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ABSTRACT

Throughout the present paper, entries of infinite matrices and sequences are real or complex numbers. We
consider the iteration product of Natarajan methods and prove a few inclusion theorems on this iteration
product.
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INTRODUCTION

Throughout the present paper, entries of infinite matrices and sequences are real or complex numbers. To
make the paper self-contained, we recall the following. Given an infinite matrix A = (aw), n, k=0, 1, 2...
and a sequence x = {xx}, k =0, 1, 2..., by the A-transform of x = {x}, we mean the sequence A(x) =

{(AX)n},
(Ax), =>a,x, n=012..,

k=0
where we suppose that the series on the right converge. If lim (AX), = (, we say that
nN—0

X = {x} is summable A or A-summable to £. If lim (Ax), = €, whenever iI(im X, =M, we say that A is
n—owo —>00

conservative. Further, if £ = m, A is said to be regular. The following result, which gives a
characterization of a conservative and a regular matrix in terms of its entries, is well-known (Hardy,
1949).

Theorem 1.1: A = (an) is conservative if and only if

(i) supD la,]<eo;

nz0 k=0

(i) lima,=9,, k=012,..;

Nn—o0

and
(iiiy lim > a, =3.
n—o0 k=0

Further, Ais regular if and only if (i), (ii), (iii) hold with 8, =0,k =0, 1, 2...and 6 = 1.
The (M, A,) method was introduced by Natarajan in 2013(a) and some of its nice properties were studied
earlier by Natarajan in 2012, 2013(a), 2013(b), No date.

Definition 1.2: Let {A,} be such that Z|kn|<w. Then the (M, A,) method is defined by the infinite
n=0

matrix A = (an), where

4 - Aoy K<
"“lo, k>n.
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Remark 1.3: In this context, it is worthwhile to note that the (M, A,) method reduces to the Y-method
when o =74y = % and A, =0,n>2.

o0

Remark 1.4: The (M, A,) method is always conservative using the fact that Z|kn|<w and
n=0

Theorem 1.1.

The following result is known (Natarajan, 2013(a), Theorem 2.3).

Theorem 1.5: (M, A,,) is regular if and only if

S, =1
n=0

Iteration Product of Natarajan Methods

The following definition is needed in the sequel.

Definition 2.1: Given the infinite matrix methods A, B, we say that A is included in B (or B includes A),
written as A < B, if whenever x = {x.} is A-summable to ¢, it is also B-summable to .

The following result is extremely useful (see Hardy, 1949, p. 234, Theorem 176).

Theorem 2.2: If lima, =0 and )_|b,| <o, then lim ¢, =0, where ¢, = > a,b,,, n=0,1,2...
n—o0 h=0 N—o0 =0

For convenience, we denote the methods (M, pn), (M, g, and (M, t,) by (M, p), (M, g) and (M, t)

respectively.

In this section, we prove a few theorems on the iteration product of Natarajan methods.

Theorem 2.3: Let (M, p), (M, t) be regular methods. Then (M, t) (M, p) is also regular, where we define,

for x = {x«},

(M, 1) (M, p))(x) = (M, t) (M, p)(x)).

Proof: Let {a,} be the (M, p)-transform of x = {x} and {B.} be the (M, t) (M, p)-transform of x = {x,}

so that

k=0
n

B,=) ta, ,, n=012
k=0

Now,

Bn :ztkan—k

k=
=toa, +to, , +--+t Lo+t o

:tO

— 1 & °
|

n n-1
Z kank:| + t1|:z kanlk:| +oo L [PeXs + PiXo] + t[PeX,]
k=0 k=0

= to[poxn +P Xy +oet pnxo] + tl[poxn—l +P X+t pn—lxo]
teeet tn—l[poxl + p1X0] + tn[poxo]
= (poto)xn + (potl + plto)xn—l +eeet (potn + pltn—l +eeet pnto)xo

n
= chkxk’
k=0

where
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n—-y

2 n
:|p0||t0|+(zo\py\\tl_y\Hz\py\\tz_y\]+...+[z\py t

= [Pol It + (o]t P/ [to])+ (ol ft] + o] ]+ o] o]+ -
+ ool ta| [Pl [t o+ [P to])

<ol Sl o El -+ )
(th j(Zkaj n=012,..

)

so that
sup 3o, <[ 0| 3ol <=
n20 k=0 k=0

noting that Z|tk| <oo and i|pk| <. Using lim p, =0, i|tn| < ooand Theorem 2.2, it follows that
k=0 k=0 n=0

limc, =0, k=0,1,2,... Now,

N—o0

chk - z an
k=0 k=0

(s

=PoT, +P Ty +--+p, T, where T, =>"t,, n=0,1,2,...

k=0

Il
N

>

=po(T, 1) +p,(T,, 1) +---+p, (T, —1) +P,, where P, => p,, n=0,1,2,...
k=0
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Since (M, t), (M, p) are regular, lim T, =1lim P, =1, in view of Theorem 1.5. Using lim (T, —1) =0,
N—o0 Nn—o0

n—o0
i|pk| < oo and Theorem 2.2, we have,

k=0

lim [y (T, =1) + Py (T, 3 =1) +++++p, (T, ~1)] = 0.
Thus,

lim > c, =0+1=1.

n—oo k=0

Consequently (cnk) is regular in view of Theorem 1.1. In other words, (M, t) (M, p) is regular. This
completes the proof of the theorem.
Theorem 2.4: Let (M, p), (M, q), (M, t) be regular methods. Then

(M, p) = (M, q)
if and only if

(M, ) (M, p) = (M, 1) (M, q).
Proof: We write

0= Pl =20t N=012...
k=0 k=0
Let '={r}, r={} red=>nx", rx=>rx", px=p.x", a(x)=>9,x" and
n=0 n=0 =0 oy

t) =D t,x".
n=0
Since (M, p), (M, q) and (M, t) are regular, (M, t) (M, p) and (M, t) (M, q) are regular too in view of
Theorem 2.3. To prove the present theorem, it suffices to show that
"0 _ a0
e p(¥)
We first note that
FO) =p(t(x) and r'(x) =q(Jt(x)

so that
') pi¥

We now use Theorem 3.1 of Natarajan (2013(a)) to arrive at the conclusion, thus completing the proof of
the theorem.

In view of Theorem 3.1 of Natarajan (2013(a)), we can reformulate Theorem 2.4 as follows:

Theorem 2.5: For given regular methods (M, p), (M, q) and (M, t), the following statements are
equivalent:

@ M, p)c(M,q);

(i) (M, ) (M, p) = (M, t)(M,q);

and

(iii) i|kn|<oo and iknzl,
n=0 n=0

where % =k(X) = nZi;knx“.
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