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ABSTRACT

In this work, the authors implemented two dimensional Laplace transform to evaluate certain integrals,
series and solving partial fractional differential equations. Constructive examples are also provided to
illustrate the ideas. The result reveals that the integral transform method is very effective and convenient.
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INTRODUCTION

The object of present work is to extend the application of Laplace transform to derive analytical solution
for certain boundary value problem of wave equation. In 1985 Dahiya considered a method of computing
Laplace transform pairs of n-dimensions and prove a theorem to obtain new n-dimensional Laplace
transform pairs. Later in 1990 Dahiya and Vinayagamoorthy established several new theorems and
corollaries for calculating Laplace transform pairs of n-dimensions. They also considered two boundary
value problems. The first was related to Heat transfer for cooling off a very thin semi-infinite
homogenous plate into the surrounding medium solved by using double Laplace transform .The second,
was Heat equation for the semi-infinite slab where the sides of the slab are maintained at prescribed
temperature.

In 1992 Saberi Najafi and Dahiya established several new theorems for calculating Laplace theorems of
n-dimensions and in the second part application of those theorems to a number of commonly used special
functions was considered, and finally, one-dimensional wave equation involving special functions was
solved by using two dimensional Laplace transform.

Later in 1999 Dahiya proved certain theorems involving the classical Laplace transform of N-variables
and in the second part a non-homogenous partial differential equations of parabolic type with some
special source function was considered.

Recently in 2004, 2006, 2008 the authors established new Theorems and corollaries involving systems of
two-dimensional Laplace transforms containing several equations.

The generalization of the well-known Laplace transform

L{f(t);s}= Te‘“ f (t)dt

to n-dimensional is given by

n

where € =(t,t,,..t, ), 5 =(5,,5,.5,), ST =Yst,, and P, (df) =] [, .
k=1

i=1
In this paper we focus on two dimensional Laplace transform of the function f (X, Yy ), which is defined
as
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~+00 +00

F(p.a)=[ [e™™f (x,y)dxdy.

Definition.1.1: The inverse of two dimensional Laplace transforms F (p,q) is defined by

l c+ioo l C'+ioo

f(x,y)=——> | e™|— | e¥F(p,q)dqg |dp,

oY) = fm {mi jw (p.q) q] p

in which Rep <c,Req <c".

Inversion of Two Dimensional Laplace Transforms

In this section, an algorithm to invert one and two dimensional Laplace transforms

is presented.

Theorem.2.1 (Efros Theorem):

Let L{f (t)}=F(s)and L{u(t,7)}=U (s)exp(—zq(s))and assume U (s),q(s) are analytic, then

by taking Laplace transform w.r.t t, one has
L{If (u(t,z)dz;t >s}=U(s)F(q(s)).
0

Proof: See (Ditkin 1962).

Lemma.2.2 (Schouten-Van der Pol): Consider a function f(t) which has the Laplace transform F(s) which
is analytic in the half plane Re(s)>s0. If g(s) is also analytic for Re(s)>s0, then the inverse of F (q(s)) is as
following

LYF@G)is > 3= f(r){ictfme a)7g 'Sds}dr

Special case: ((s) = Js;

LYF(s);s >t}= thETrf (7) exp(—%)dr.

Proof: See (Duffy 2004).

In this section, a new class of inverse Laplace transforms of exponential functions involving nested square
roots is determined. Inverse Laplace transforms involving nested square roots arise in many areas of
applied Mathematics, usually as a result of linear evolution partial differential equations of forth order in
the spatial variables. Examples of such problems abound in fluid mechanics.

Lemma 2.3: The following relation holds true.

L {exp(— xx/23+2 s°-1)}= jn(t n) 2 exp(ry 2t—X—t)d77

4n(t—p)
Proof: Let us assume that F (s) = exp(—x »\/25 +2+/s%—1)and then the exponent can be re-written as

follows,
exp(—xx/25 + Zﬁ) = exp(—x@). exp(—x\/ﬁ .
On the other hand, from Laplace table we have
g @

L_l{exp(—X’\f S+ a)} = XT

So that,
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LYF(s)} = L Y{exp(—xy2s +2y/s* —1)} =
= L {exp(—x~/s + )}* L‘l{exp(—xa/s -1}

2

ijn(t n) 2 eXp(n 2t——4 ot ﬂ)) n.

Example 2.4: Suppose that F (p,q) be the two dimensional Laplace transform of the functionf (X,y)

F(p,g)= . AueR, 2.1)

1
A+ K2 +P)WP + 1)

Then we have

C+ioo p 1 C'+ioo

Foy) = 2ri C-L +\/_ 27i '[,m q- (—K\/T) A=

_ 1- c]lw e P o v %‘ﬁdp.
271 S, 1+ \/B (2.2)

Let us define the function

—YK\JA+P

p+

G(p,q) =

It means that

F(p.9)=G(\/p.q),
It suffices to find the inverse of G (p,q) and then using Efros theorem to obtain the inverse of F (p,q) .
One may use the following well known integral representation
0 2.2 b2
aue \/; —2ab (2.3)

e vdu = e
2a

Making a change of variable to get

—yK fp+,1:—2ab—>a:1,b=w,

2
- Y2 (p+A) (p+l)

e—ym}pﬁ-ﬂ U ,

N

Now, we can evaluate the inverse of G (p,q) as bellow

1 cToo o X ]3 g2 YK (p+A) 2k (P+/1)
g(x, y)— e “%du)dp
c—ioo p+ILl 'j_
0 C+ioo epx _y 2k (p+2)
_[ e “° dp)du,
0 c—ioo p+lLl
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by change of variable p + ¢ =S,

2.2 B 2.2
y kA C"+Hioo | (s—u)x y ‘k°(s—u)
_ l e( ) _y R A

2 ot 2 2
gy)=g=le WG [ e don
0

27l

c"—iow

2.2
_(YAKZ )s o
e

2 % 2
e G d 7

—,ux—uz—y 2 (l 1) 1 c"+ioo

By introducing a new change of variable, X — (y
( ) _ﬂX 0 —(w +x)(A- 4( )( )( ) =3 ( )d yKe_y K4_;4X ’
g(x,y)= e M (y )X AW ) 2 S )dw =X —————
\/_J. 2X \ 7TX

At this point, using Efros theorem for q(s) = Js and lemma 2.2 leads to the following

f(x,y)=L"G\/p.q)}

2 yK+4t/1 yzc+4t/1)
te Tax y e 4X 4t
= dt = dt.
e = 7

Applications of Two Dimensional Laplace Transform

2 SHX T =T y K‘Z
e s S5(x — du.
! (x=C )

The multi dimensional Laplace transform is used frequently in engineering and physics. The two
dimensional Laplace transform can also be used to solve partial differential equations and is used
extensively in electrical engineering. The two dimensional Laplace transforms reduces a linear partial
differential equation to an algebraic equation, which can then be solved by the formal rules of algebra.

The PDE can then be solved by applying the inverse two dimensional Laplace transform.

There are also some applications of two dimensional Laplace transform to evaluate certain integrals and

series as is discussed in the following paragraphs.
3.1. Evaluation of certain series:

Suppose that F (p,q) be the two dimensional Laplace transform of the functionf (X, Yy ) as below

+00 +00

F(p.a)= [ [e P f(xy)xdy,

Taking p =q leads us to the following relationship

400 +00

F(p,p):j Ie"’(“y)f(x,y)dxdy.
0 0
By making a change of variable, X +y =w one has

+00 +00

F(p.p)= Hepr(w Y.y dwdy = jeijf(w Y,y )dydw.

0
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Now letting p =n, to get

F(n,n)= 'fe‘“W(J.f(w—y,y)dy)dw,
0 0
Summing over n to obtain
Ry = (X e™)([ f(w—y,y)dy)dw.
n=1 0 n=l 0
The above relation can be re- written as
D> F(n,n)= dew,
n=1 0 e" -1
in which
g@)=[f W -y,y)dy.
0

Example 3.1.1: Evaluate the following series

Solution by using the above procedure, we get

4 2
F(P0)= D ID_1><q_1=L2{e }

Then we have

w/2

g(w)= jew’zdy we

consequently
w/2

ZF(n n)= Iwe w== j

0 smh—
2

On the other hand, we know that (or by calculus of residues)

+o0 2

X 7r
I - dx =—.
5 sinhax 4a

Therefore the final solution is

>4 T

- (2n 1? 2
3.2 Evaluation of the integrals:
In applied mathematics, the Kelvin functions Berv(x) and Beiv(x) are the real and imaginary parts,
respectively, of

JV(Xesﬂim)’
Where x is real, and Jv(z), is the vth order Bessel function of the first kind. Similarly, the functions
Kerv(x) and Keiv(x) are the real and imaginary parts, respectively, of Kv(xe”i /4) , where Kv(z), is the
vth order modified Bessel function of the second kind. These functions are named after William
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Thomson,1st Baron Kelvin. The Kelvin functions were investigated because they are involved in
solutions of various engineering problems occurring in the theory of electrical currents, elasticity and in
fluid mechanics.

One of the main applications of two dimensional Laplace transform is evaluating the integrals as
discussed in the following.

Lemma 3.2.1: Show the following integral relations

+o0 1
1- j ber(Zﬁ) cosaidA=—"es.
0 2a

- L pei(2y7)sinoad 1 = Z(o-1)
o A 2
Proofl: Let us define the following function

I(a,x,y)= j ber(ZQ/xy/i)cosa/i dA,
0
By using the formula

Pg
er (2 /axy );x — —>0}=—>
L,{ber (2 faxy ); p,y —q} o7 ral
We have

L{l (a,x,y)}= szerzqzcosa/ld A.

Now, with the aid of Fourier transform we get the following relationship
T
I (a,x,y):Ee *,

However, it leads to

C+ioo c' +IOO C+Iw

laxy)=-— j j ; -<ap’f*eqydq)dp—7 [ Se”a(y-ap)dp.

c—io

Now, let us make a change of varlable y —ap =w and consequently —adp =dw

r 1 C'+ioo (y—w
I (a,x, y)——gz— 5(w)dw——£ea

Letting X =Yy =1one gets

+o0 1
.[ ber (2+/1)cosaid A = _ T ea,
0 2a

2 — Let us consider the function 1 (0,x,y) = j %bei (Za//”txy )sin64d A.

0
By taking two dimensional Laplace transform of the above relation with respect to X,y we get

- fsingr 1
LZ{I (9’ X, y)}: I (0) = I ﬂ /12 + pzqz

0

dA,

on the other hand, we know that
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_ _ T cosén T
1(0)=0,1'(8) = = g 7P
! A +(pg)® 2pq

consequently

1(6)=———— e

2pq

which leads to
P 1 C+ioo 1 1 C'+io e,gpq
10,X,y) =—=(— | —=e”™(— ~—e%dq)d
0% y) === j > (chiw e aah)

C+ioo

- Zi [ pier(y 0p)dp) =~ (xy —6H ().

By settingX =y =1, one gets

| L pei(2y2)sinoad 2 = Z(0-1)
o A 2
Lemma 3.2.2: The following relationship for a€ R, ,m,n e N holds true

L (P o l”ilo(Ze“Z\/axy)

(pa)"' —a"" (m-k
Proof: see [Ditkin 1979].

Lemma 3.2.3: Evaluate the following integral

ra .1 dt
sin/t sin———.
! Joot

Proof: Let us define the following function

+oo- ) dt
f(x,y)= smxfsml—,
(x.y) j &

Now by taking two dimensional Laplace transform we get

F(|o,q)=+jwd—t f -1/\/{1 —i a :
L R S 2)
and consequently
S | 1 t+qlz
pzqz—lo(le t+p2)dt_p2 2—1'nt+p2
q 0

Finally one gets
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F(p.q)=( 02 2_1)(—ln Pa).

Now, it remains to use inverse of Laplace transform to getf (x,y). To do that, we use lemma 3.2.2 and
convolution theorem as bellow

a(x,y) = L‘l{iln pa}=2I"(1) ~Inxy,

Pl =L qu e (NN BN N

And consequently
f(xy) =§ [(J @@ -In(x=m)(y = E1o(2\nE) = 352\ )dn)d¢.

In special case x =y =1, one gets

j sin/t sm%ﬁ— fLy== j (] @r '@ - In@-n)L- )1, (2nE) - I, (2[u€))dm)de.

Appllcatlon in Solving Fractional PDEs
4.1. Preliminaries:
Lemma.4.1.1: The following relationship holds true

© e—a«/xzwz oV 12 _p2?
I, (x)xdX = —F—,

oo e
where a>b >0,y >0.

Proof: From the integral representation of K in the form of
K, @x?+y?) _ ar o A
2 2\ ul2 +1 +1?
(x“+y“°) 249 t“
We get the following relationship

2K (@yx 2+ a* % ? o@Dy gy
[alne] D)o = S lteoxfe " ax,
< (x2+y?) 0 t
changing the order of integration, we obtain

D u- y* (a®-b?) 2 _ K2 o
! (az—bz)ﬂflj‘e R )d—u:i[aTbJ K,.(yva®~b?).
0

(2a)" u“ a”

1
Setting u :E’ and using the suitable relation for K,,K , in terms of modified Bessel functions of
2 2

order zero | ,, , one gets

Te X +y (b ) ; e—yx/az—b2
I, (bX )XdX = ———.
DX +y? Ja?—b?
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Lemma.4.1.2 (Bobylev-Cercignani): Let F (p) is an analytic function having no singularities in the cut
planeC \R_. Assume that F(p)=F(p) and the limiting value

F=(t) = lim F (te*"), Frt)=F ()

exist for almost all t>0. Let
(i) F(p)=o0@) for |p|—>wand F(p) =0(|p|7l) for |p|—O0,uniformly in any sector
largp|<z—n,7>n>0;
(ii) There exists & >0 such that for every 7—¢ <@ <,
F(re*")
Trer
Where a(r) does not depend on ¢ and a(r)e ™" eL'(R,) for anyd >0. Then in the notation of the
problem,

e }X(R,), ‘F(rei”’)‘ <a(r),

L[F] =% [Im[F ()l "d 7.

Proof: See (Bobylev 2002).

Corollary: In the above lemma, let F (S) e witha >0, # >0, then F(s) will satisfy the conditions

of lemma. We check some of the conditions of lemma as following:
The limiting value

_ . i . o Boifh o pipr o .
F (77) — Ilm F(ne |¢) — Ilm (e an’e ) ) an’e —e an” (cos fr+isin fr)
p>—7 -1

exists because a>0 , f>0 and sinfiw and cosPn are bounded. F(s) satisfies the other conditions as well.
Therefore

IM(F (7€) = —e ¥ {sin(an” sin ﬂﬂ')}.

We apply the above lemma to get inverse of F(S) in the form

ft)= i_[e*tnfau;/’cosﬁ” sin{(asin gz)n”}dn.
7 0
Special case: a=1, f=0.5;
1% .
f(t)==|e"sinndn,

)= j Jndn
making a change of variable 77 = u?and integrating by parts, we obtain

f(t) :ij'e““z cosudu, (4.1.1)

nt sy

By using table of integrals, we get
1

g 4t

f(t):—Zt\/”_t.
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Lemma.4.1.3: Assume that

G(s)=L{g(t);t > s},
Then

L6 s 1= 3, e (i

Proof: See ( Duffy 2004 )

4.2 Main results:

In this section, the authors consider boundary value problems for certain time fractional partial
differential equations. In this work, only Laplace transformation is considered as a powerful tool to solve
the above mentioned problems. This goal has been achieved by formally deriving exact analytical
solution.

Problem 4.2.1: Consider a semi finite string vibrations with friction described by the fractional equation

o*u  ,0%u , o“u
o= —+b—+
ot OX ot
in which a,b are positive constants, with initial and boundary conditions in the form

AU, 05<a<l, 4.2.1)

u(0,x)=u,(0,x) =0, u,(t,0)= iV@(t -T,), lmu(t, X) < 0.

Solution: Let us assume that
U(p,a)=L{u(t,x);t > p,x ->q}.
We have
0*u

LS =P U (p.a), LS 53=0'U (p.0)-0H (p)- YV, ™,
k=1

o°u u
Lz{F}Z p“U (p,q),
inwhich H (p) =L{u(x,0);x — p}.
Substituting in (4.2.1) we get
N
a’(H (p)+2 Ve ")
k=1

- (4.2.2)
a%g’®—(p* —bp“-2)

U(p,q)=

On the other hand the roots of
denominator must satisfy the numerator as well

N
ay Ve
H(p)=——F———
w/p —bp“ -1

Now substituting in (4.2.2) we get
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aNZVke*Tkp

N
Sl
P p” k=1
U(p.a)= Z
a’q”—(p* ~bp” - 1)
We can rewrite above equation in the form
N
a’> Ve

U(p.q)=- x=L :
(P —bp® — A (aq ++/p>* —bp* - 1)

Now we should invert the above equation Let us invert with respect to g first by using residue theorem

aZV e’
U = «/ “—bp®—-A).

Now we should invert the above relationship w.r.t p

N —a «/pz”—bp”‘—l
ut,x)=-adVv, Ll{e eT”’;p—HH,
k=1

p2a _bpa —ﬂ,
on the other hand L™ {F (p)e™ p} =f (t —T,), so it suffices to evaluate

X o o
1 e e,g\;pz ~bp* -2

h(t) = efdp.
(®) ch_jiw e

First, let a =1;

. —Xi‘Mi;w‘~/(p—b/2)2—l
BNTY 14(J(p-b12)?-1)

/”L+Ea p—gb—lwehave
\j 4
u t,x)=L"{U,(p,x);p >t} =\/— 0(\/ 2(/1+ ))

2

r| o2 (,1+—))e .

U,(p.x)

b2
in which /1+Z>0.

Now from lemma.4.1.1 and letting y =

@ | <

Now by lemma 2.3 we have

LH{F(p);p > t}=—F———
2t, fﬂt(/1+—)
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by the fact that L™ {F (p)e ™ p} =f (t —T,), the final solution will be obtained as bellow

u(t, x) = (,1+ ))e_“(”k)dr.

= T|(\/
J(t T} (A + b °

Problem 4.2.2: Let us consider the following tlme fractional four terms heat equation
ou ou _o“ ,0u
=—+a——(—)-bu,
ot”  ox ot Ox

with the following boundary conditions
u(0,t)=sin At, u(x,0) =au, (x,0), lim |u(x,t)|<+o.

Solution:. Taking Laplace transform of F.P.D.E and B.Cs w.r.t. t to

(I+as”)U,, —(s* +b)U =0,

with

A
U(o,s)= I U (x,s)| < +o0,

X—>+00
where U is Laplace transform of the function u (X ,t) with respect to t.
Consequently

U(x,s)= exp( X )
(4.2.3)
At this point, let us assume that
(s”+3)2
G(s)=——F—,
(®) s?+ )2
F(S)=— exp(-x, 4D ) @2
Y+
a
Consider the function F1(s) which is defined by letting o=1 in F(s) as following
X ab-1
F (s) =——exp(-—
L B e e
+7
a
Assumeab >1, then let
ab-1=k?, > —m
Ja
,50 we have
2
()= —pem(m e <)
s+ as+1
a

by using inversion formula we get
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1 Cioo 1+—k +st

)= [ e Vs

Cc— IooS+
a

d
By making a linear change of variable as +1= p,ds = —pthe above equation takes the form
a

c'+ieo -m 1+k2(1 +&
f.(x,t) = ea(i j L5 *dp).

72.' c'—ioo p
Let p=ag then we have

foot)=e a(i Lamiany Q)

CIOO

From the following inversion formula (see tables of inverse of Laplace transform)

3

2 _= 2
—m,fu"—p amt 2 —(%J“—)
e _‘ k 4t ,
2k 2\m

and lemma 4.1.3 we obtain

ACHE zf(jJ 2ty emdn)

From lemma 2.2 and the corollary of lemma 4.1.2 we get
f(x,t)= Ifl(x ,7) {ljexp(—tn —n® cos arr)sin(z sin ax)n“d n}d r. (425
0 4 0

On the other hand the inverse of G(s) in (4.2.4)) will be obtained as bellow

G(s) =5 2+ A seLgsin(at)}—sin0+ L{sin(1)},
2+ 1% a s?+4 a
Therefore we have

a

g(t) = a—asin(;tt) +lsin(ﬂt), (4.2.6)
ot a

In which the fractional derivative is in Caputo sense, which is defined as
t

DUE ()= 1 I(tf(n)(r)

F(n _a) 4 _Z_)oﬁ—l—n

In which n is the smallest integer larger than a. Now, from (4.2.5),(4.2.6) and convolution theorem,
the final solution is obtained as following

u(x,t) =g(t)* f(xt)
T{[T f,(x,7) {iTexp(—my —1n” cosar)sin(zsin Ofﬁ)ﬂadﬂ} dr} x
ol]o 5y

x(ﬁsin(m — 1)) +§sin(1(t - ,u))jd L
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CONCLUSION

The paper is devoted to study and application of multi — dimensional Laplace transforms for some special
combinations of functions of scalar variables. The multi-dimensional Laplace Transform provides
powerful method for analyzing linear systems.

The other type of application is oriented for finding analytic solution of the time fractional wave and heat
equation using Laplace transform. The time — fractional is considered in the Caputo sense. It may be
concluded that the method is very powerful and efficient technique for solving the model.

Finally, the recent appearance of time - fractional heat equation as models in some fields such as the
thermal diffusion in fractal media makes it necessary to investigate the method.
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