequence in C2(p, fs,z), where

(x(")):(xlj,xzj ) vjeN.
Hence for a given =>0 there exists N that g(x/)—x")<z forall j,t>N, that is

1 Ak x() x®)
supk [l(k) Iﬁi f[‘A[Tl —A[;l

This implies that for each fixed i, ‘A(ﬂ)i —A(L )‘ . So ( (X’ )) is a Cauchy sequence in c, but C is

/M
ﬂ <eg, forall j,t>N. 3)

.4

complete so for vieN we have A(@)i —>A g)i (j > ). From (3) we get
P
AK) (i) (t)
supk LSV A X2 ] —af X2 <&M, forall jt>N.
l(k) i1 T ). T ),

So for each fixed k
Pk
! (i) ()
s L ‘A[i] —A(X_] J] <&M forall jt>N.
A(K) ia T ) T )
By taking t—« in the above inequality we obtain

r Pk
(k) (i)
o[ L5 (o] X2 —A(ij <&M, forall j>N.
AK) iz T ) 7T );

Since k is arbitrary we have
Pk
ﬂ <&M, forall j>N,

() x() X
al [ﬂ(k)% [ [n l‘A(;l

this implies g(x“>—x)<e, for j>N.

Now we have to show that xe C(p, f,s,z). Since p,/M <1 and M =1, using Minkowski's inequality and
definition of modulus function, we can get
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o1 Ak X
‘ {mz fﬂA[;l

[ (0 N
1 J J
i L a2 +A[X_ _A[X_] ﬂ
Ak) ia ) 7 ) T )

) Pk /M
1 Ak X
2(K) z 7). J]
_ oy ™"
A(K) j
<k® L > A X —A xz
AK) ia ) T ).

o 1AW
+kH —— > f||A
AK) iz

Taking supremum of such k’s we obtain
A0 Pk /M
1 X
kS| —— 3 f||]a| =
5F [ﬂ(k) % U (nl]
N
Ak ]
k ) 7 ).

A(K) 2
ol 1 /I(k)f x() i
R PTOE: A[Tl

<e+ g(x(”)

Hence xeCY(p, f,s,z), and the proof is completed. Similarly it can be shown that the spaces C$(p, f,s,7)
and C3(p, f,s,7) are also complete.

Theorem 4. Let infp, =r>0. Then

(i) If x—Llcsm)] then x—Llc(p f.5.7)

(ii) If x—>L[C§(p,s,7r))] then x— L[Cj(p, f,s,;z)l

(i) If y=tim_, 250 then C5(p,s,7)=C5(p, f,s,7).

Proof. (i) Let x—>L[C§(7z)] (k > o). Since f modulus function, we have
1w ] (x
it S 12 )

1 40 (] (x

[m % f[k"iﬂA(;l‘Lﬂ

-

Since infp, =r>0 then
so, for 0<e<1, 3k, > forall k>k,,

. 1 A0 X
it & 1o 2)
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ﬂ <g<l

1 AK X
— Y f|llAl = -L
[M@% {@l
and since p, >r for all k,

gl
Vg S i)+
()] -

then we obtain
Since (k’s) is bounded, we can get

Px
imiks| L ¢ Al X)) - -
!ﬂk{mmﬁfpbl q]‘°
Hence xeCS(p, f,s,7).
(ii) Suppose that xeCS(p,s,z), so that

P I LN ) 0 (k
g g W) )| oo

Let £>0 and choose § with 0<s<1 suchthat f(t)<s for o<t<s. Now we can write

Rl:{keN; Ag)i_ba}
o) e

For [alx)-1]>s,
A(ij -L A(l) -L 51<1+{A[1j L 51}
T )i T )i 7 );
where keR, and [t] denotes the integer part of t. By definition of modulus function we can get for
() -L|>s,
1 A X
— > fi|Al =] —-L
709 & U 3) ]
1 Ak) x) B
<L (2] )] o
1 4w X\ 4
<2f@) 70 zl fUA(”ji Lj st
For [a(x)-t<s,
1 4K X
m E f[A(;jl —L]<£,
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l1 A0 y Pk
‘ méfﬂﬁ(;l*]
1 Ak P 1 Ak 8
s X _ sl _+ 1 _
{mgf[{;}i ﬂ " {Mk)%f[{ﬂl ﬂ

where the first term over keR, and the second over keR,. Then we obtain

Pk
S 1 AK X
‘ L(k) Ef[‘AHfLH

<k sl s, >0k >w)
This implies that xeCS(p, f,s, 7).

where k eR,. Therefore,

(iii) For proof, we have to show that C(p, f,s,7)cC5(p,s,z). Let xeCi(p, f,s,7). For any modulus

function we have y=lim_,,, ‘& =inf’® : t>0} in [4] Let y>0. By definition of  we have ;< f(t) for all

t>0. Hence we can get

o1 oawf] (o
‘ WEHJ‘LJ
Pk
< kS[L“k)ylf(A[lj —Lﬂ
20 & ),
ool (] "
hz[‘[_jﬂ

SO xeC5(p,s,x).

Theorem 5. Let f, and f, be two modulus and s,s;,s,>0. Then,

(i) C2(p, fus, ) NCRP, f0,5,7) = CH(p, fy+ .5, 7),

(i) s, <s, implies C(p, f,s,,7) =CY(p, f,s,,7).

Proof. (i) Let xeC3(p, f,,s,7)"CY(p, f,,5,7). From inequality (1), we have

{2
o)) 2]
L o)

Since (k*s) is bounded, we can get

k{ i fz{ {2) ﬂ pk

AK) ia

Pk

1 Ak

[m E (f,+ fz)(
)
) {m 5 fl[

<p|-L Y5

I

oy Pk
S 1AW X | LY -
<Dk {m > fl[A(;ji ﬂ +Dk {W % fZ[A(;l ﬂ |
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So this completes the proof (i)
(i) Let s <s,. Then k=2 <k™ for all keN. Hence we have

P Pk
S EE N UM INGS | LA X
‘ {z(k)izlfﬂA(an = [ﬂ(k)ﬁﬂ%nlﬂ |

this inequality implies that ci(p, f,s,,7) =CY(p, f,s,, 7).
The proof of following results is routine work in view of Theorem 5.
Corollary 1. Let f, and £, be two modulus and s,s;,s, >0. Then

(i) Ci(p, f1,5,7) NCS(p, fy,8,7) < CE(p, f, + fy,8,7),
(i) C3 (p, f1,8,7) NCF (P, f5,8,7) =CF(p, fy + f5,5,7),
(iii) s, <s, implies CS(p,s,,7) < Ci(p,s,,7),

(iv) s, <s, implies C7(p, f,s,7) cC7(p, f,8,,7).
Theorem 6. Let £ be a modulus function, then
() (e.), =fxew : ()er3eci(p.f.52),

(ii) If f isbounded then C7(p,f,s,7z)=w.

. . A(k)
Proof. (i) Let xe (¢,),. Since (;—k) is bounded 5 > fQA(i)_
k i=1 G
S (x
‘ L(k) Z fﬂﬂ[ﬂl

So xeC7(p, f,s,7).
(i) Let f is bounded. Then for any xew

Pk
o 1w X -

<k M® <o,

therefore we obtain C7 (p, f,s,z) =w and this completes the proof.

) is also bounded, hence we can get

ﬂ ) <k™[H f(1)]*

<k*[H fQ)P <0,

REFERENCES

Armitage DH and Maddox 1J (1989). A new type of Cesaro mean. Analysis 9(1-2) 195-204.

Basarir M (1990). Some New Sequence Spaces and Related Matrix Transformations, 100. Year
University Press 6 32-38.

Johann Boos (2006). Classical and Modern Methods in Summability (Oxford University Press,Oxford).
Jurimae E (1994). Matrix mappings between rate-spaces and spaces with speed. Acta et Commentationes
Universitatis Tartuensis 970 29-52.

Jurimae E (1994). Properties of domains of mappings between rate-spaces and spaces with speed. Acta
et Commentationes Universitatis Tartuensis 970 53-64.

Kizmaz H (1981). On certain sequence spaces. CMB: Canadian Mathematical Bulletin 24(2) 169-176.
Maddox 1J (1968). Paranormed Sequence Spaces Generated by Infinite Matrices. Mathematical
Proceedings of the Cambridge Philosophical Society 64 335-340.

Maddox 1J (1969). Some Properties of Paranormed Sequence Spaces. Journal of the London
Mathematical Society 1(2) 316-322..

Maddox 1J (1970). Elements of Functional Analysis first edition (Chambridge Univ. Press).

Maddox 1J (1986). Sequence spaces defined by a modulus. Mathematical Proceedings of the Cambridge
Philosophical Society 100 161-166.

© Copyright 2014 | Centre for Info Bio Technology (CIBTech)



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)
An Open Access, Online International Journal Available at http://www.cibtech.org/jpms.htm
2014 Vol. 4 (2) April-June, pp. 51-59/Cumali et al.

Research Article

Maddox 1J (1987). Inclusion between FK spaces and Kuttner's theorem. Mathematical Proceedings of
the Cambridge Philosophical Society 101 523-527.

Nakano H (1953). Concave modulars. Journal of the Mathematical Society of Japan 5 29-49.

Osikiewicz JA (2000). Equivalance Results for Cesaro Submethods. Analysis 20 35-43.

Ruckle WH (1973). FK spaces in which the sequence of coordinate vectors is bounded. CIM: Canadian
Journal of Mathematics 25 973-978.

Tripathy BC and Chandra P (2011). On Some Generalized Difference Paranormed Sequence Spaces
Associated with Multiplier Sequences Defined by Modulus Function. Analysis in Theory and
Applications 27(1) 21-27

Wilansky A (1964). Functional Analysis (Blaisdell Press).

Wilansky A (1978). Modern Methods in Topolgical Vector Spaces (McGraw-Hill).

Wilansky A (1984). Summability Through Functional Analysis (North Holland).

Zeller K (1951). Allgemeine Eigenschaften von Limitierungsverfahren. Mathematische Zeitschrift 463-
487.

© Copyright 2014 | Centre for Info Bio Technology (CIBTech)



