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ABSTRACT

The aim of this paper is to introduce and study the concept of strongly generalized precompactness and
strongly generalized pre-connectedness which is stronger than the notions of connectedness (Arhangelskii
and Wiegandt, 1975; Reilly and Vamanamurthy, 1984) (resp. GO-connectedness (Balachandran et al.,
1991)) of topological spaces. Some characterizations of these concepts are discussed.

(2000).
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INTRODUCTION

In 1970, Levine (1970) introduced the concepts of generalized closed sets of topological spaces as a
generalization of closed sets. Mashhour et al., (1982) studied the concept of preopen sets in topological
spaces. The purpose of the present paper is to introduce and investigate the concepts of strongly
generalized precompactness and strongly generalized preconnectedness which is stronger than the
concepts of connectedness (Arhangelskii and Wiegandt, 1975; Reilly and Vamanamurthy, 1984) (resp.
GO-connectedness (Balachandran et al., 1991)) of topological spaces. Throughout this paper (X, 1) and
(Y, o) represent non-empty topological spaces on which no separation axioms are assumed unless
otherwise mentioned. Let A be a subset of (X, t).The closure of A, the interior of A and the complement
of A is denoted by cl(A), int(A) and A° or X-A respectively. A subset A of X is said to be preopen

(Mashhour et al., 1982) if Ac Int(CI(A)) . The complement of a preopen set is called preclosed
(Mashhour et al., 1982). The intersection of all preclosed (Abd, 1980) sets containing a subset A of (X, 1)
is called the preclosure of A and is denoted by p-cl(A). The pre-interior of A is the largest preopen set

contained in A and is denoted by p-int(A).
Definition 1.1. A subset A of a space (X, 1) is called:

(i) A generalized closed (briefly, g -closed) (Levine, 1970) set if C|(A) C Uwhenever AC Uand u is
open,

(ii) A g*-closed (Kumar, 2000) set if CI(A) < Uwhenever A — U and u is g-open,

(iii) A generalized preclosed (briefly, gp-closed) (Balachandran and Arokiarain) set if P — Cl(A) cu
whenever A cC U

and u is open,

(iv) A generalized preregular closed (briefly, gpr-closed) (Gnanambal, 1997) set if p—C|(A) cu
whenever

A C Uand u is regular-open .

(v) A strongly generalized preclosed (briefly, strongly gp-closed) (EI-Maghrabi et al., 2012) set if p-cl (A)
cUu
whenever Ac U and u is g-open in (X, 1).
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The complement of g-closed (resp.g*-closed, gp-closed, gpr-closed, strongly gp-closed) set is called g-
open (resp. g*-open, gp-open, gpr-open, strongly gp-open). The family of all preopen (resp. preclosed,
strongly gp-closed, strongly gp-open ) subsets of (X, 1) will be as always denoted by PO(X, 1) (resp.
PC(X, 1), St.GPC(X, 1), St.GPO(X, 1)).

Definition 1.2 (EI-Maghrabi et al., 2012). A mapping f: (X, 1) — (Y, o) is called:

(1) Strongly generalized precontinuous (briefly, st.gp-cont.) if the inverse image of every closed set of (Y,
o) is strongly gp-closed in (X, 1),

(2) A strongly generalized pre-irresolute (briefly, strongly gp-irresolute) if f~*(V)is strongly gp-closed

in (X, 1), for every strongly gp-closed set v of (Y, o).

Definition 1.3 A mapping f: (X, 1) —>(Y, o) is called :

(1) M-preopen (Mashhour et al., 1984), if, f(U)is a preopen set of (Y, o), for each U is preopen set in
(X, 1),

(2) Pre-strongly gp-closed (EI-Maghrabi et al., 2012) if the image of each strongly gp-closed set of (X, 1)
is strongly gp-closed in (Y, o),

(3) Pre-strongly gp-open (EI-Maghrabi et al., 2012) if the image of each strongly gp-open) set in (X, 1) is
strongly gp-open in (Y, o),

(4) Super-strongly gp-open (EI-Maghrabi et al., 2012) if the image of each strongly gp-open) set of (X, 1)
is open in (Y, o).

Definition 1.4 A space (X, 1) is called strongly compact (Mashhour et al., 1984), if every cover of S by
preopen sets of (X, 1) has a finite subcover.

Lemma 1.1 (EI-Maghrabi et al., 2012). In a topological space (X, 1), then:

(i) Every preopen (resp. g*-open) set is strongly gp-open.

(ii) Every strongly gp-open set is gp-open.

Strongly Generalized Precompact Spaces

This section is devoted to introduce and study the notion of a strongly generalized precompact space.
Also, some characterizations of it are discussed.

Definition 2.1. A collection {Ai e I}of strongly gp-open sets in a topological space (X, 1) is called a

strongly generalized preopen cover of a subset B of (X, 1) ,if B < {A, 1€ l}.

Definition 2.2. A topological space (X, 1) is strongly generalized precompact (briefly, strongly gp-
compact) if every strongly generalized preopen cover of X has a finite subcover.

Definition 2.3. A subset S of a space (X, 1) is strongly gp-compact relative to X, if every cover of S by
strongly gp-open sets of X has a finite subcover.

Definition 2.4. A subset B of a topological space (X, t) is said to be strongly gp-compact if B is strongly
gp-compact as a subset of X.

Theorem 2.1. For a space (X, 1), the following statements are equivalent:

(i) (X, 1) is strongly gp-compact,

(if) Any family of strongly gp-closed subsets of (X, 1) satisfying the finite intersection property.

(if) Any family of strongly gp-closed subsets of (X, T) with empty intersection has a finite subfamily with
empty intersection.

Proof (i) = (ii). Let {F, :1 € | }be a family of strongly gp-closed subsets of (X, ) which satisfy the finite
intersection property. To prove that qFI * d) .Suppose that the converser\IFi = (I) Then X = UIEC
le le le

and therefore {F°i ;i € I}is a strongly gp-open cover of (X, t). Thus by hypothesis, there exists a finite

C . . .- . .
subset |, of I such that X=UF" and hence M F # ¢ which is a contradiction with the assumption.

iely ily

Therefore, mIFI 0.
le
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(i) = (i). Suppose that {G, :1 € I }is a strongly gp-open cover of (X, ) and (X, 1) is not strongly gp-
compact. Then there exists a strongly gp-open cover of (X, 1) has no finite subcover. Hence for a finite
subset l,of I, \JG; # X Therefore, QGCi # ¢ and thus the family {G"i ;i € | }satisfies the finite
intersection property which is a contradiction with the assumption and hence (X, 1) is strongly gp-
compact.

(i) = (iii). Let {F :1 € I}be a collection of strongly gp-closed subsets of (X, 1) with IQIFI = ¢ and

hence, UIF.C = X. Thus, the family{Fi :i e I}is a strongly gp-open cover of (X, 1). Therefore by
le

m
hypothesis, there exists a finite subset {F, :k =1,..,m}of (X, 1) such that X =\F", and hence
k=1

m
e Fik = (1) .Hence, there exists a finite subfamily with empty intersection.

(iii)= (i). Suppose that {G, :1 € I}is a collection of strongly gp-open cover of (X, 1) such that
UGi =X. Hence,_ﬂIGci zd). Thus, there existsa collection of strongly gp-closed subsets
le

iel

{G%:iel} of (X, 1) such that _ﬁIGci = ¢ .Hence by hypothesis, a finite subcollection
le

m m
{Gik :k=1,...,m}of(X, 1) such thatQGcik =¢.So, X= t’—JlGik and therefore (X, 1) is strongly

gp-compact.

Theorem 2.2. A strongly gp-closed subset of a strongly gp-compact space is strongly gp-compact.

Proof. Assume that A is a strongly gp-closed subset of (X, t) which is strongly

gp-compact space. Then, X-A is a strongly gp-open cover of A by strongly gp-open subset of (X, 1).Then

X= (L{ G,) U (X—A) Hence,{X—A G, :iel}is astrongly gp-open cover of (X, ) which is

strongly gp-compact and therefore there exists a finite subset Ioof I such that

X= (LIJ G,) W (X —A) but A and its complement are disjoint. Hence, A C u G, which proves that
lel, 1€l

A is strongly gp-compact.

Next, we introduce many further properties on strongly gp-compact spaces.

Theorem 2.3. A strongly gp-continuous image of a strongly gp-compact space is compact.

Proof. Let f: (X, T )—(Y, &) be a strongly gp-continuous mapping from a strongly gp-compact space (X,

T) onto a topological space (Y, o) and suppose that {Ai e I} is open cover of (Y,G). Then,
{f7(A,):i e I}is a strongly gp-open cover of (X, T ).But,(X, T) is strongly gp-compact ,then there exists
a finite subcover {f " (A,),....f 7 (A, ) }.but fis onto, hence f(X)=Y={A,,...,A_}. Hence (Y, o) is
compact.

Theorem 2.4. The image of a strongly gp-compact subset under a strongly gp-irresolute mapping is
strongly gp-compact.

Proof. Let f: (X, T )—(Y, ©) be a strongly gp-irresolute mapping amd{ui e I}be any family strongly
gp-open cover of a subset f(G) of Y. Since, f is strongly gp-irresolute, then {f (u.) i € 1} is strongly

gp-open cover of a subset G of X. But, G is strongly gp-compact, then there exists a finite subset Ioof I
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uy) i i impli Gcf?
such  thatG cu,{f "(u;):iel }which  implies that G C (Hui)and therefore
S

f(G) c u,_{u, 1 € l,} .This shows that f(G) is strongly gp-compact.
Corollary 2.1. If a mapping f: (X, T )—(Y, &) is surjection strongly gp-irresolute and (X, T ) is a strongly
gp-compact space, then(Y, ¢) is strongly gp-compact.

Proof. Suppose that {G, :iel}is a collection of strongly gp-open cover of (Y,G).Then,
{f™(G,):i e I}is a strongly gp-open cover of (X, T) . But, (X, T ) is strongly gp-compact, hence there
exists a finite subset | of I such that X=u,_ {f*(G;):i el }and therefore

Y=u,_{G, :i el }.So, (Y,o) is strongly gp-compact.

Theorem 2.5. Let f: (X, T )—(Y, G be a bijective pre-strongly gp-open mapping and (Y, ¢ ) be a strongly

gp-compact space . Then (X, T ) is strongly gp-compact.
Proof. Assume that {U, :1 € I} is a strongly gp-open cover of (X, T). and f is a pre-strongly gp-open

mapping, then {f(u.) :1 € 1} is a strongly gp-open cover of (Y, o). But, (Y, G) is strongly gp-compact,
hence there exists a finite subset | of I such that Y=1w,_, {f(u;):iel,}, so by a bijective of, f, X=

AU, 11 € }and therefore (X, T) is strongly gp-compact.

Theorem 2.6. If f: (X, T )—(Y,0) is a bijective M-preopen mapping and (Y, G) is a strongly gp-compact
space, then (X, T ) is strongly compact.

Proof. Let {G, :1 € I} be a preopen cover of (X, T). Then, {f(G,),1 € | }is a preopen cover of (Y, 5),
hence by Lemma 1.1,{f(G,) :1 € I} is a strongly gp-open cover of (Y, o). Since, (Y,G) is a strongly
gp-compact space, then there exists a finite subset | of I such that Y=, {f(G;) :i € I }and thus X=
U, {G, iiel,}. So, (X, T) is strongly compact.

Theorem 2.7. Let A, B be two subsets of a space (X, T ), A be strongly gp-compact relative to (X, T ) and

B be a strongly gp-closed subset of (X, T ).Then A M Biis strongly gp-compact relative to (X, T ).
Proof. Let {\/I e I} be a strongly gp-open cover of A M B and X-B be a strongly gp-open subset of

(X, T). Then(X—-B) U, {V, i e l}is strongly gp-open cover of A which is strongly gp-compact
relative to (X, T), hence there exists a finite subset | of I such that A c v, {V, :iel }u(X-B).
Therefore ANB < U_{V, il }and hence A M Bis strongly gp-compact relative to (X, T ).
Theorem 2.8. If {Aj . j S J}is a finite family of strongly gp-compact subsets relative to a space (X, T ),
then L, {A, : j € J}is a strongly gp-compact relative to (X, T).

Proof. Suppose that{V, :i e I} is a strongly gp-open cover of U, {A,:jeJ}.Then, {V, iel}is
a strongly gp-open cover ofAj, for each j € J. Hence, there exists a finite subset Ioof | such that
Ajcu{Vitiel}, for each jeJ.  Therefore, U, A cu{V, iiel}. Thus,
U {A,; 1] € J} is astrongly gp-compact relative to (X, T).

Strongly Generalized Preconnected Spaces
The concepts of strongly generalized pre-separated and strongly generalized preconnected spaces are
presented in this section. Also, many properties of these notions are investigated.
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Definition 3.1. Two non-empty subsets A and B in a space (X, T) are called strongly generalized pre-
separated  (briefly, strongly gp-separated) if and only if ANst.gp—cl(B)=¢and
st.gp—cl(A) nB=¢.

Remark 3.1. For a topological space (X, T ), the following statements are hold:

(i) Each separation is strongly gp-separation by the fact that St.gp— Cl(A) < cl(A), foreach A = X.

(if) Any two strongly gp-separated sets are always disjoint but the converse in general is not true as
shown by the following example.

Example 3.1. If X= {a, b, c, d} with a topology, T ={X,¢ {c}.{a, b}{a, b, c}}, then two subsets {a, c}
and {b, d} of t are disjoint but not strongly gp-separated.

Theorem 3.1. Let A and B be non-empty subsets of a space (X, T). Then the following statements are
hold:

(i) If A and B are strongly gp-separated sets, A, and B, are non-empty sets such that A, < Aand
B, = B, then A, and B, are also strongly gp-separated.

(i) If AN B=¢ and either both A and B are strongly gp-open or strongly gp-closed, then A and B are

strongly gp-separated.
(iii) If both A and B are either strongly gp-open or strongly gp-closed and if H=A (X —B)and

G =B (X—A), then H and G are strongly gp-separated.

Proof. (i) Immediately.
(ii) Let A, B € St.GPO(X,t).Then X-A and X-B are strongly gp-closed sets. But, A, B are disjoint, then

AcX-B which implies thatst.gp—cl(A) cst.gp—cl(X-B) =X-B and so,
st.gp—cl(A) "B=¢.
Similarly, St.gp — Cl(B) NA= d) .Hence, A and B are strongly gp-separated. For the case of strongly

gp-closed sets A and B given the result directly.
(iii) Assume that A and B are strongly gp-open sets. Then X-A and X-B are strongly gp-closed. Since,

Hc< X—B, hence st.gp—cl(H) = st.gp—cl(X—B)=X-B and so,st.gp—cl(H nB=4¢.
Therefore, St.gp—Ccl(H) "G =¢.

Similarly. We can prove that St.gp— C|(G) NH= d) .Since, A and B are strongly gp-closed sets, then
A =st.gp—cl(A)andB=st.gp—cl(B). But H=X-B, then HNst.gp—cl(B) = ¢and
hence st.gp—cl(G)nH=4¢.

Similarly. We can show that St.gp— CI(H) W G = ¢ . Therefore, in both cases H and G are strongly

gp-separated.
Theorem 3.2. If U and V are strongly gp-open sets in (X,T) such that Ac U, B Vand

ANV =¢d,BNU=¢,then Aand B are non empty strongly gp-separated sets in (X, T ).

Proof. Suppose that U and V are strongly gp-open sets such that Ac U,BcV and
ANV=0,BNU=¢.Then, X-V and X-U are strongly gp-closed sets and hence
st.gp—cl(A) c X-V < X—Band st.gp—cl(B) cx-uc x-A Therefore,
st.gp—cl(A) "B =¢and st.gp—cl(B) "A=¢.Thus, A and B are non empty strongly gp-
separated sets.
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Definition 3.2. A space (X, T) is called a strongly generalized preconnected (briefly, strongly gp-
connected) space if X cannot be written as a disjoint union of two non-empty strongly gp-open sets.
Definition 3.3. A subset S of a space (X, T) is said to be strongly generalized preconnected (briefly,
strongly gp-connected) relative to (X, T) if there is no subsets A and B are strongly gp-separated relative
to (X, T)andS= A U B. In other words, a subset S cannot be expressed as the union of two non-empty
strongly gp-separated sets A, B.

Remark 3.2. For a space (X, T), every strongly gp-connected set is connected (resp.GO-connected) , but
the converse may not be true as shown by the following examples.

Example 3.2. If X={a,b,c,d} with a topology t ={X, d) {a}.{b}.{a,b}{ab,c}}, then the subset A={a, c}
is connected but not strongly gp-connected.

Example 3.3. If X= {a,b,c,d} with a topology =={X, (I) {b,d}{ab,d},{b,c,d}}, then the subset B={a,b,d}
is GO-connected but not strongly gp-connected.

Remark 3.3. Every strongly gp-connected space is connected (GO-connected).

Example 3.4. Let X={a, b, c} with a topology r={X,¢ {a, b}}. Then, (X, T) is connected but it is not
strongly gp-connected. Since, {b, c} is both strongly gp-open and strongly gp-closed.

Example 3.5. Let X= {a,b,c,d} with topology t ={X, (I) {b}, {c}, {b, c}.{b,d}.{b,c,d}}. Then (X, 1) is
GO-connected but it is not strongly gp-connected. Since, {d} is both strongly gp-open and strongly gp-
closed.

Theorem 3.3. Inaspace (X, T) if E is strongly gp-connected, then st.gp-cl(E) is also.

Proof. Assume that st.gp-cl(E) is strongly gp-disconnected, then there exist two non-empty strongly gp-

separated sets G and H in (X, T) such that st.gp-cl(E)=GUH. Now, E=(GNE) U(HNE) and
st.gp—cl(GNE) cst.gp—cl(G),

st.gp—cl(HNE) cst.gp—cl(H)and G mH = ¢ this implies that st.gp—cl(GNE) NH=
¢ .Thus,st.gp—cl(GNE)n(HNE)=¢.

Similarly, we can prove thatSt.gp—ClI(HMNE) "(GNE)=d¢and hence E is strongly gp-

disconnected.

Theorem 3.4. For a space (X, T), the following are equivalent:

(i) (X, T) is strongly gp-connected,

(if) The only subsets of (X, T ) which are both strongly gp-open and strongly gp-closed are the empty set
¢ and X.

(iit) Each strongly gp-continuous mapping of (X, T ) into a discrete space(Y, G ) with at least

two points is a constant mapping.

Proof. (i)= (ii). Let G be strongly gp-open and strongly gp-closed of (X, T ).Then, X-G is both strongly
gp-open and strongly gp-closed. Since, X is the disjoint union two strongly gp-open sets G and X-G one

of these must be empty, thatis, G =dor G = X.

(i) = (i). Suppose that X=C\W D, where C and D are disjoint non-empty strongly gp-open and
strongly gp-closed subsets of (X, T), then C is both strongly gp-open and strongly gp-closed, by

hypothesis, C = ¢ or X.
(if) = (iii). Assume that f: X =Y be a strongly gp-continous map. Then, X is covered by strongly gp-
open and strongly gp-closed covering{f *(y),y € Y}, by assumption, f*(y)=dor X, for each

yeY.f f(y)=¢ forally €Y, then fails to be map. Then there exists only point Y € Y such
that 7 (y) # ¢ and hence T~ (y)= X .Thus, shows that f is a constant map.
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(iii) = (ii). Let G be both strongly gp-open and strongly gp-closed in (X, T ).Suppose G # d)and f: X—>
Y be a strongly gp-continuous map defined by T(G)={y}and f(X—G) ={w }or some distinct

points y and w in Y, by assumption, f is constant. Therefore, G=X.

Theorem 3.5. For a surjective mapping f: (X, T)—(Y, G ), the

following statements are hold:

(i) If f is strongly gp-continuous and X is strongly gp-connected , then Y is connected.

(ii) If f is strongly gp-irresolute and X is strongly gp-connected ,then Y is strongly gp-connected.

Proof. (i) Suppose that (Y, &) is not connected and Y = AU B, where A and B are disjoint non-empty
open sets in (Y, G).Since, f is surjection strongly gp-continuous, then X = f ™ (A) Uf (B) ,where
f(A) and f(B) are disjoint non-empty strongly gp-open sets in (X, T ) which is a contradiction with

the fact that (X, T )is strongly gp-connected. Hence, (Y, G ) is connected.
(ii) Let (Y, ©) be not strongly gp-connected. Then, there exists two non-empty disjoint strongly gp-open

sets Aand B, where Y = AU B. Since, f is strongly gp-irresolute, then X =~ (A) Uf (B), where
f(A) andf 7 (B) are disjoint non-empty strongly gp-open sets in (X, T ) which is contradictions with

fact that (X, T) is strongly gp-conneced. Hence, (Y, G )is strongly gp-connected.
Theorem 3.6. For a bijective mapping f: (X, T ) —(Y, &), the following statements are hold:

(i) If f is pre-strongly gp-closed and K is strongly gp-connected relative to (Y, o), then f*(K)is
strongly gp-connected relative to (X, T).

(i) If f is super strongly gp-open and K is connected relative to (Y, ), then fﬁl(K) is strongly gp-
connected relative to (X, T).

Proof: (i) Let T (K) be not strongly gp-connected relative to (X, T ).

Then there exists disjoint non-empty strongly gp-open sets A and B Wheref‘l(K) =AuUBSince, fis
bijective pre-strongly gp-open, then K =T(A) U f(B), where f(A)and f(B) are non-empty disjoint
strongly gp-closed sets in (Y, G) which is a contradiction with the fact that K is strongly gp-connected.
Hence, T (K) is strongly gp-connected relative to (X, T ).

(ii) Suppose that fﬁl(K) is not strongly gp-connected relative to (X, T ). Then, there exist disjoint non-

empty strongly gp-open sets A and B where fﬁl(K) =AUB. Since, f is bijective super strongly gp-
open map and K =Tf(A) L f(B) which is a contradiction with the fact that K is connected relative to(Y,

o). Therefore, T ™(K) is strongly gp-connected relative to(X, T ).
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