International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)
An Online International Journal Available at http://www.cibtech.org/jpms.htm

2013 Vol. 3 (2) April-June, pp.122-131/Ghate and Sontakke

Research Article

BINARY MIXTURE OF ANISOTROPIC DARK ENERGY AND PERFECT
FLUID IN BIANCHI TYPE-IX UNIVERSE

*Ghate H. R.and Atish S. Sontakke
Department of Mathematics, Jijamata Mahavidyalaya, Buldana (India) — 443 001
*Author for Correspondence

ABSTRACT

The Bianchi type-1X cosmological models with binary mixture of perfect fluid (PF) and anisotropic dark
energy (DE) have been studied. In order to obtain a unique solution, it is assumed that the energy
conservation equation of the PF and DE vanishes separately together with a special law for the mean
Hubble parameter which yields a constant value of the deceleration parameter.To have a general

description of an anisotropic DE component in terms of its equation of state (EoS) @', two skewness
parameters ( , &) have been introduced. It has been found out that the anisotropic distribution of DE

leads to the present accelerated expansion of the universe. The geometrical and physical parameters of the
model are studied. The analysis of the model reveals that the present acceleration, isotropy of the universe
turns out to be natural consequences of DE.

Key Words: Anisotropic Dark Energy, Perfect Fluid, Bianchi Type-IX Universe.

INTRODUCTION

The expansion history of the universe indicates that, the universe is currently experiencing a phase of
accelerated expansion. In 1998, two teams studying distant type la supernovae (SNela) independently
presented evidence of expansion (Riess et al.,2004; Perlmutter et al.,1999; Spergel et al., 2007; Wood-
Vasey et al.,2007; Davis et al.,2007), and confirmed later by cross checks from the cosmic microwave
background radiation (Bennett et al.,2003; Spergel et al.,2003) and large scale structure (Tegmarket
al.,2004; Abazajian et al.,2003, 2004a, 2004b; Hawkins et al.,2003). To explain the cosmic positive
acceleration, mysterious DE has been proposed. Several DE models are distinguished using variable EoS
p=wp (p is the field pressure and p is its energy density) during evolution of the universe. Many

cosmologists have studied the cosmological models by considering PF or ordinary matter present in the
universe. Thus, the researchers are motivated to consider the cosmological models of the universe filled
with some exotic type of matter such as DE along with usual PF. Kremer (2003) has considered the
universe containing a binary mixture whose constituents are described by a Van der Walls fluid and a
dark energy density. In these studies the authors considered mainly a spatially flat, homogeneous and
isotropic universe described by a FRW metric. Khalatnikov and Kamenshchik (2003) and Saha (2005,
2006) have studied Bianchi type-I cosmological model in the presence of perfect fluid and dark energy
given by cosmological constant. Adhav et al., (2010, 2011) has studied higher dimensional cosmological
models with a binary mixture of perfect fluid and dark energy. Katore et al., (2011a, 2011b, 2011c, 2013)
has considered Bianchi type-Ill, Bianchi type-Vl, Plane symmetric and Kaluza-Klein cosmological
models with a binary mixture of PF and DE. The role of DE in several different cosmological models of
universe has been studied recently by Tade and Sambhe (2012), Kumar and Akarsu (2012), Singh and
Chaubey (2009).

Bianchi type-1X universe are studied by the number of cosmologists because the solutions of Robertson
Walker universe with positive curvature, the de-Sitter universe, the Taub -NUT solutions etc. are of
Bianchi type-1X space-times. These models are in general anisotropic and allow not only expansion but
also rotation and shear. Waller (1984) has studied dynamical effects of spatially homogeneous
electromagnetic fluid on anisotropic Bianchi type-1X models. Bali and Dave (2001) have investigated
Bianchi type-1X string cosmological models in General Relativity. Bianchi type-1X stiff fluid tilted
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cosmological models with bulk viscosity have been investigated by Bali and Kumawat (2011). Ghate and
Sontakke (2013a, 2013b) have studied Bianchi type-1X cosmological models with anisotropic DE and DE
model in Brans-Dicke theory of gravitation.

In this paper, the Bianchi type-1X space-timeshas been taken up for the study consisting of a binary
mixture of anisotropic DE and PF. This work is organized as follows: In Section 2, the model and field
equations have been presented. The field equations have been solved in Section 3 by using deceleration
parameter. The physical and geometrical properties of the model have been discussed in Section 4. In the
last Section 5, concluding remarks have been expressed.

Field Equations

Bianchi type-1X metric is considered in the form

ds? = —dt? + a’dx* + b%dy® + (b2 sin’ y +a? cos? y)dz2 —2a’ cos ydxdz , (1)
Where a, b are scales factors and are functions of cosmic timet .

The model has one transverse direction X, and two equivalent longitudinal directions y and z .

In natural units (872G =1, ¢ =1), Einstein’s field equations in case of a binary mixture of PF and

anisotropic DE components are

Gij =Rij _%ginz_(prij—i_deTij)’ (2
with

PITJ = diag [_p(pf)' p®" ph e ]

- diag [—l P ®PD D ]p(pf), @A)
and

X 1 1
— diag [—:L a))((de)’ a))(/de)’ a)z(de) ]p(de),
= diag [—1, (@™ +5), (0 + %), (@™ +7) ],o(de), 4)
where, g;; is the metric potentials with gijuiuj =1; u' is the flow vector; R;; is the Ricci tensor; R is
(pf) (pf)

deTj _ A; (de) (de) (de) (de)
Ti - dlag [_p ' y z ]

(@®) are the energy density of PF and DE components, respectively; @

(de)

the Ricci scalar; p and p

and "® is the E0S parameter of PF and DE with o*"” >0; o{'?, »!" and o
free EoS parameter of the DE on the X, yand z axes, respectively. & and y are the deviations from the

deviation-free EoS parameters of the DE, respectively, on the X, yand z axes. Here wand y are not

necessarily constants and can be function of the cosmic timet.
Einstein’s field equations (2) for metric (1) with the help of equations (3) and (4) can be written as

are the deviation-

ab b* 1 _a® _ G, we
ab b bt P TP ©
b b? 1 3a?
26 b_2 b_Z_W — @ pPH _ (@) 4 5)pte ©)
2
Z+%+§%+414 =— ) p®PD _ (1 1 4)pl @
Where over dot () denotes the differentiation with respect tot .
The Bianchi identity is given by
G = "TJ+T) 0. ®
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These yields:
p‘pf)+(1+a)(pf))p(”” +2b +p(de’+(1+a)(de))p(de) +2b + pli® 5E+27/9 =0. (9
a b a b a b

Solution of the Field Equations
The directional Hubble parameters in the direction of X, y, z for the Bianchi type-1X metric (1) are

b

defined as HX=EandHy=HZ=B. (10)
a
The mean Hubble parameter is given by
_1v _1fa ,b) (12)
3V 3la b

Where V = ab? s the spatial volume of the universe.
The anisotropy parameter of the expansion is defined as

A:%i(H _Hj , (12)

Where H, (i =1, 2, 3) represents the directional Hubble parameters in the direction of X, yand z axes,

respectively.
We have three linearly independent equations (5), (6) and (7) with eight unknowns

(a b, pP", pU9 HPD U 5). We need five extra conditions to solve field equations

completely. Following Akarsu and Kilinc (2010), we assume that the PF and DE component interacts
minimally. Therefore, the energy momentum tensors of these two sources are conserved separately, i.e.
the Bianchi identity (8) has been split into two separately additive conserved components.

Hence, the conservation of energy momentum tensor of the DE gives

T = pl +(1+ w“‘e’)p(de) +2b + pli® 5§+279 =0. (13)
‘ a b a b
And the conservation of the energy momentum tensor of the PF component gives
TR b
T = o) +(1+w<pf>)p<pf>[a+2bj 0. (14)
One can split up the above conservation of the energy momentum tensor (13) of the DE into two parts:
deTIj deTr|J+de IJ] —O, (15)

where 71 is the last term of the ““T.J in equation (13) and arise due to the deviation from »"“® and is

the deV|at|0n—free parts of the deT;g” in equation (13).
Now, we shall make the following strong assumption:

de i =p(de)(5ﬁ+279]=o, (16)
' a b
which also results in the deviation-free part of the “°T.\' to be null i.e.
deqrij _ »(de) (1 (de)) (de) Zb -0
=+ [+ 0" )p " a, o (17)
The dynamics of the deviation parameters o(t) and y(t) is assumed to be
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2|bfa .b) 1 a®| 1
oty=n—=|-| —+2— |- + 18
® B[b[a bJ nb? nb“}p(de) (49)

1lafa .b) 1 a*| 1
r(®) :_nélig(g"'zgj_ nb? + nb4:|p(de) : (19)

where n is a dimensionless constant.

Also, we assume the EoS parameter of the PF to be constant, i.e.
(pf)

Y

(of) _
»h -

yo,
Lastly, for the constant deceleration parameter, we impose a law of variation for the Hubble parameter.
According to this law, the mean Hubble parameter for Bianchi type-1X metric is given by

H =k(ab?) "%, 21)
wherek >0 and m >0 are constants.

The spatial volume is given by

V =A% =ab? (22)
where A is the mean scale factor.

The mean Hubble parameter H for Bianchi type-1X metric is given by

) (20)

yo1lVv_1fa ,by} (23)
3V 3la b
The directional Hubble parameters in the direction of X, y and z axes, respectively, are given as
Ho=2 and  H,=H,=2. (24)
a b
The volumetric deceleration parameter is
AA
q = —F. (25)
On integrating, after equating (21) and (23), we get
ab® =c.e®™, for m=0 (26)
and
2 %
ab® = (mkt+c,)’™, for m=0 (27)

where C,and c, are positive constants of integration.
Using (21) and (26) for m =0, and with (27) for m = 0, the mean Hubble parameters are

H=k, for m=0 (28)
And
H =k(mkt+c,)™, form=0 (29)

Using equations (23), (26) and (27) in (25) we get constant values for the deceleration parameter for the
mean scale factor as

g=m-1, for m=0 (30)
q=-1, for m=0 (31)
Using (18) and (19), and the mean Hubble parameter (20) in the subtraction of (6) from (7), we get
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dfa_bj sqd E—Q —3nH .
dtla b dtla b

On integrating (32) and then considering (28) and (29), we get
a b
a b
a b A 3nk

c ,form=0, 3,
a b (mkt+c, )/n (3—m)(mkt+c,)

=2 4nk form=0,

Where A is the real constant of integration.

Model for m =0 (q = -1):
On integrating (33) and using (26) we get,
22 0.2

K/}/ ,79 +nkt
a i)

/1 gsn 1
b K }/ }/ 3nkt
where K . is a positive constant of integration.
The directional Hubble parameters on the X, Yy, and z are respectively, given by

I
21,

L =K+

H,=H, =k _Aem Lo
3 3
The spatial volume is given by
V =ce™
By using (37), (38) and (28) in (12), we get
2 (A +nk)®
A=——"7——
9 k
The expansion scalar ® is found to be
®=3k.

The shear scalar o2, defined by o = %aijo-” ~ gAH 2 'is found as

o? = %(/Ie?’k‘ £ k)2

Using (35) and (36) in (14), the energy density of the PF is found as
PP () = p(pf)efak(hw””)t

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

The energy density of DE is found by using the scale factors and energy density of the PF (43) in equation

(5) as
1 1 1
(de) 3k2 CIAM L) =L (1) | = (pf),
( S A0+ L) 32()j p

where

(44)
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1 —okt- e Ay
LO=-———e  *
k(K7
L (t) -3 —2kt—g—ﬁe’3k‘+§nkt
2 p—l

— ¢

2
4K (e,K )
Now using (35), (36) and (44) in equation (17), the deviation-free part of the anisotropic EoS parameter
may be obtained as

30P) pP) 4 22 _k?(n? - 9) + |_1(t)(k2 +§ﬂ.ke3k‘ +:nk2j

+L, (t)(k2 +2/1kes"t +2nk2j

PRCON (45)

3p0" + 2% + 2nkAe ™ + k*(n?* —9) —3k*L, (t) — 3k*L,(t)
The deviation parameters ¢ and y can be obtained by using equations (35), (36) and (44) in equations (18)
and (19) as

2nkAe ™ —2nk?(n +3) + 2k *L, (t) +2k2L2 (t)

o) = , 46
® 3p) 4+ 2% ™ 4+ 2nkAe ™ +k?(n? —9) —3k2L, (t) — 3k L, (t) “e)
and
2nkAe ™ +nk?(2n +3) — kL, (t) —gksz (t)
y(t) = (47)

3pP" + A7 + 2nkAe ™ +k*(n* —9) - 3k7L, (1) — 3K°L, (1)

Physical Behavior of the Model

In this model, dH/dt =0= q=—1. This shows that the rate of expansion of the universe is faster.
Thus, this model may represent the inflationary era in the early universe and very late times of the
universe.

The spatial volume is finite at t = 0. It expands exponentially as t increases and becomes infinitely large
as t — oo, The directional Hubble parameters are finite at t = 0Oandt =co. They deviate from the mean
Hubble parameter due to A. While A is supporting (opposing) the expansion on the xaxis, it opposes
(supports) the expansion on the y&z-axes. The expansion scalar @ = 3H = 3k, is constant throughout the
evolution of the universe.

The energy density of the PF p(p”decreases exponentially and converges to zero since ®®”) > 0. The
energy density of the DE component changes slightly at early times and converges to a non-zero value as

t increases. Thus, the ratio o /(p®" + p"@) converges to 1 as t increases, i.e. the DE dominates

the PF in the inflationary era. The EoS parameter of the DE »®® begins in phantom region »*® < -1
and tends to -1 by exhibiting various patterns as t increases. Ast increases, the anisotropy of the
expansion ( A) decreases exponentially to null. Thus the space approaches to isotropy in this model. The
deviation parameter 6 =0 throughout and y is finiteat t =0.

Here the model isotropized for large values of t, provided that n = 0, otherwise, it is anisotropic. Also,
the anisotropy of the DE isotropizes for large values of t .
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Model for m # 0 (g #-1)
The solutions in this section are valid for all possible values of m except for m=3andm =0.

_CZ

form = 0. For brevity of the
mkt

From (27) one can see that the initial time of the universe is t, =

equation, we may redefine the cosmic time as

t'=mkt+c,, (48)
and by doing that the initial time of the universe has also beensetto t' =0.

Thus, we may rewrite the metric (1) as

Gz MOt ra ) e +b(t) dy? +(b(t))?sin? y +a(t)? cos? y Jdz? )
—2a(t")? cos ydxdz
Using (34), we can obtain the ratio of scale factors % and then using (27), we obtain the exact expression

for the scale factors as
1 2n 22 -

2 - ® "

a(t’) — KCA (tl) m m(3-m) e3(m73)k , (50)
) 1 n ) (t')li%

b(t/) — Kc% (t’) m m(3-m) e3(m—3)k , (51)

where K is a positive constant of integration.
The spatial volume of the universe is given by

3
V= (t)m. (52)
The directional Hubble parameters on the X, Yy, and z are respectively, given by
20 o 2nk
H, =k{t) " +=@t)" - )™, 53
KOO - T ) (53)
Ano ok
H, =H, =kt)*-=@)" + ). 54
= H KO =50 + 2T ) (54)
By using (29), (53) and (54) in (12), we get
3 2
P B LI (55)
9| k (m-3)
The expansion scalar ® is found to be
0 =3k(t"H ™. (56)

The shear scalar o2, defined by o = %aijo-” ~ gAH 2 is found as

L2 i
e L L (57)
3 k (m-3)
Using (50) and (51) in (14), the energy density of the PF is found as
-3
, N (L)
pP) =" ()" . (58)
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The energy density of DE is found by using the scale factors and energy density of the PF (58) in equation
(5) as

p“”av=3W03*@—%Aav+§uav+%waj—p””wx (59)

where

1 n 24 12
, 1 2 '—2 + — +2 o~ @ty m
L) =17 K22 (1) (a7 g

[1 4n ] 84 (t’)l_%
K/(t) m m(m-3) e3k(m—3)

LZ (t ') - kz
Now using (50), (51) and (59) in equation (17), the deviation-free part of the anisotropic EoS parameter
may be obtained as

T Ly

2 mnk ,71% k?(m-2n-3) . % -2
—3(m_3)(t) L(t){ 3m_3) (t)” ) J

—Lz(t'{k O ]

2 (41 -2 - ’ 1 ’ 1 N ApT) (47
K2 () [1 2A(t)+3Ll(t)+3L2(t)j PP (t)

The deviation parameters and y can be obtained by using equations (50), (51) and (59) in equations
(18) and (19) as

2k 2{”%) ;—er“s’)ma'mza')}

a)(de) (tr) —

(60)

(m-3)
ot)=- 1 1 1 , (61)
3k2(t’)2(1—2A(t')+3L1(t’)+3L2(t')j—p(p”(t')
and
K2 (t) {Mm nm=2n=3) 1) 4y, L(t)}
(m-3) 3
5(t) = - ©2)

2 41\ -2 _1 ' 1 i 1 AN NI N
3 (1) [1 2A(t)+3L1<t)+3L2(t)] 0 (1)

Physical Behavior of the Model
The mean Hubble parameter H is infinitely largeat t" =0 and null at t"=o0. For 0<m<1 or q<0

indicates that the universe is accelerating. For m > 1, the universe is decelerating. In particular, for m=1
we get g =0 indicating that the universe is expanding with constant velocity. The volume of the universe

expands indefinitely for all values of m. The anisotropy of the expansion (A(t")) diverges as t" — 0,
converges to constant as t’ — oo for m < 3 and vice versa for m > 3. Here one can observe that A(t')
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L,(t"), L,(t"), 2 and p®" lowers the value of the energy density of DE p‘*®. Also, one can set the
value of »®® as desired by choosing the appropriate values of the parameter.

CONCLUSION

In the present paper, the Bianchi Type-1X cosmological models with PF and anisotropic DE have been
studied. Here two models with exponential expansion and power law expansion have been studied. In
both the models, the anisotropic DE isotropizes for large value oft. The anisotropy of the space
isotropizes for exponential expansion. Also the anisotropy of the space isotropizes the power law
expansion model providedm >1/3. Also in case of exponential expansion model after certain time

evolves towards A CDM cosmological model for different values of m. Most of the observations are
similar to that of Akarsu and Kilinc (2010). The model form =1, i.e. g =2, is not discussed as it is a

decelerating model which is not consistent with the present-day observations.

In summary, two cosmological models which lead to a cosmological scenario in accordance with recent
features of modern cosmology as an initial phase with decelerating expansion followed by an accelerating
one at late time has been obtained. This is most relevant and significant to astrophysics. However,
detailed studies are still needed to discuss concrete possible applications (if any) of the models presented
in this paper which will make their phenomenological relevance clearer.

REFERENCES

Abazajian K et al., (2003). The First Data Release of the Sloan Digital Sky Survey. Astronomical
Journal 126 2081.

Abazajian K et al., (2004a). The Second Data Release of the Sloan Digital Sky Survey. Astronomical
Journal 128 502.

Abazajian K et al., (2004b). Cosmological parameters from SDSS and WMAP. Physical Review D 69
103501.

Adhav K S et al., (2010). Higher dimensional Bianchi type-I universe with perfect fluid and dark energy.
Bulgarian Journal of Physics 37 255-265.

Adhav et al., (2011). Higher dimensional Bianchi type-V cosmological models with perfect fluid and
dark energy. International Journal of Theoretical Physics 50 2573-2581.

Akarsu O and Kilinc C B (2010). Bianchi type-111 models with anisotropic dark energy. General
Relativity and Gravitation 42(4)763-755.

Astier P et al., (2006). The supernova legacy survey: measurement of Qu, Q.and w from the first year
dataset. Astronomy & Astrophysics 447(1) 31-48.

Bali R and Dave S (2001). Bianchi Type-1X string cosmological model in general relativity. Pramana
56(4) 513-518.

Bali R, Kumawat P (2011). Bianchi type IX stiff fluid tilted cosmological model with bulk viscosity.
European Journal of Theoretical Physics 7(24) 383-394.

Benett C L et al., (2003). First-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations:
Preliminary Maps and Basic Results. Astrophysics Journal of Supplementary Series 148(1) 1.

Davis T M et al., (2007). Scrutinizing Exotic cosmological models using ESSENCE supernova data
combined with other cosmological probes. The Astrophysical Journal 666(2)716-725.

Ghate H R and Sontakke A S (2013a). Bianchi Type-1X Dark Energy Model in Brans-Dicke Theory of
Gravitation. Prespacetime Journal 4(4) 366-376.

Ghate H R and Sontakke A S (2013b). Bianchi Type-IX Cosmological Model with Anisotropic Dark
Energy. International Journal of Scientific & Engineering Research 4(6) 769-774.

Hawkins S et al., (2003). The 2dF galaxy redshift survey: correlation functions, peculiar velocities and
the matter density of the universe. Monthly Notices of the Royal Astronomical Society 346(1) 78-96.

130



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)
An Online International Journal Available at http://www.cibtech.org/jpms.htm

2013 Vol. 3 (2) April-June, pp.122-131/Ghate and Sontakke

Research Article

Katore S D et al., (2011a). Bianchi type-111 cosmological model with binary mixture of perfect fluid and
dark energy. Bulgarian. Journal of Physics 38 390-399.

Katore et al., (2011b). Bianchi type-VI, cosmological models with perfect fluid and dark energy
International Journal of Theoretical Physics 50 3299-3312.

Katore S D, Adhav K S, Shaikh AY and Sancheti M M (2011c). Plane symmetric cosmological
models with perfect fluid and dark energy Astrophysics and Space Science 333 333-341.

Katore S D et al., (2013).Kaluza-Klein cosmological model for perfect fluid and dark energy Bulgarian
Journal of Physics 40 17-23.

Khalatnikov I M and Kamenshchik A Y (2003). A generalization of the Heckmann-Schucking
cosmological solution Physics Letters B 553(3) 119-125.

Kremer G M (2003). Cosmological models described by a mixture of van der Waals fluid and energy
Physical Review D 68(12) 123507-123512.

Kumar S and Akarsu O (2012). Bianchi type-Il models in the presence of perfect fluid and dark energy
The European Physical Journal Plus 127 64.

Perlmutter S et al., (1999). Measurement of and 42 high-Redshift Supernovae. The Astrophysical
Journal 517(2) 565-586.

Riess A G and et al., (2004). Type la Supernova Discoveries at z >1 from the Hubble Space Telescope:
Evidence for the Past Deceleration and Constraints on Dark Energy Evolution. The Astrophysical Journal
607 (2) 665-678.

Saha B (2005). Anisotropic Cosmological Models with Perfect Fluid and Dark Energy Chinese Journal
of Physics 43(6) 1035-1043.

Saha B (2006). Anisotropic cosmological models with perfect fluid and dark energy Reexamined
International Journal of Theoretical Physics 45(5) 983-995.

Singh T and Chaubey R (2009). Bianchi type-V cosmological models with perfect fluid and dark energy
Astrophysics and Space Science 319 149-154.

Spergel D N et al., (2003). First-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations:
Determinations of cosmological parameters. The Astrophysical Journal Supplement Series 148(1) 175.
Spergel D N et al., (2007).Three-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations:
Implications for cosmology. The Astrophysical Journal Supplement Series 170(2) 377.

Tade S D and Sambhe M M (2012). Bianchi type-1 cosmological models for binary mixture of perfect
fluid and dark energy. Astrophysics and Space Science 338 179-185.

Tegmark M et al., (2004). Cosmological parameters from SDSS and WMAP. Physical Review D 69(10)
103501.

Waller SM (1984). Bianchi type IX electromagnetic universes Physical Review D 29(2)176-185.
Wood-Vasey et al., (2007). Observational constraints on the nature of Dark Energy: first cosmological
results from the ESSENCE supernova survey. The Astrophysical Journal 666(2) 694—715.

131



