International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)

An Open Access, Online International Journal Available at http://www.cibtech.org/jpms.htm
2014 Vol. 4 (1) January-March, pp. 124-130/Durge

Research Article

nm
nm+k
*Manohar Durge

Anand Niketan College, Anandwan, Warora Maharashtra
*Author for Correspondence

NATURE OF SEQUENCE {—— /m,k € N}

ABSTRACT

This is my sincere efforts towards realization of Unchanging Truth. This work is dedicated to my spiritual

teacher Sri SriRamakrishana. In the Present work first | proved that any sequence monotonic and bounded

need not be a Convergent sequence. Second | proved that any sequence S is convergent then its reciprocal

(1/S) need not be a convergent sequence. Third | proved that any sequence T is divergent though it is a

finite monotonic and bounded then its reciprocal (1/T) be a convergent sequence. Fourth | proved
n

n - -
that{m} is not a Cauchy Sequence, {n+k} iS not a convergent Sequence.

/mk € N} is not Cauchy Sequence.

nm
nm 71+1k
Sixth I proved Sequence {nz " /mk € N} is not Convergent Sequence.
Lastly I proved that reciprocal of every Convergent sequence need not be a Cauchy sequence though it is

a finite monotonic and bounded.

Fifth | proved Sequence {
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INTRODUCTION

Kreyszig (1978) cotes thatl.4-1 Definition (Convergence of a sequence, limit).

A sequence (x,) in a metric space X = (X, d) is said converge or to be convergent if there is an X € X such
that

limd (x,, X) =0.
n—->«
X is called the limit of (x,) and we write
n—->oo
limx, = x.
Or, simply,
Xn=>X
Convergence of sequences and related concepts in normed spaces follow readily from the corresponding
definitions 1.4-1 and 1.4-3 for metric spaces and the fact that now d(x,y) = [|x -y ||:
(i) A sequence (x,) in normed space X is convergent if lim ||x, - x|| =0.
n—>oo.
Then we write X, — x and call x the limit of (x,).

@ A sequence (X,) in a normed space X is Cauchy if for every e > 0 there is an N
such that || xm - X, || <€ for all m, n> N.

Simmons cotes in (1) that

We say that {x,} is convergent if there exists a point x in X such that either

(1) for each € > 0, there exists a positive integer ng such that n > ny= d(X,,X) < ¢;

or equivalently,

(2) for each open sphere S.(x) centered on X, there exists a positive integer ny such that x, is in S(x) for
all n > n,.
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Karade and Bendre (No date) cotes that
Limit of a sequence
Definition. A real number | is said to be a limit of a real sequence s = «sp if for any € >0, there is a
positive number M depending on esuch that
n>M = | syl | <e(3.2)
We write
J= lims orJZ lim sy or lims, I,[or Sn —>f
n->oo,
Convergent sequence. If the limit of a sequence exists, the sequence is said to be convergent. If the
sequence has no limit it is divergent.

Theorem 17. (Monotone convergence theorem)
A monotone sequence of real numbers is convergent if and only if it is bounded.

Cauchy sequence
A sequence <sp is called a Cauchy sequence if for any € > 0,3aMeNsuch that
| sm=sa| <€,¥ym,n > M.(6.1)
Theorem 21. Every convergent sequence of real numbers is a Cauchy sequence.

Walter Rudin (no date) cotes

3.1 Definition A sequence {pn} in a metric space X is said to converge if there is a point p eXwith the
following property: For every € > 0 there is an integer N such that n > N implies that d(p,,p) <e. (Here d
denotes the distance in X.)

In this case we also say that {p,} converges to p, or that p is the limit of

(pn) [ see Theorem 3.2(b)], and we write p, — p, or

limp, =p.
n—>co,
If {pn} does not converge, it is said to diverge.

Cauchy Sequences

3.8 Definition A sequence {p,} in a metric space X is said to be a Cauchy sequence if for every ¢ >
Othere is an integerN such d(pn, pm)< €ifn = N

and m > N.

In our discussion ofCauchy sequences, as well as in other situations which will arise later, the following
geometric concept willbe useful.

3.14 Theorem Suppose {s,) is monotonic. Then {s,} is converges if and only if it is bounded.

Hardy (no date) cotes
The meaning of the above equation, expressed roughly, is that by adding more and more of the u’s
together we get nearer and nearer to the limit s. More precisely, if any small positive number dis chosen,
we can choose n, (9) so that the sum of the first ny (9) terms, or of any greater number of terms, lies
between
s -dand s + d; or in symbols

S-0<S<s+0,
if n =ny(0). In these circumstances we shall call the series

Us+u, + ...
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A convergent infinite series and we shall call s the sum of the series, or the sum of all the terms of the
series.
Khanna and Varshey (1995) cotes
2.7 Limit of a Sequence:
Definition. Assume <s,: n € N >is a sequence of real numbers. Then s, approaches the limit ‘[* as n
approaches infinity, if for each €> 0 there exists a positive integer m such that

n=>m>= | Sp - I <e
We observe that | s, - JJJ <€ means

-e<s<[+€

or equivalently s,belongs to the open interval ] [-€, [+€ [ containing ‘|’
If:, approaches the limit *[°, we write

Lim

1
—

Sn
n—»co
0rn—00=>8, —f

2.11. Divergent Sequences:
Definition. Assume<s,> is a sequence of real numbers.
Then <s,> is said to diverge to coor is said to be divergent to «if for a real number r > 0 there exists a
positive integer m(e) such that

n=>m>=S,>r
In this case, we written—o00=s,, —00
(i1) A sequence <s,> is said to diverge to - «o if for a real number r < 0, there exists a positive integer m(e)
> 0 such that

n=m=>=S>r

We then write n—oo=s, ——co.

Theorem11. (Monotone Convergence Theorem).
A monotone sequence which is bounded is convergent.
Equivalently, a necessary and sufficient condition for convergence of a monotone sequence is that it is
bounded (Bihar 1980)
2.21 Cauchy (Fundamental Sequence).
Definition. Assume <s,: h € N < is a sequence of real numbers. Then <s,> is called a Cauchy sequence if
for any e > 0 there exists a positive integer p such that

mn>p= | sn-8 |[<e
Roughly, <s,> is Cauchy if s, and s, are close together when m and n are large.

DISCUSSION
n - - - -
A {m} Is monotonic increasing.

LetS,, = n—-l-k

s _ n+1
T o r 1+ k

_ n+1 n
T n+14+4k n+k

Sn+1 - Sn

k
= >0Vn,keN
m+1+km+k) n
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HenceS,y1 = S,,Yn €N

n ). L .
{—n+k}|s monoatonic increasing.
n .
B. {—n+k} is bounded.

| n

<1vneN
n+k|_ n

IS,/ <1vneN

{ﬁ}is bounded.

n -
C. {m} IS not convergent.

n .. n
LetS, = m& Ibe the limit of sequence{m}

~By definition for each £ > 0, 3a positive integer Msuch that

1S, =1l <evVn>M

=Y L —il|<evn>M
n+k
= -E<L — l<£
n+k

. n
iel-e<—<l+¢
n+k
k
[-e<——+ 1<l +¢
n+k

k
(l—l —E)<—m<(l—1+ 6)
1 S (n+k>>( 1 )
l—1—¢ k l—1+4¢

1 <(n+k><( 1 )
l—1-—=¢ k l—1+4¢

n
- <-+1<-
l—1—-¢ k+ l—1+¢
1 n 1
_1_1—1—8 ;<_l—1+£_

- (1 + l—i—s) < % <= (1 + l—11+e)
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1
l-1—¢

- s

HenceM
#* +veinteger, foreach + veepsilon(e)

)<n< —%(1 +$),Vn,kEN&n,k >0

= {L}is not convergent.
n+k

n .
D. {m} is not Cauchy sequence.

m

LetS, = ﬁ&sm = —

m n
m+k n+k

Sp =Sy =

_ —(m-n)k
T(m+k)(n+k)

___(m-n)k
|Sm = Sal “(m+k) (n+k)
Let{ﬁ}is a Cauchy sequence.
=~ By definition for each € > 0, 3a positive integer Msuch that

= 1S, — S| <&, Vmn>M
(m—-n)k
Hence|m| <gVmn>M

Let m=M+2, n= M+1

k

= |(M+k+2)(M+k+1)

P

k
[M+(k+2)][M+(k+1)] <

= &

k
[M+(k+2)][M+(k+1)]>g
i.e.M2+(2k+3)M+(k+2)(k+1)—§>0
- 2 2 k
ie. M +(2k+3)M+(k +3k+2—;)>0

i.e. M2 + (2k +3)M + k2+(3—§)k+2>0

—(2k +3)i\/—(2k +3)2—4 [k2+(3—§)k +2]
2

= M=
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—(2k +3)i\/§k +1

= M=
2

—(2k+3)— (f)k +1

M = + is not a +ve integer for everys > 0

—(2k +3) + (§)k+1

M =
2
M= —k—2g K1
Bl 2 4
= M = not + veintegerfore = %,vk EN
Hen {L}I not Cauch n
ence s S not Caucny sequence.
E. {AAL{} has similar behaviour as that of {ﬁ}
VA, =n.

. An ) ,
ie., {A ik}ls monotonic, bounded, not convergent&
n

not Cauchy sequence.

nm

Hence, {nm+k /mk € N} is again a monotonic, bounded and not convergent and not Cauchy sequenceVv
m=> 1&m,k € N.

(R { % } Is Convergent.

nMm+k
nm

Hence Sequence{ /mk € N} is convergent

But {1/ (":;:k)} ={n:1—nlk}is divergent.
Hence Reciprocal of Convergent sequence is divergent though it is finite, monotonic and bounded.

Conclusion

From the discussion (A), (B), (C), (D), (E), (F) and method of Counter example in mathematical analysis
I come to the following conclusions-

First | proved that any sequence monotonic and bounded need not be a Convergent sequence.

Second | proved that any sequence S is convergent then its reciprocal (1/S) need not be a convergent
sequence.

Third | proved that any sequence T is divergent every terms are finite monotonic and bounded then its
reciprocal (1/T) be a convergent sequence.
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Fourth I proved that {ﬁ} is not a Canchy Sequence,{ﬁ} is not a convergentSequence.
nm
nm+k
nm

Fifth I proved Sequence{ /mk € N} is not Cauchy Sequence.

Sixth I proved Sequence{ /mk € N} is not Convergent Sequence.

n™m+k
Lastly I proved that reciprocal of every Convergent sequence need not be a Cauchy sequence though it is
a finite monotonic and bounded.
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