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ABSTRACT

This is my sincere efforts towards realization of Unchanging Truth. This work is dedicated to my spiritual
teacher Sri Sri Ramakrishana. In the Present work first | proved that (A, +,.) is a non commutative ring.
Second | proved (4,+,x)is a commutative ring with unity, where A ={ay+ aii + ayj + azk +
34//31 EF
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INTRODUCTION
Herstein cotes in 1992
Definition: A nonempty set of elements G is said to form a group if in G there is defined a binary
operation, called the product and defined by *, such that
1a, be Gimpliesthata*b € G
2 a, b, c € G implies that (a*b)*c = a * (b*c)
3 There exist an element e € G suchthata*e=e*a=aforallae G
4 For every a € G there exist an element a=! € G suchthata*a ' =a ' *xa =e
Definition: A group G is said to be abelian (or Commutative) if for every a, b € G,
axb=b>bx*a.
Definition: A nonempty set R is said to be an associative ring if in R there are defined two operations,
defined by + and * respectively, such that for all a,b,c in R:
latbisinR.
2 a+b = b+a.
3 (atb)+c = a+(b+c).
4 There is an element 0 in R such thata+0O=a,va € R
5 There exist an element —a in R such that a + (-a) = 0.
6a*bisinR
7 a*(b*c) = (a*b)*c.
8a*(b+c)=a*b+a*cand (b+c) *a=Db*a + c*a.
It may very well happen, or not happen, that there is an element 1 in R such that a*1 = 1*a = a for every a
in R; if there is such we shall describe R as a ring with unit element.
If the multiplication of R is such that a*b = b*a for every a, b in R, then we call R a commutative ring.

DISCUSSION

Let A = {ag + a;i + ayj + azk + a4l / ai € F(field)}

Andx =ag+aii +ayj +azk +ayl,ai €F

Yy =bg+ bii+byj+ b3k +byl,bi €F

Z=cg+cii+cyj+c3k+cyl,ci €EF

—x = (—ao) + (—ap)i + (—az)j + (—az)k + (—ay)!

0=0+0i+0j+ 0k + 0l
1=1+0i+0j + 0k + 0!

Cx = cag + caqi + cayj + cazk + cayl,c €F

Now we define first binary operation + onA as
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x+y: (a0+a1i+a2j+a3k+a4l)+ (b0+bll+b2_]+b3k+b4l)
= (a() + bo) + (a1 + bl)l + (az + bz)] + (a3 + b3)k + (a4 + b4)l
............ (D)
=>x+y=y+x,Vx,y,€A
x++2)=x+y)+zVxyz€eA
0+x=x+0,Vvx€eEA
x+(—x)=(-x)+x=0,Vvx€A
= (A,+) is an abelian group. ............ 2)
Case 1:
Second binary operation on A as. defined as
x.y = (ag + a1l + ayj + agk + a4l).
(bg + byi + byj + b3k+byl)

=(ap+a1+ay+az+al))yVx,yeEA . ............... 3)

=> x.(y.z) = (x.¥).2,Vx,y,z€E A
&x.y#y.x,Vxy €A

x+y)z=xz+y.zVxyz€EA

x.(y+2z)=xy+x.2zVxyz€A
Hence (A,.) is a non-commutative semi group.
&(A,+,.) is a non-commutative ring............ €))

Case 2:
Second binary operation on A as * defined as
X *y = (ao + ali + azj + a3k + a4l) * (bo + bll + bz] + b3k+b4l)
= (agbo + a1 by + @, bat+ash, . asby)
+ (agb1 + a1bg + @, bat+ az bz + asby) i
+ (agby + @by + a; bot+ az byt asbs) j
+ (agbs + a1by + @, b+ az bot asbs) k
+ (a0b4+a1 bs+ a, b+ as b1+a4b0)| ........... ®)]
= X*y=y*x,Vx,yEA
= x*(y*xz)=(x*xy)*xz,Vx,y,zEA
= lxx =x*1=x,Vx€EA

Let x'= (ag + a;i + ayj + ask + a,1)~" be the inverse of x in A
= (bo + bll + bz] + b3k+b4l) (Say)
By definition
(ag + a1i + azj + azk + agl) * (bg + byi + byj + b3k+byl)
= (by + b1l + byj + bzk+byl) * (ag + aqi + ayj + azk + ayl)
= (agho + a1 bs+ @, bs+ azb, + asby)
+ (aghy + a1bo+ @, b+ @z bs+ aghy) i
+ (aoby + a1by + @, bo+ az bs+ asbs) j
+ (aobs + @by + @, by + as bo+ asbs) k
+ (aobs + a;bs+ a; bo+ az by + asby) |
Hence we get

aob0+alb4+ do b3+ a3b2+ a4b1:1 ............ (6)
a0b1+a1b0+ do b4+ a3b3+a4b2:0 ............ (7)
a0b2+a1b1+ do b0+ a3b4+a4b3:0 ............ (8)
aob3+alb2+a2b1+a3b0+a4b4:0 ............ (9)
aob4+a1b3+a2b2+a3b1+a4b0:0 ............ (10)
Rewriting eq" (7), (8), (9), (10)
a1b0+a0b1+a4b2+a3b3+a2b4:0 ............ (11)
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do bo+alb1+ aob2+a4b3+agb4:0 ............ (12)
agbo+azb1+alb2+aob3+a4b4:0 ............ (13)
dq bo + aj b1 +a b2+ dj b3+ dg b4: 0 (14)

Qo a4 a4z a
a, Qap a4 ajz
a a; Qp Qu
as dz ap do

Where; Fo=

a, ag asz ap
E = a, ap as as
1= asz ap Qg Qg
a, a; a Qp
a; ap as a
E, = a, a; ag as
2= asz dad; Qg Qg
a, a3 a; Qg
a Qap ag ap
E.=[%2 @ Go 43
$7las az a; a4
as, asz a; Qg
a Qapg ag as
F,=[%2 4 Go Q4
7laz a; a1 ag
as, az a,; ag
=> bo = kFO ............ (15)
by=—KFy.......... (16)
by =kFy .oovon..... (17)
b3 = —kF3 ............ (18)
b4 = kF4 ............ (19)

From eq™ (6), (15), (16), (17), (18), (19)one obtains
k{aoFO - alFl + aze - a3F3 + a4F4} =1
Hence
-1 - i — — — —
k= /{aoFo — @ F, + ayFy — asF; + agFy) — % if(ag = a; = a; = a3 = 0&ay # 0)
From the above discussion we get

_ Fo—F1i+F,j—F3k+F,l . .
1= 0T ITR) TR not exist for each non zero element in A
{aoFo—ai1Fi+ayF,—azF3+asFy}

X

=> x~lis exist for each non zero element in A.

Hence (4, +,x) Is a Commutative ring with unity.

Where A = {ag + aqi + ayj + azk + a4l / ai € F (field)}

Conclusion

From the above discussion, | come to the following conclusions first | proved that (A, +,.) is a ring.
Second | proved that (4, +,%) Is a Commutative ring with unity. Where A = {ag + a1i + a,j + azk +
a4l /ai EF (field)
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