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ABSTRACT 

In this article, we prove the existence of mild solutions for quasilinear impulsive integro-differential 
equations with nonlocal initial conditions. The results are obtained by using semigroup theory and the 

Banach fixed point theorem. An example is provided to illustrate the theory.  
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INTRODUCTION 
An Abstract differential equations widely used in many areas of science and technology, specifically 

whenever a deterministic relation involving some continuously varying quantities (modeled by functions) 

and their rates of change in space and/or time are known or postulated. This type of equations arise in 
various applications such as in the flow of fluid through fissured rocks, thermodynamics, and shear in 

second-order fluids. For more details, we refer the reader to (Brill, 1977; Lagnese, 1972; Lightboure and 

Rankin, 1983). This is illustrated in classical mechanics where the motion of a body is described by its 

position and velocity as the time varies. It is well known that the systems described by partial differential 
equations can be expressed as abstract differential equations (Pazy, 1983). These equations occur in various 

fields of study and each system can be represented by different forms of differential or integro-differential 

equations in Banach spaces. Using the method of semigroups, solutions of nonlinear and semilinear 
evolution equations have been discussed by Pazy (1983). The study of abstract quasilinear initial value 

problems with nonlocal conditions was initiated by Bahuguna (1995) (Dong et al., 2008; Kanagaraj and 

Balachandran, 2002). Such problems with nonlocal conditions have been extensively studied in the 
literature (Balachandran and Chandrasekaran, 1996, 1997; Balachandran et al., 1997; Balachandran et al., 

2002; Balachandran et al., 1999; Balachandran and Uchiyama, 2000; Xue, 2009). Park et al., (2011) 

established the existence of solutions of quasilinear evolution equations in Banach spaces. 

A neutral functional differential equation is one in which the derivatives of the past history or derivatives of 
functionals of the past history are involved as well as the present state of the system. Neutral differential 

equations arise in many areas of applied mathematics and for this reason these equations have received 

much attention during the last few decades. There are also a number of applications in which the delayed 
argument occurs in the derivative of the state variable as well as in the independent variable, as in the so 

called neutral differential difference equations. The literature for neutral functional differential equations is 

the book by Hale and Lunel (1993) and the references therein. Hernandez (2001) established the existence 

results for partial neutral functional differential equations with nonlocal conditions. He made use of fixed 
point theorems and the results mentioned in Pazy (1983). The theory of impulsive differential equation 

(Lakshmikantham et al., 1989; Samoilenko and Perestyuk, 1995) is much richer than the corresponding 

theory of differential equations without impulsive effects. The impulsive condition  

 ,,2,1,=)),((=)()(=)( mituItututu iiiii    

is a combination of traditional initial value problems and short-term perturbations whose duration is 

negligible in comparison with the duration of the process. Lin and Liu (2003) discussed the iterative 

methods for the solution of impulsive functional differential systems. 
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Motivated by the above approach, the goal of this paper is to use the fixed point theorem to obtain the mild 

solution of the quasilinear impulsive neutral integro-differential equation with nonlocal conditions in 

Banach space.  

Preliminaries 

In this section, consider the quasilinear impulsive neutral integrodifferential equation with nonlocal 

conditions of the form  
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where bttt p  <<<0 21  , ),( utA  is the infinitesimal generator of a 0C -semigroup in the Banach 

space .X  And ,0 Xu   XXIf : , XXIh 2: , XXIg : , XXq :  and 

XXIk :  are appropriate functions and the symbol )( ktu  represent the jump of function u  at t , 

which is defined by )()(=)(   tututu k . Here ][0,= bI . In this paper, we establish the existence of a 

quasilinear impulsive neutral integro-differential equation with nonlocal conditions using Banach fixed 
point theorem. 

Let X  be a Banach space with norm .||||   Let )],([0, XbPC  consist of functions u  from ][0,b  into 

X , such that )(tx  is continuous at itt   and left continuous at itt =  and the right limit )( 

itx  exists, 

for ni ,1,2,3,=  . Evidently )],([0, XbPC  is a Banach space with the norm  

.)(sup=
][0,

txx
bt
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Definition 2.1 If the evolution family btsu stU 0)},({  is equicontinuous then the following properties 

hold:  

(i) ;][0,][0,][0,),,(),,(=),(),( XxallandbbbrstrtUrsUstU uuu    

(ii) For each ,Xx  the functions for xstUst u ),(),(   is continuous and )(),( XstUu L  for every 

st   and  

(iii) The function ),,( stUt u  for ),(],( Xts L  is differentiable with 
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In this article, we assume that there exists an operator E  on XE =)(D  given by the formula  
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with The existence of E  can be observed from the following fact (Byszewski, 1991). Suppose that 
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then 1<,0)(
1= ii

p

i
tUc . So such an operator E  exists on X . 

 

First we study the following system  
 

],(0,))(,()())(,(=))(( bttutftututAtu    (4) 
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Definition 2.2 A continuous solution u  of the integral equation  

dssusfstU

dssusfstUEtUcEutUtu

t

i

i
t

i

n

i

))(,(),(

}))(,(),({,0)(,0)(=)(

0

0
1=

0








 (6) 

is said to be a mild solution of problem (4)-(5) on I . 
Remark: 2.1 A mild solution of the quasilinear integro-differential (4)-(5) satisfies the condition (5), for 
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RESULTS 

To prove the existence result, we use the following hypotheses:  

(M1) ))(,( tutA  is the infinitesimal generator of 0C semigroup Rt  on Banach space .X  There 

exist constants 11 M  and 12 M  such that 1),( MstU   and 2),(),( MstUutA   for every 

].[0,bt  Furthermore let ||=
1= i

p

i
cc  .  

(M2) The function XXIf :  satisfies the following condition:  

(i) For each ,It  the function XXtf  :),(  is continuous and for each ,Xx  the function 

XXtf  :),(  is strongly measurable.  

(ii) There exists a constant 0>fL  such that  

.andfor,),( XuItLutf f   

and  

1,2.=,andfor,),(),( 2121 iXuItuuLutfutf if   

Theorem: 3.1 Assume that the conditions (M1)-(M2) are satisfied. Then for every )(0 XDu   the 

problem (4)-(5) has at least one mild solution on I  provided that there exist a constant 1>r  with  

.1

2

11 rbLMbLMEcEuM ffo   
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Proof:Let S  be the subset of ),( XIC  defined by, }for)(),,()(:{= ItrtuXItuuS C . We 

define a mapping SSP :  by  
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First we show that the operator P  maps S  into itself. Now  
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Since the mapping P  is contraction and hence by Banach fixed point theorem there exists a unique fixed 

point Su  such that ).(=))(( tutPu  This fixed point is then the solution of the problem (4)-(5).  

Quasilinear Neutral Integro-Differential System 

Now consider the following first order quasilinear neutral integro-differential system  
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To prove the existence result of the system (7)-(8). For this we impose following conditions:  

(M3) The function XXIg :  satisfies the following condition:  

(i) For each ,It  the function XXtg  :),(  is continuous and for each ,Xx  the function 

XXtg  :),(  is strongly measurable.  

(ii) There exist constants 0>gL  and 0>0L  such that  
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(M4) The function XXIh 2:  satisfies the following condition:  

(i) For each ,, Ist   the function XXsth  :),,(  is continuous and for each ,Xx  the function 
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XXsth  :),,(  is strongly measurable.  

(ii) There exists a constant 0>hL  such that  
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Definition 4.1 A continuous solution u  of the integral equation  
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is said to be a mild solution of problem (7)-(8) on I .  
  

Remark: 4.1 A mild solution of the neutral integro-differential (7)-(8) satisfies the condition (8), for (9)  
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Theorem: 4.2 If assumptions (M1)-(M4) hold, then for every )(0 XDu   the problem (7)-(8) has at least 

one mild solution on I  provided that there exist a constant 1>1r  with  
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Proof:Let S  be the subset of ),( XIC  defined by, }for)(),,()(:{= 1 ItrtuXItuuS C . We 



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online) 

An Open Access, Online International Journal Available at http://www.cibtech.org/jpms.htm 

2014 Vol. 4 (2) April-June, pp. 19-28/Prabakaran and Vinoba 

Research Article 

© Copyright 2014 | Centre for Info Bio Technology (CIBTech)  24 

 

define a mapping SSP :  by  
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Now we show that the operator P  maps S  into itself.  
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Since the mapping P  is contraction and hence by Banach fixed point theorem there exists a unique fixed 



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online) 

An Open Access, Online International Journal Available at http://www.cibtech.org/jpms.htm 

2014 Vol. 4 (2) April-June, pp. 19-28/Prabakaran and Vinoba 

Research Article 

© Copyright 2014 | Centre for Info Bio Technology (CIBTech)  25 

 

point Su  such that ).(=))(( tutPu  This fixed point is then the solution of the problem (7)-(8).  

Quasilinear Neutral Impulsive Integrodifferential System 

Now we prove the existence result of the system (1)-(3). For this we impose following conditions:  
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is said to be a mild solution of problem (1)-(3) on I .  
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Theorem: 5.2 Assume that the conditions (M1)-(M5) are satisfied. Then for every )(0 XDu   the 
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Now we show that the operator P  maps S  into itself.  
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Let Suu 21,  then  

(0))](0,(0))(0,,0)[())(())(( 2121 ugugtUtPutPu   

dssusgsusgstUtutA
t

))](,())(,()[,())(,( 21
0

   

(0))](0,(0))(0,,0)[({,0)( 21

1=

ugugtUEtUc ii

n

i

   

dssusgsusgstUtutA iii

i
t

))](,())(,()[,())(,( 21
0

   

dsdushushsusfsusfstU
s

i

i
t

])))(,,())(,,(()))(,())(,()[(,( 21
0

21
0

    



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online) 

An Open Access, Online International Journal Available at http://www.cibtech.org/jpms.htm 

2014 Vol. 4 (2) April-June, pp. 19-28/Prabakaran and Vinoba 

Research Article 

© Copyright 2014 | Centre for Info Bio Technology (CIBTech)  27 

 

)]}()()[,( 21

<<0

kkkkki

i
t

k
t

tuItuIttU    

dsdushushsusfsusfstU
st

])))(,,())(,,(()))(,())(,()[(,( 21
0

21
0

    

)]()()[,( 21

<<0

kkkkk

t
k

t

tuItuIttU    

i

m

k

hfgg dMbLLbMLbMLM 
1=

1121 }{
~

[  

21

1=

11211 ]]}{
~

[ uudMbLLbMLbMLMMEc i

m

k

hfgg    

Since the mapping P  is contraction and hence by Banach fixed point theorem there exists a unique fixed 

point Su  such that ).(=))(( tutPu  This fixed point is then the solution of the problem (1)-(3).  
 

Example 

Consider the partial integrodifferential equation of the form  
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where ),( yta  is continuous on I ty ,0   and the constant iie ,  are small. 

Let us take ][0,= 2 LX  to be endowed with the usual norm 
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Then the above problem can be formulated abstractly as  
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for each 0>t . So all the conditions of the Theorem 5.2 are satisfied. Hence the equation (11)-(14) has a 

mild solution. 
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