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ABSTRACT

Elastostatic problem of an orthotropic elastic plane containing an infinite row of parallel cracks has been
considered. After expressing the stress and displacement fields in terms of two holomorphic functions
defined in appropriate complex domains the problem has been solved by Riemann-Hilbert technique.
Expressions for local stress fields near the crack tip are determined and graphically displayed for various
orthotropic materials.
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INTRODUCTION

Problems with Griffith cracks were considered by Dhaliwal (1973); Satpathy and Parhi (1978); Piva and
Viola (1988); Cinar and Erdogan (1983); Lowengrub and Srivastav (1968); De and Patra (1990); Kassir
and Tse (1983) and others. De and Patra (1993) have solved the problem of propagation of two collinear
Griffith cracks in an orthotropic strip. Atkinson (1965) studied the steady-state propagation of a semi-
infinite crack in an aeolotropic material by means of the Cauchy integral formula. Piva and Viola (1988)
applied complex variable approach to solve the elastodynamic crack problems in an orthotropic medium.
Georgiadis (1986) solved the problem of a cracked orthotropic strip.

Several authors including Stallybrass (1970) and Rooke and Sneddon (1969) have considered thde
elastostatic problems involving a cruciform crack and star-shaped crack in an isotropic elastic material.
They have used Muskhelishvilli-Kolosev potential function, integral transform method and Wiener-Hoff
technique. Das and Debnath (2000) studied a static cruciform crack problem in an infinite orthotropic
elastic medium by reducing the problem to the solution of two simultaneous singular integral equations.
Recently Das and Debnath (2003) studied interaction between Griffith cracks in a sandwiched orthotropic
layer. The Fourier transform technique is used to reduce the elastostatic problem to a set of integral
equations which have been solved by using the finite Hilbert transform.

The elastostatic problem of an orthotropic body having a central inclined crack and subjected to a uniform
biaxial load at infinity has been studied by Kirilyuk (2005; 2007). Various static problems on crack
problems are found to be present in the works of Das (2002); Garg et al., (2003); Mukherjee and Das
(2007); Selim and Ahmed (2006) and Nobile and Carloni (2002; 2004) and many other researchers.

The present investigation is intended to study the elastostatic problem of an infinite row of parallel cracks
in an orthotropic medium under general loading. By application of the complex variable theory dealing
with sectionally holomorphic functions, the problem is reduced to Riemann-Hilbert problem. The
expressions for quantities of physical interest e.g. stress intensity factor (S.I.F.), the local stress field near
crack tip have been derived. Numerical results for different orthotropic materials have been displayed in
the form of graphs.

THE BASIC EQUATIONS

Consider an infinite orthotropic elastic medium parallel to xy-plane. The displacement component along
the z axis and all its derivatives with respect to z are assumed to be zero. The stress displacements
relations are given by

96



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)
An Online International Journal Available at http://www.cibtech.org/jpms.htm
2013 Vol. 3 (1) January-March, pp.96-108/Sinharoy

Research Article

ou oV

=C,,—+C .. (1
118X 1 ()

O-XX

“ oy
ou ov
c,=C,—+C,,— .2
vy 12 oX 22 8y (2)
ou ov
—+—) .. (3)
oy OX
The equilibrium equations in terms of displacement components for elastostatic problem are
o°u o°u o°v
11_2+C66_2+(C12 +Cq) ——=0
OX oy OXoy
o*v o*v
66 8)(_2 + C22 ~ 2
where C;; (i,j=1,2,3) are elastic constants, U =U(X,y), v =V(X,Y) are displacements in x, y directions.

The system of equations (4) may be rewritten as
oD oD

Oy = Cosl

C

C +(C,+C )ﬂ—o 4)
12 66 axay

l—+A—=0 ... (5)
OX oy
in which 1 is the 4 x 4 identity matrix and
0 a 28 0 D, u,
A= -1 000 , D(x,y) = Dol _| Y ... (6)
2, 0 0 o D, v,
0O 0 -1 0 D, v,
where
Zﬂ: ClZ +C66 12181 — ClZ +C66
Cll C66
0{=ﬁ,al=i .. (7
Cll C66
Eigenvalues of the matrix A can be obtained from the equation
m*+2a,m’+a, =0 ... (8)
where 2a, =a+a, —4pp,,and a, =acq, . .9

Two types of orthotropic materials can be defined: (i) Type I: when a; >\/a—2 and (ii) Type II:

when |al| < \/a_ ; based on the existence of the real part of the solution.

The Case of Type | Orthotropic material

The roots of the equation (8) will be purely imaginary, if a, > 0,a, > \/a—z ... (10)
The two eigenvalues can be taken as m, =ip and m, =iq ... (11)

where p = [a1 —(a? —az)”z]l/z, and q= [a1 +(a? —az)]/z]]/2 ... (12)
We now consider the transformation ®(X, y) = UW¥(X,Y),
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a-p a—q
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where U =| 2P o 2H o land wixy)=[¥, ¥, ¥, ¥
a-p a-q
-p 0 -0 0
0 1 0 1

It can be shown that Q, (z,)="Y, (X, Y,) +1¥,(x;,y;)and Q,(z,)=Y;(X,, Y,) +i¥,(X,,Yy,) are two

holomorphic functions of z, = X, +iy,and z, = X, +1y,, respectively,

where X, = X,X, = X, Y, =1,y2 =%.

The stress components can be expressed in terms of two analytic functions €2, (zj ) (j =1, 2) as follows:

C

oy = =5 Im[1,Q,(z,) +1,Q,(2,)]
(94

o, =Csg Im[p*1,Q, (z,) +9%1,2,(2,)]
Oy = Ces Re[plsQ2, (z,) +qlQ2,(2,)]

where
2/5p° 2/°
L=——++2f-), |, = +(20-a)
' (- p?) © (a-q?)
I, =1- 2'82 =1 Zﬂz Ny =—1, 1 =-1,
a—-p a—q
The corresponding displacement components are
25p? 239°
u(x,y) =Im[ Ao 5 a)l(zl)+ﬂ2a)2(zz)]
a—-p a—q
V(X Y) =-Re[pw,(z,) + qw,(z,)]
where

11=911d:l911d
(@) = [, @)dc=— [ @)y

2 (2,) =], 2d:lgz 2d
@,(2,) = [ 9, (@) = _ [, (2)0y

The Case of Type Il Orthotropic material

When the elastic properties of the orthotropic material are such that
la|<+/a,,a,>0

The roots of the equation (8) are complex.

The eigen values can be taken as,
m =y, +iy,, m,=-m, y, >0

where a bar denotes complex conjugate and

1 v 1
2 HOCRR S| A HNoRtS]
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.. (13)
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Following Piva and Voila (1988), the basic complex variables can be written as,

zlz{x—%ylﬂ(%@ ... (23)
vt i T
22:(x+%y]+i(%y] ... (24)
V1t Vit
The stress components can be written as,
O = C66{k1 Im[Ql(Zl) + Qz (Zz)] - k2 Re[Ql(Zl) _Qz (Zz)]} (25)
oy = Ceelks IM[Q(2,) +Q,(2,)] -k, Re[€2,(2,) - Q, (z,)]} ... (26)
0,y = Ceslks Re[€Q (z,) + €2, (2,)]+ kg IM[€2, (2,) - Q, (2,)]} ... (27)
where
C C C
k =212 _92 ok =2 i
1 CG6 ﬁpS C66 2 ﬁpél C66
C C C
k, =222 _92 12 k. =2 2
s Bps c., JZop C.,
ks =280, =7, ks =2/, — 11,
m _ m? .
: 2=p1+|p2’and : > = Ps +1P, ... (28)
a+m a+m
The displacement components are given by
U(X, y) = —Zﬂ Im[(p3 + ip4)wl(zl) + (p3 - ip4)a)2(22)] ... (29)
V(X y) =—Im[(y, +iy,)@,(2,) — (7, —iy,)@,(2,)] ... (30)
where
—(y, —1
0,(2) = [ (z)dx = =72 [0 (7,)ay 31
Y17,
+1
©,(2,) = [Q,(z,)dx = Mjgz(zz)dy . (32)
Vit

BOUNDARY CONDITIONS
Lest us consider an infinite row of parallel cracks, at a distance of period 2z, having a constant

length 2a, along the y axis, with uniform function p, f (X) applied to its edges, in an elastic medium so
that the boundary conditions of the problem are

o,, (%0) =—p, f(x), X <a ...(33)

O'Xy(X,O) =0, |X|<oo ...(34)

v(x,0) =0, X >a ...(35)
O'XX,O'W,O'XyZO, ‘Zj‘—>oo ...(36)
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Figure 1: An infinite row of parallel cracks, at a distance of period 27z , having a constant length 2a,
along the y axis

SOLUTION OF THE PROBLEM
Case I: Type | material
Setting

ipA
A(z) =20, (2) .(37)
6
—igA
Aq(2,) =20, (2,) (3
5
The stress components can be written as,

C Il

|
O x :a_ZiRe[%AZ (ZZ)_l_pGAl(Zl)] ---(39)
C
ny = %Re[thsAz(zz) - pI3I6Al(Zl)] ---(40)
:CLISIGIm[A (z,)-A,(2,)] (41)
Xy A 1\41 2\%2
where
A = pll, —ql,l; ...(42)
Equation (45) and boundary condition (34) lead to
AL (X) =A,(X),[X < o0 ...(43)

Using the symmetry property A;(z;) = Aj (z;) boundary conditions (33) and (35)
by virtue of (43) , lead to

ReA;(x) =

pOCf(X),|x|<a ony=0 ... (44)

66
ImA;(x)=0,]x|>a ony=0 ...(45)
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where A (z;)is a periodic function of period 27 .

Since the stress distribution is identical in the strips 2nz <+y <2(n+1)7z,n=0,12,... the stress field

should be periodic function of period 27 .
Equations (44) and (45) can be written as

. _ 2p, f(x
Aj(zj)+Aj(zj):pé—(), on L [|x>a ...(46)
66
and A’ (z;)—A(z;) =0, otherwise ...(47)

where A (x+i.0) = A% (z;)and A (x—i.0) = A’ (z;).
Following the approach of Gakov (1966) to solve this Riemann boundary value problem we set
t F(t)sinht

A (z:)=
() ;[cosht—coshzj ., whichis singularon L , wherey =0 ...(48)

Applying the Sokhotski’s formula we obtain,

a - a .
N)(2,) = 7iF (2))+ | F(Osinht A, (2,) =-iF (2))+ | FOsinht
» cosht —coshz, and o cosht—coshz,
From (46) and above Sokhotski’s formula, we have
j" F(t)sinht gt — P, T (X)
o cosht —coshz; Ces
Using Finite Hilbert transform and the Airfoil equation, the unknown F(t) is calculated.
where
- % J/(cosh x —1)(cosha—coshx) .
Fy={@sha-b P | \/( 4 ) sinh xf (x)dx
2A 7T LA cosht —cosh x

and A = /(cosht —1)(cosh a — cosht)

Particular case
When f(x) =1, the solution of the Riemann boundary value problem defined by (44) and (45) is given by

p .
Aj(zj)=C—°Fj(zj),(J=1,2) ...(49)
66
where
coshz; -1 i
F(z;)=1- . (j=12) ... (50)
coshz; —cosha
The stress components may be rewritten as
p | Ll
XX :a_ZRe[% Fz(zz)_l_pGFl(zl)] ... (1)
0,y = LU ReAl,1,F, (2,) - LI, (2,)] .. (52)
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Il
y pOA” Im[F,(z,) ~ F, (2,)] . (53)
It can also be shown from (17) and (18) that
—2/30, plg
u(x, Re > G(7 ) ... (54)
(y) =3 “Rel 5 6.z )
V(% Y) = 2 2 IM1,G, (2,) <146, (2)] ... (55)

66
with

...(56)

,|2coshz; —cosha+1|
Gj(zj)szi(zi)dzi=zj—cosh =1,2)

cosha+1

The local stress and displacement fields: It is well known that the crack features are controlled by the
local stress field. Introducing polar coordinates (r;,%;) , the local stress fields are given by

=0 15O

h
_—p, anh— Il 32 U sﬂ +&{ﬁ_ﬁ} ...(57)
ar \ 1 |gyC, (9 pJC. (9 (9) 2| aAlq p

® (0)

ny—O' +O'
Y tanh; . cosli2 cos'921
e - qHW—pusm - Po ...(58)
Oy —0m+0@

—p,l| tanh & sinﬁ sin&
- 0'sle 2 2 2 .(59)

»Ea U @ JSw

where (7 Y denotes the singular part of stress and 0'(0) denotes the non-singular part of stress and similarly
for other stress fields.

Again, z, =a+re'” =a(l+5,e™),5, =~ C,(9),(j =12) ..(60)
a
- 2 - :1
and Cj(19):(cos,219+w)m,l9jtg’1 Lol P :{p J ...(61)
P; P; q J=2
The circumferential stress distribution is given by
Og49 = Gélz} + O'(O) ...(62)
where
o5y =0y sin? 9+ o) cos® $— o, sin 28, ...(63)
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and o) = p{a_lA{%—%}sinz - cos? 19} ...(64)

The stress intensity factor near the crack tip (x = a) is given by the relation
. vz
K, = XILT [2(x-a)] o,,(x,0)

=x/§p0‘/tanh% .- (65)

Case IlI: Type Il material
Setting
—2A
A(z)=—"210Q,(z
(@)= @)

2A
A (2,)=—2-0Q.(z
()= T a(2)
where A, =K,k —k,k and following the same approach as that of Type | material, for f(x) =1, the
stress components can be written as,

O = _Z—Apo[(klks +K, ke ) IM{F, (z,) — F, (2,) 3+ (kiks — K, ks ) Re{F,(z,) + F,(2,)}]

o, = —ZAF’o [A, Re{F,(z,) + F,(2,)}+ (K;ks + k, ko) Im{F,(z,) - F, (2,)}]

vy
1

ny = AO (k52 + k62) Re[Fl(Zl) - FZ (22)]

where
Aj(zj)zé)_on(Zj)a (j:1!2)

66
The displacements fields are

u(x, y) = Ao [(Psks — PoKs) IM{G,(2,) — G, (2,)} + (PsKs + PoKs) Re{G,(2,) + G, (2,)}]
V(X y) = ZApE: [(7:ks — 7,k) IM{G, (2,) + G, (2,)}+ (:Ks + 7,ks) Re{G, (z,) — G, (2,)}]

with G, (z,) = [ F (z,)dz,,(j =12)
The local stress and displacement fields: The local stress fields are given by

o, =02 +c¥

a G -5, 8 9,
“p, tanhE sin—  sin—= COS — cos7 D,
~—2 (k ks +k,k - — (k;kg —k,k + ——(k kg —k,k
2A1 r 175 26) \/Cl(z9) \/Cz(ng) (16 25) \/Cl(g) \/Cz(lg) Al(le 25)

— ~0 (0)
ny —O'yy +ny
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P, tanh‘;1 (ke k) cos’il . cos'922 ke KA sinﬂ s,in'S;2
T Y e e Y e e@||
Oy =O'g) +0')(<§)
Py s tanh‘;1 cosle;2 cosil
~ (ks +Kkg)

2A, SR NHONNNT

where C, (9) = (cos® 9+17sin* 9+&,1?sin 29" 1° = (47 + )™

9 —tg* 7,1%sin 9 . -1 j=1
. cosd+eyl’sing) 1 |1 j=2

The circumferential stress distribution is given by

_ @ 0)
Ogg =0g3TO044

where ol =0y sin® 9+ ol cos? 3- o, sin 29,
1 .
and o) = —p{A—(klk6 —k,k;)sin? 9+ cos® 9}
1
The stress intensity factor near the crack tip (x = a) is given by the relation

K, = lim[2(x-a)]"* &,,(x,0)

=\/§p01/tanh%

NUMERICAL RESULTS AND DISCUSSIONS

Numerical results for singular terms of stress field near the crack tip for different orthotropic materials in
case of Type | orthotropic material have been considered. The values of the elastic constants have been
taken from the paper of Kassir and Tse (1983) and Garg (1981). All units are in the order of
10*dyns/cm?.

Table 1: The values of the elastic constants for different orthotropic materials

Materials Cu C, Cu, Css

Pinewood 0.0983 0.00413 0.000983 0.00736
Beryllium 3.148 3.649 0.888 1.124

Steel-Mylar 1.87 0.292 0.13 0.062

Beechwood 0.017 0.158 0.015 0.0103
Magnesium 0.575 0.601 0.195 0.167

In Fig. 2 - Fig. 4, variation of the singular terms of the stress components o) , o\, and o) with

different angular positions near crack tip are displayed for the above mentioned materials.
In Fig.5, variation of singular term of the circumferential stress with different angular positions near the
crack tip is presented.
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Fig. 6 shows the comparison of singular and non singular terms of the stress component o, . Natures of

curves for the above mentioned materials are the same with a linear shifting for the different stress
components.

G & G‘&j P
Fo tanh £
5 4 2
4+ Pinewood
3 =+ Steel Mylar
Magnesium
2 -
Berrylium
1 -\_—//—”J
g,—Ele-:-:-c.hm-'c:u:zud
] I $ t } t =
0 30 60 a0 120 150 3 180
Figure 2: Plot of O'S() against angle (degree)
(1
25k Ty e Beechwood
Py tanh i
2
3 Magnesium
Steel Mylar
Pinewood

05 1

0 30 60 a0 120 150 180

Figure 3: Plot of O'f,ly) against angle (degree)
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Figure 4: Plot of ag) against angle (degree)
184 &b r
Pinewood
Steel Mylar
Magnesium
Berryllium
Beechwood

0 t + $ t t —
0 30 60 90 120 150 180
Figure 5: Plot of circumferential stress o-éfg against angle (degree)
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Figure 6: Comparison between non singular and singular terms of the stress component o,

Conclusions

The outcomes of the present investigations may be summarized as investigation of elastostatic problem of
an infinite row of parallel cracks in an orthotropic medium under general loading. The problem is reduced
to Riemann-Hilbert problem with the help of the complex variable theory dealing with sectionally
holomorphic functions. The expressions for quantities of physical interest e.g. stress intensity factor
(S.1.F.), the local stress field near crack tip, have been completely and thoroughly investigated.Results for
singular terms of stress field near the crack tip for different orthotropic materials in case of Type |
orthotropic material have been displayed in the form of graphs. It becomes plausible that similar problems
in general anisotropic material may be caried out with similar techniques.
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