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ABSTRACT
In this paper, a new theorem on degree of approximation of a function belonging to the W (Lp, &(t))
class by (N, pn, 0n) (E, 1) product summability means of Fourier series have been established.

Key Words: Fourier Series, Degree of approximation, W (Lp, &(t)) class of fuction, (N, pn, g.) mean,

(E, 1) mean, (N, pn, dn) (E,1) mean, Lebesgue Integral.
2010 Mathematics Subject Classification: 42B05, 42B08.

INTRODUCTION

The degree of approximation belonging to Lip o, Lip («, p), Lip (&(t), p) and W (Lp, &(t)) class
using Cesaroo, Norlund and generalized Norlund summability methods has been discussed a numbers of
researchers like chandra (Borwein, 1958; Holland, 1981; Holland and Sahney, 1976; Khan, 1974; Lal and
Tripathi, 2000; Qureshi1l982 and Tiwari et al., 2010) obtained a result on Degree of approximation of
Weighted class functions by Product Means of its Fourier series and (Tiwari and Bhatt 2011) obtained a
result on degree of approximation of the function belonging to Lip o Class by (N, pn, g») (E, g) means of
its Fourier series. In this paper our aim is to generalize the result of (Tiwari et al., 2011) On Degree of
approximation of weighted class functions by Product Means of its Fourier series.

Definition and Notation

Let f(x) be periodic with period 27 and integrable in the Legesgue sense. The Fourier series f(x) is given

by

f(x)~%a0 +§:(an cos nx+ b, sin nx)ziﬁ(x) (2.1
n=1 n=0
Lp - norm is defined by
o b 1/p
Ifl, =[jf(x) dx]  p21 (22)
0

L..- norm of a function f : R—R is defined by
If]. =Sup{f(x):xeR} (2.3)

The degree of approximation of a function of f : R—R by a trigonometric polynomial t, of order n is
defined by Zygmund (11)

It, = f]. =Supft, () - F(Q|: xR} (2.4)
A function f gLip a if
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f(x+t)-f(x)|=0 |t"] for0< <1 (2.5)
| =0 i)

A function f(x) ¢ Lip («, p) for 0<x <27 if

[T|f(x+t) f (X)) dx] =0(t["), 0<a <1, p=>1 (2.6)

Given a positive increasing function £(t) and an integer p>1, f & Lip (f(t), p), if

( j {F(x+t)— 0} dx] =0(&(1)) (2.7)

and f eW(Lp, &(t))if

[Zﬂ{f(xﬂ)— f (x)}sin” x\ dxj =0(&(t)), f=0 (2.8)

Incase f=0, W (Lp,&(t)) class reduces to the Lip (cf(t), p) class and if &(t) =t“, then Lip (cf(t), p)
class reduces to the Lip («, p) class and if p — oothen Lip («, p) class reduces to the Lip « class. We
observe that

Lipo < Lip(a, p) < Lip(&(t), p) cW(Lp, (1)) for O<a <1, p=1

Let ZUH be a given infinite series with sequence of its n™ partial sums {sn }

n=1

The (E,1) transform is defined as the n™ partial sum of (E,1) summability, its denoted by Er1, and given by

E: = 2—1n ( j S, =S, asn—>o (2.9)
k=0 \k

Let {pn} and {qn} be the sequence of positive constants such that
Pn = Z pk
k=0
Qn = Z qk
k=0

n
andR, = P, 0y #0 (n20)
k=0
Where P, Q,and R, — oasn—o0
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For two given sequences {p,} and {qn} the convolution (p*q), is defined by

R, =(p*a), =D P Uo
k=0

1 &
tnp’q = R_Z Py Qn_k Sk
n k=0

The generalized Norlund transform (N,pa0n) of the sequence {Sn} is the sequence {tnp'q}- If t7%—s as
n—oo then the sequence {sn}is said to be summable by generalized Nérlund method (N,pn,0n) to s
(Borwein(1)).

The necessary and sufficient condition for (N, pn, g,) method of summability to be regular are

i| Pk qk|: OanD and p, , = OQRHD, as n—oo, for every fixed k>0,for which q,0.
k=0

The (N,pn,gn) transform of the (E,1) transform is defines as

1 n

(N, pn,qn)(E,l)=EZ Pe Gy Eny (2.10)
n k=0

If

(N, pn1qn)(E,1)=RiZn: P G, EL, —>sas n—ow
n k=0

Then Zun is said to be (N, pn, dn) (E,1) summable to s.

n=1

We shall use the following notations:-
) pt)=f(x+t)+ f(x—t)—2f(x) (2.11)
(iiy NP *5 (t):Riz P, g, cos"™ %.sin (n—k +1)% (2.12)

n k=0

Known Reults

Tiwari et al.(10) obtained a result On Degree of approximation of Weighted class functions by Product
Means of its Fourier series. They have proved the following theorem:

Theorem 3.1: If f : R — R is 2x- periodic function belonging to the Weighted class W(LP,&(t)),(p>1) then
the degree of approximation of function f by the (N,p,) (E,1) product means of its Fourier series satisfies
,for n=0,1,2,3,...

II(N,pn)(E,l)—f(x)”p:o{(nﬂ) 5 é(iﬂ

n+1

Provided {pn} is non-negative, monotonic and non-increasing sequence and &(t) satisfies the following
conditions

81



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)
An Online International Journal Available at http://www.cibtech.org/jpms.htm

2013 Vol. 3 (2) April-June, pp.79-86/Tiwari and Upadhyay

Research Article

(1) R
{L (ﬂ)Slnﬁt dt _o(n—JrJ (3.1)

: 5 i p 1/p
{jﬂ(%w)@ dt} -0o((n+1?%) (3.2)

Where ¢ is an arbitrary number such that q (1- 6 )-1 >0,
Conditions (3.1) and (3.2) holds uniformly in x and

{9 Yl ol 2o

Also hold in limit t{i,ﬁ} where £+ 21 suchthat 1<p< o
n+1 P q

Main Theorem: In this paper our aim is to generalize the above result of Tiwari et al., 2010. In fact, we
prove the following theorem:
Let (N,pngn) be a regular generalized Norlund method defined by a positive,monotonic,non-increasing

sequences {p,} and {qg.}of real constants such that R, = Z P.d, #=0. . If fis 2zn- periodic function,
=0

Lebesgue integrable on (-m,m) and is belonging to Weighted W(L,&(t)) class,p>1,then the degree of
approximation of function f is given by

[N, p,.0,) €D - 100, —o{<n+1> p:(nllﬂ @)

Provided [ (t) satisfies the folowing conditions:

{@} is a decreasing sequence , (4.2)

(e anm =ofy) “
- () Up_ 5

I’Z[Wj dt; =o((n+1?) (4.4)

Where ¢ is an arbitrary number such that q (1- 6 )-1 >0,

Conditions (4.3) and (4.4) holds uniformly in x and where l + i =1 Suchthat 1<p< 0.
P g
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Lemmas: For the proof of our theorem, we require following lemmas:
Lemma (5.1): ‘Nn”‘q’El (t)‘ =0(n+1t, foro<t< .
n+1
Lemma (5.2): ‘Nn”‘q’El (t)‘ =0(), for Ll <t<rm.
n+
Proof: (Lemma (5.1):

For ostsi; we have
n+1

INPSE@® =

Cos(™ o
3 Z Py U >

1

<
Rn ~ pn qn—k

Cos(”‘k) —.
2

Sin(n—k +1) %|

n k=0

mﬂﬁ{ mek}

n k=0
NP5 (1) = O(n+Dt).
This complete proof of the lemma (5.1).

Proof: (Lemma (5.2):

T
For —— <t < 7;we have
n+1

n k=0
Cos™ ™ —|.|Sin(n—k +1
Rn;;man J ( )‘
l n
<—>p,0,_..1.1 (Because Cos" ™" t <1)
Rn i 2
1 n
= O(l _z P« qn—k}
I:an k=0

INPOE ()] =0(@).
This complete proof of the lemma (5.2)
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Proof of the Main Theorem:
Let Sy(x) denotes the n™ partial sum of the Fourier series at t=x we have

k(x)—f(x)_—j PO cos0r- k>25m(n k+1) dt

SnUZ
Now,
157 ¢) 13 (n-k)
— X)— f(x — Cos t/2.Sin(n—k +1)—dt
2 2 B - = o Sna, J2.5in(n-k-+1)
17 ¢ E
— El, (X)-— f(x)=— N P95 () dt
ngpkan ey n;pnan 0= j Sint/2 (t)
(By(2.12))
NP D= L NpeE
Ty Slné
(By(2.10))
Since, Sint/2>-1,it follows that
VA
179
(N, P 0, )ED - (9 < 't—|\N (1)t
0
1 zlin+l 7 |¢(t)| Ok
=~ [+ ] = [N PO (1)t
0 ﬂn+1
1 7% (1) 1% g)
== [ EEINPeE @fdt-2 [ NSO @)dt
25t 2,7 t
n+l
=1,+1, (Say) (6.2
Let us consider, I, first
%+1
17F o) | o,
Il :E -([ T ‘anq (t)‘dt
Now using Hoélder inequality and in view of (sint) S% 0<t§%
1/p
%+1 t t P %+l q %
L= + | a0 Sint| dtp o | &.‘Nn""‘@(t)‘ dt
2t || o | £() . | tSin’t
%+1 q 4
1 1 f(t)}
=0| — O((n+Dt)— dt By. (4.3) and Lemma(5.1
(Mj (a0 2 Ht“ﬁ (By. (43) (51)
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1 pry

prt 1
Iy =0 ((n +1) P g(mj] (62)

S R 11
Now consider I, = 5 ,,'[ T"NHME (t)‘dt

n+l

Again using Holder inegality and in view of Sin € > 2

T
1| F(t7sin’t » 17 E(t) o) %
L)t &b T :
= 0((n+1) )0(1).2_t{ /j |Fsin ﬂJ dt} (by. (4.4) andLemma (5.2)
_ AL T Em Y h
= 0((n+1) )E{I (mj dt}
A‘Fl
o190 d L )neapi
=0((n+1) )O(é(n+1j(n+l) b ]
(o3 5
L =0|(n+1) Pg(—j} 63)
n+1

Combining equation (6.1) (6.2)and(6.3),we have

(N, Py, 4, )(ED) - F(x)| = O[(n e 5( : ﬂ

n+1

Using the Lp-norm we get

[N, b, 4. )(ED - f (), [ [I0N, B, 6, )ED- F() dx} A< p<m)

_0 mﬂ(n +1)ﬂ*§§(ﬁjp dx}ll p]

- O{(n +1)ﬁ+p§(n%lﬂ,1s D<o

This completes the proof of the our theorem.
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Applications: The following corollaries can be derived from the theorem:
Corollary 7.1:1f =0 and &(t) =t*, 0 <a <1, then the W (L, [ [t[]) class, p >1 reduces to Lip(a,p)

class and the degree of approximation of a function f (x) 2m- periodic function f & Lip(a,p), — <a <
p

1 is given by

(N, p,.9,(E.1)-f(x) = —1.
(N p,, f(x)l, = =

Corollary7.2:If p—o in corollary 7.1 , for 0 < a < 1 ,then the Lip(a,p) class reduces to Lip a class and
the degree of approximation of a function f(x), 2z- periodic function f& Lip a. , 0 <o < 1is given by

o poaED)- 10, -0 L |
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