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ABSTRACT

In this paper, K denotes a complete, non-trivially valued, ultrametric field. Infinite matrices, sequences
and series have entries in K. The main purpose of this paper is to prove a few theorems on the Cauchy
multiplication of (M, A,) summable series in K.
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INTRODUCTION AND PRELIMINARIES

Throughout the present paper, K denotes a complete, non-trivially valued, ultrametric (or non-
archimedean) field. Infinite matrices, sequences and series have entries in K. In order to make the paper
self-contained, we recall the following. Given an infinite matrix A = (an), aw € K, n, k=0, 1, 2, ...and a
sequence X = {Xk}, Xk € K, k=0, 1, 2, ..., by the A-transform of x = {X,}, we mean the sequence

A(X) = {(AX)n},
(AX), =>a,Xx, n=012..,

k=0
Where we assume that the series on the right converge. If lim (AX), = €, we say that x = {x} is A-
n—o0

summable or summable A to €. If lim (AX), = ¢ whenever lI(im X, = {, we say that A is regular. The
n—o —0

following result, which gives a set of necessary and sufficient conditions for A to be regular in terms of
the entries of the matrix, is well-known.
Theorem 1.1 (Monna (1963)) A = (a) is regular if and only if

(i) supla,|<o;
nk

(i) ima, =0, k=0,1.2,.;

n—oo

and
i) lim > a,, =1.
n—oo k=0

0 n
An infinite series Zxk is said to be A-summable to € if {s,} is A-summable to € where s, = Zxk, n
k=0 k=0
=0,1,2,..
The (M, A,) method in K was introduced earlier by Natarajan (2003) and some of its properties were
studied in (Natarajan (2003, 2012a, 2012b)).

Definition 1.2 Let {A} be a sequence in K such that lim A, =0. The (M, A,) method is defined by the

n—oo

infinite matrix (an), where
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4 = M, K<n;
"o, k>n.

Remark 1.3 In this context, we note that the (M, A,) method reduces to the Y-method of Srinivasan
(1965), when K = Q, the p-adic field for a prime p, A = A, = § and X, = 0,
n>2.

Theorem 1.4 (see Natarajan (2012b), Theorem 2.1). The (M, A,) method is regular if and only if

0

>, =1

n=0

RESULTS
The following result is wvery useful in the sequel (see Natarajan (1978),
Theorem 1).

Theorem 2.1 If lima, =lim b, =0, then lim ¢, =0. Further, if > a,, > b, converge with sums

N—o0 n—o0 Nn—o0
n=0 n=0

0 n
A, B respectively, then ZCH converges too with sum AB, where C, = Zakbn_k, n=0,1,2, ...
n=0 k=0
In this paper, we prove a few theorems on the Cauchy multiplication of (M, A,) summable series in K.
Theorem 2.2 If ax =0 (1), k = oo, i.e., lI(im a, =0 and {by} is (M, L,) summable to B, then {c.} is (M,
—0

n 0
)n) summable to AB, where ¢, = > a,b, ., n=0,1,2,..and > a, = A.
k=0 k=0
Proof. Let
tn:xobn+7\.lbn_l+“'+}\anb0, n:0,1,2,....
By hypothesis, limt, =B. Let

n—oo

Uy=AoCht+AiCrg+--+AsC, N=0,1,2, ...
Then
Un = Ao (80 bn + a3 by + -+ + @, o)
+ A1 (80 bpg + @1 byp + - + @51 D) + -+ + Ay (80 Do)
=do (XO Do+ Ay Doy + -0 + A, bO)
+a (Ao bpg + Ay bpg + - + Xy bo) + - +a, (Ao bo)
=dg 1:n + ai 1:n—l + -+ antO
=ado (tn - B) +a; (tn—l_ B) + -+ a, (tO_ B)
+B(ap +a; + - +ay).
Since lima, = rI1|_r)n (t, —B) =0, inview of Theorem 2.1,

lim[a,(t,-B)+a,(t,, —-B)+...+a,(t,—B)]=0

so that

limu, = B[Zanj = AB,

n—o0 =0

i.e., {c}is (M, A,)) summable to AB, completing the proof. O

It is easy to prove the following theorem on similar lines.
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Theorem 2.3 If ) a, converges to A and Y b, is (M, &) summable to B, then > ¢, is (M, L)
k=0 k=0 k=0

n
summable to AB, where ¢, => a,b,,, n=0,1,2, ....
k=0
Following Mears (1935) and Natarajan (1997), we prove the following result.

Theorem 2.4 If > a, is (M, A,) summableto A, > b, is (M, p,) summable to B, then > ¢, is (M, 1)
k=0 k=0 k=0

n n
summable to AB, where ¢, = > a,b ., v, =D A,y N=0,1,2, ...
k=0 k=0

Proof. First we note that lim y, =0 using Theorem 2.1, since lim A, =lim p, =0 so that the method
n—o0 n—o0 n—o0
(M, v,) is defined.

n n n
Let A, =Zak, B, =Zbk, C, =ch, n=0,1,2 ... Let
k=0 k=0 k=0

n n n

@ =2 LA By =D B 8, =D vCoy, n=0,1,2, ... Wenow do some computation to
k=0 k=0 k=0

show that

n n-1
8n = zakp’n—k - Zaan—k—l'
k=0 k=0

We first note that
Cn =do Bn + ai Bn—l + .t an BO!
so that
on = Yo Cn+ Y1 Chgt -t Yn Co
=v0 (a9 By + a1 By + - +a,By)
+ 791 (@0 Brt + @1 Bpp + - + @51 Bo) + -+ + v, (a0 Bo)
=do (YO B, + Y1 Bpit+ -+ Yn BO)
+ a1 (Yo Bna + y1 Bro + - 4+ 021 Bo) + - + @, (Y0 Bo).
One can prove that
YoBn+viBrat -+, Bo=2o Bn + A1 Bn—l + o+ Ay BO!
n=0,1,2,...so that
8n =dp [7\10 Bn + 7\‘1 Bn—l + .-t }bn BO]
+ a; [7&0 Bn—l + Kl |3n—2 +.-t 7\4n—l BO] +--+ dn [}\40 BO]
= Ao [ho B+ A1 Bnos + A2 Bzt Ag Prst - + An ol
+ (A1 — Ao) [Mo Bt + A1 Pz + A2 Brst - + Ana Bo]
+ (A2 — A1) [Mo Bz + A1 Brs + -+ + Aoz Bl
+ (As— A2) [Mo Bn-s + A1 Pra + -+ + Az Bl
+ o+ (An = Anct) [Mo Bl
= Bn [Ro Ao] + Bt [M Ao+ Ao (A1 — Ag)]
+ Bnz [A2 Aot A (Ar = Ag) + Lo (A2 — Ag)]
+ Bns[has Aot o (A1 — Ag) + A (Az— A1) + ko (As — A)]
+ ...
+ Bo [An Aot Aot (Ar— Ag) + Ao (Ao — Ay)
+ o+ o (An— Ani)]
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= Bn [Ao A] + Bre1 [(ho A+ A1 Ao) — Ao Af]
+ Brz [(ho Ao+ A1 AL+ ko Ao) — (Mo At A1 Ag)]
+ ...
+ BO [O‘«O An+ >‘41 An—l+ -t )\«n AO)
= (Mo Avat A Anat o+ At Ag)]
= Bn oo + Pt [or — ag] + Pz [0z — otg] + -+ + Bo [otn — 1]
= (0o B+ 0ty Py + - + 0 Po)
— (0o Bt + 1 Pz + -+ + a1 Po)

n n-1
= Zaan—k - Zakﬁn-k—v
k=0 k=0

proving our claim. Thus, forn=0,1, 2, ...,

IS CRVY D YV M) S N 3

k=0

=Y (@A~ (@~ A+ A,

= (@ AP ~B) = (@~ APy s —B)+ B{i (@ -A)- (@ —A)} +AB,

k=0
= Zn:((xk -A)B,—B)- ni(ock -A)B, . —B)+AB, +Bla, —Al
Usingkf?heorem 2.1, we have, -
lim > (o~ A)B, , ~8)=0
and .
lim :Z;((xk -A)B,.«1—B)=0,

Since lim a, = A and lim B, = B. Consequently,

n—w n—o0
limd, =AB,
n—o0
ie., Z C, is (M, y,) summable to AB, completing the proof of the theorem. O
k=0

Remark 2.5 In particular, if (M, A,), (M, p,) are regular, then an = Zun =1, in view of Theorem
n=0 n=0

1.4. Thus

S =[S (S |-

n=0 n=0 n=0

in view of Theorem 2.1. Using Theorem 1.4 again, it follows that (M, v,) is regular too.
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