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ABSTRACT

The aim of this paper is to introduce and study the class of strongly generalized star semi — closed sets
which is weaker than semi- closed sets (Crossly and Hildebrand, 1971) and stronger than strongly
generalized semi-closed sets (EI-Maghrabi and Nasef, 2008) . Also, some notions in terms of strongly

generalized star semi-closed sets are introduced. Further, the concept of strongly semi star -Ty space is
2

studied.
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strongly generalized star semi- closure , strongly generalized star semi -interior , strongly generalized star
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2
INTRODUCTION AND PRELIMENARIES
In 1970, Levine introduced the concept of generalized closed (briefly, g-closed) sets of a topological
space. Bhattacharrya and Lahiri (1987) defined and studied the notion of sg- closed sets. In 1990, Arya
and Nour introduced the concept of gs- closed sets. Veera Kumar (2001) defined and studied the notion of

g " -closed sets. The notion of g*s - closed sets was defined by El-Maghrabi and Nasef (2008).

The purpose of the present paper is to define and investigate the concept of strongly generalized star
semi-closed sets and the notion of strongly generalized star -open sets. Moreover, some of their properties

are discussed. Further, we define strongly semi- star - Ty spaces as the space in which every strongly
2

generalized star semi - closed set is semi - closed.
Throughout this paper, spaces always mean topological spaces on which no separation axiom is assumed
unless explicitly stated. Let X be a space and A be a subset of X. The closure of A and the interior of A
are denoted by cl (A) and int (A) respectively. A subset A of X is said to be regular-open (Singal and
Singal, 1968) (resp. semi — open (Levina, 1963), pre-open (MAshhour et al., 1982), Q-set (Levine, 1961))
if A=int(cl(A)) (resp. Ac cl(int(A)), Acint(cl(A)), int(cl(A))=cl(int(A))). A subset
A of X is said to be semi — closed if X — Ais semi — open or, equivalently, if int(cl(A)) < A (Crossly
and Hildebrand, 1974). The family of all semi — open (resp. semi-closed) sets will be denoted by
SO (X,7) (resp. SC (X,7)). The intersection (resp. the union) of all semi- closed (resp. semi-open) sets
containing (resp. contained in) A is called the semi — closure (resp. the semi - interior) of A and will be
denoted by s—cl(A) (resp.s—int(A)).
Definition 2.1. A subset of a space ( X,7)is called:
1-  ageneralized closed ( briefly, g-closed) (Levine, 1970) set if cl (A) cU whenever

AcU and U is open,
2-  asemi generalized-closed (briefly, sg-closed) (Bhattactaryya and Lahiri, 1987) set ifs—cl(A) cU
whenever Ac U and U is semi- open,
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3-  a generalized semi-closed (briefly, gs-closed) (Arya and TM, 1990) set if s —cl (A) < U whenever
AcU and U is open,

4- a strongly generalized semi-closed (briefly, g*s-closed) (El-Maghrabi and Nasef, 2008) set if
s—cl(A) cU whenever AcU and U is g-open,

5- a g"-closed (Veera Kumar, 2001) set if cl (A) cU whenever Ac U and U is g-open.

6-

Remark 2.1. The complement of g-closed (resp.sg- closed, gs-closed, g*s - closed, g*-closed) is called
g-open (resp. sg-open, gs-open, g*s - open, g*-open).

Definition 2.2. For a subset E of ( X, 7), we define the following:

(i) s—cl,(E) = n{A: Aisgs - closed set, E — A} (Dunham, 1982) ,

(i) s—cl"(E) =n{A: Aissg- closed set,E = A} (Sundaram et al., 1991) .

Definition 2.3. A topological space ( X, 7) is called:

(i) aT, -space [6] if every gs- closed set is g-closed,

(if) asemi— Ty space (Bhattactaryya and Lahiri, 1987) if every sg — closed set is semi — closed,
2

(iii) a T, —space (Devi, 1994) if every gs-closed set is closed,

(iv) a TE -space (Veera Kumar,2001) if every g~ -closed set is closed,
2

(v) a strongly semi- Ty (briefly, st. semi- T}/) (El-Maghrabi and Nasef, 2008) space if every gs-
2 2

closed set is g~s-closed,
(vi) asemi-T, space (EI-Maghrabi and Nasef, 2008) if every gs-closed set is semi-closed,

(vii) asemi- T space (EI-Maghrabi and Nasef, 2008) if every g"s-closed set is closed,

(viii) a Ty space (Levina, 1970) if every g- closed set is closed.
2

iX
I(_e)mma 2.1 [4]. If A and B are two subsets of X , then the following statements are hold:
(i s-cl (A) (resp. s-int (A)) is semi — closed (resp. semi- open),
(i) A'is semi — closed (resp. semi — open) iff A=s—cl(A) (resp. A=s—int(A)),
(iii) s—cl(X—=A)=X—-s—int(A) and s—int(X —A)=X —s—cl(A) ,
(iv) xes—cl(A) Iff foreach G e SO (X,7) containingx, G(1A=4g.
Lemma 2.2 Andrijevic, 1986 Let A be a subset of a space X. Then, s —cl(A) = AUint(cl (A)).
Definition 2.4. A mapping f :(X,7) > (Y,0o) is called:
(i) semi-continuous [10] if f ~*(U) is semi-open in(X,7), for every open U of (Y,o),
(ii) irresolute [5] if f ' (U) is semi-open in(X,7), for every semi-open U of (Y,o),

(i) pre- semi —closed [5] if f (V) is semi- closed in (Y,o) for every semi -closed set V of (X,7).
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STRONGLY GENERALIZED STAR SEMI-CLOSED SETS
Definition 3.1. A subset A of a space X is called a strongly generalized star semi — closed (briefly,

strongly g*s— closed) set if s—cl(A) U whenever AcU and U is gs — open.
Remark 3.1. The family of all stronglyg®s - closed subsets of a space (X,7) is denoted
by strongly G*SC(X, 7).
Remark 3.2. The concepts of g-closed (resp. g*-closed) and strongly g s -closed sets are independent.
Example 3.1. If X={a,b,c,d} with two topologies 7,7, on X such that : 77 ={X, ¢ {a},
{ab}}, 7, ={X ¢, {a}{b.cr{ab.c}} , then:
(1) a subset A={b} of X on 7 is strongly g"s- closed but not g-closed and

a subset B={a,b,d}of X on 7 is g-closed but not strongly g s -closed.
(2) a subset C={a}of Xon 7, isstrongly g“s-closed but not g*-closed and a subset D={b,d} of X on

T, is g~ -closed but not strongly g s -closed.

Remark 3.3. By Definition 3.1 and Remark 3.2, we obtain the following diagram.

closed—— g " -closed——» g-closed . gs-closed
semi—closed — ftrongly g°5 -closed —— g "5 -closed
sg-closed

However, the converses are not true in general by (Arya and TM, 1990; Crossly and Hildebrand; 1974;
Maghrabi and Naesf, 2008; Veera Kumar, 2001) and the following examples .

Example 3.2. If X = {a, b, ¢, d} with topologies 74 , T, on X such that:

7, ={X,¢ {c,d}}, To ={X, ¢ {c}{cb}{b,c,d}}, then a subset A= {a,b,c} of X on 77 is strongly
g"s - closed but not semi— closed. While, a subset B= {a, ¢} of X on 7, is g"s-closed but not strongly
g"s- closed.

Example 3.3. Let X={ a, b, c} with topologies 7, , T, on X such that

T.={X ¢ ,{ab}{c}} 7o ={X, ¢ .{a}.{ab}}. Then, a subset C={a} of X on 7 is sg-closed but

not strongly g*'s -closed. But a subset D = {a,c} of X on T, is gs-closed but not strongly g s -closed.
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Remark 3.4. The union of two strongly g”s-closed sets need not be strongly g”s-closed. Let X
={a,b,c,d}  with topology 7={X, ¢.{a}.{b}{a,b}}. Then, the subsets A={a} and B={b} are
strongly g s -closed but their union is not strongly g s -closed.

Theorem 3.1. A subset A of a space (X,7) is strongly g*s-closed if and only if every gs - open set
G containing A, there exists a semi — closed set F suchthat Ac F < G.

Proof . Necessity. Let A be a strongly g*s-closed set, Ac G and G be gs — open. Thens—cl(A) = G.
Set, s—cl(A) = F . Hence, there exists a semi — closed set F suchthat Ac F <G .

Sufficiency . Assume that A — G and G is a gs — open set of X. Then by hypothesis, there exists a semi —
closed set F such that Ac F < G, therefore, s —cl(A) = G. So, A is strongly g s -closed.

Theorem 3.2. Let A be a strongly g s -closed set of X. Then (s—cl(A))— A does not contain any non
empty g - closed set.

Proof. Let F be a g - closed set such that F — (s—cl(A))— A. Then F < X —A this implies that
AcX—-F . Since, A is strongly g’s- closed and X-F is g - open,
thens —cl(A) < X — F, that isF < X —(s—cl(A)),
hence F = s—cl(A) (X —(s—cl(A))) =¢. This shows that F = ¢ .

The converse of the above theorem may not be true as is shown by the following example.

Example 3.4. In Example 3.1, if A= {a, b, d} is a subset of X on a topology T, , then
(s —cl(A)) — A={c}does not contain any non empty g-closed set.

Corollary 3.1. Let A be a strongly g*s -closed set of X. Then (s—cl(A))— Adoes not contain any non

empty gs - closed set .
Proof. Obvious.

Corollary 3.2. Let A be a stronglyg”s - closed set. Then A is semi - closed if and only if
(s—cl(A))— A is gs - closed.

Proof . Necessity. Assume that A is strongly g*s - closed and semi - closed sets. Then s—cl(A) = Aand
hence (s—cl(A)) — A=¢ which is gs - closed.

Sufficiency. Suppose that s—cl(A)— A is gs - closed and A is strongly g s -closed. Then by Corollary
3.1, s—cl(A)— A does not contain any non empty gs - closed subset of X. Hence A is semi - closed.

Theorem 3.3. For each x € X, then {x} is gs- closed or its complement X —{X}is strongly g°s -

closed .
Proof. Suppose that {x} is not gs- closed. Then its complement is not gs- open . Since, X is the only gs-
open set containing X —{x} ,thatis, s—cl(X —{x})< X holds . This implies that X —{x} is

strongly g s - closed.

Proposition 3. 1. If A is a strongly g~s -closed set and Ac B < s—cl(A), then B is strongly g°s -
closed.

Proof . Let B — U and U be a gs- open set of X. Then AcU. Since, A is strongly g*s - closed,
hences—cl(A) cU , butB < s—cl(A). Thens—cl(B) cU . Hence, B is strongly g*s - closed.
Proposition 3. 2. If (X,7)is a topology space and Ac X, then A is semi — closed, if one of the

following two cases holds:
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(1) If Aiis strongly g *s -closed and gs-open.

(2) If Aiis strongly g *s -closed and open.

Theorem 3.4. Let A be a subset of a space X, the following are equivalent:

(i) Aisregular —open,

(i) Ais open and strongly g s -closed.

Proof. (i) —(ii). Let U be a gs-open set containing A and A be a regular-open set.
Then, AUint (cl(A)) = AcU . So, s—cl(A) cU and therefore A is strongly g s -closed.

(i))— (i). Since, A is an open and a strongly g s -closed sets, then by Proposition 3.2(2), A is semi-closed.

But, A is pre-open. Therefore, A is regular-open.
Theorem 3.5. If Ais a subset of a space X, the following are equivalent:

(i) Aisclopen,
(i) Ais open, a Q-set and strongly g s -closed.
(iii)

Proof. (i) — (ii). Since, A is clopen, hence A is both open and a Q- set. Let U be a gs-open set containing
A. Then, AUint(cl(A)) cU andsos—cl(A) cU . Hence, A is strongly g s -closed.

(ii) — (i). Hence by Theorem 3.4, A is regular-open. Since, every regular-open set is open, then A is a Q-
set, hence A is closed. Therefore, A is clopen.

STRONGLY GENERALIZED STAR SEMI-OPEN SETS
Definition 4.1. A subset A of a space X is called a strongly generalized star semi-open (briefly,

strongly g *s - open) set iff X — A is strongly g s - closed.

Remark 4.1. The family of all strongly g s - open subsets of X is denoted by strongly G*SO(X, 7).
Theorem 4.1. For a subset A of a space X, the following statements are equivalent:

(i) Adisstronglyg*s - open,

(i)  For each gs-closed set F — X contained in A, F < s—int(A) ,

(iii) For each gs-closed set F < X contained in A, there exists a semi -open set G < X such
that F c G c A.

Proof. (i) —(ii). Let F < A and F be a gs- closed set. Then X — A< X —F which is gs-open. Hence,
s—cl (X —A)c X —F. Therefore by Lemma 2.1, (iii), F = s—int(A).

(i) — (iii). Let Fc Aand F be a gs-closed set. Then by hypothesis, F cs—int(A).
Sets—int(A)=G, hence F c G c A.

(iii) —(i). Let X —AcU and U be a gs-open set .Then X —U < A and by hypothesis, there exists a
semi-open set G such that X —U < G c A, that is, X =A< X —G cU . Therefore, by Theorem 3.1,
X — A is strongly g"s - closed. Hence, A is strongly g *s -open.

Remark 4.2. Every semi-open set is strongly g *s -open but, the converse is not true as is shown by the
following example.

Example 4.1. In Example 3.2, a subset A= {d} of X on 7 is strongly g s -open but not semi-open.

Remark 4.3. The intersection of two strongly g“s-open sets need not be strongly g”s-open, as is
illustrated by the following example.

64



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)
An Online International Journal Available at http://www.cibtech.org/jpms.htm
2012 Vol. 2 (4) October-December pp.60-71/Maghrabi and Al-Ahmadi

Research Article

Example 4.2. Let X= {a, b, ¢, d} and 7 ={X, ¢ ,{a}.{b}.{a.b}}. Then, the subsets A= {b,c,d} and
B={a,c,d} are strongly g s -open but their intersection is not strongly g s -open.

Theorem 4.2. If A is a strongly g"s-open subset of X, then U = X, whenever U is gs- open and
s—int(A)U(X-A)cU.

Proof. Suppose that U is a gs- open set ands—int(A) U (X —-A) < U. Then,
X-Uc (X —(s-int(A))) N A and by Lemma 2.1(iii), X -U cs—cl(X—-A)—(X —A). Hence, by
Corollary 3.1, X —U = g which implies that X =U .

Proposition 4.1. If s—int(A) < B < Aand A is strongly g s -open, then B is strongly g s -open.
Proof. Since,s—int(A)c Bc A, then X —Ac X —B < X —s—int(A) ,hence by Lemma 2.1, (iii),
X-AcX-Bcs—cl (X -A), then by Theorem 3.4, X —B is strongly g*s -closed. Therefore, B is
strongly g *s -open.

Lemma 4.1. Let A < X beastrongly g”s -closed set. Then s—cl(A)— A is strongly g*s - open.
Proof. Let F be a gs- closed set such that F < (s—cl(A))—A. Since A is strongly g s -closed, then by
Corollary 3.1, F =¢@. Therefore, ¢ < s—int(s—cl(A)—A). Hence, by Theorem 4.1, s —cl(A)— A
is strongly g"s - open.

STRONGLY GENERALIZED STAR SEMI-TOPOLOGICAL OPERATIONS
Definition 5.1. In a space (X,7), if Ac X, then the strongly generalized star semi- closure (briefly,
strongly g“s—cl (A)) and the strongly generalized star semi- interior (briefly, strongly g*s—int(A))
of A are defined by respectively.
strongly g*s—cl (A) =ﬂ{Fi :Ac F,,F, estrongly G*SC(X,r)} ,

i=1

strongly g*s—int(A)zU{Gi :G, < AG, e strongly G*SO(X,r)}.

i=1
According to the above definition, it is easy to see that Ac strongly g"s—cl(A) and
strongly g*s—int(A) c A .
Proposition 5.1. For a topological space (X,7) , then:
(i) IfA < FandF isstrongly g*s-closed, then Ac strongly g*s—cl(A)c F .
(i) IfGcAandGis strongly g s -open, thenG < strongly g*s —int(A) c A.

Proof. Obvious.
Proposition 5.2. For a space (X,7) , if A is a subset of X, then the following statements are hold:

(i) If Aiis strongly g *s -closed, then A=strongly g*s—cl (A).
(i) If Alis strongly g *s -open, then A=strongly g*s —int (A).
Proof. Obvious.

Lemma 5.1. For a space (X,7) , if Ais a subset of X, then

(i) strongly g*s—cl (X — A) = X —strongly g“s—int(A) ,
(i) strongly g*s—int (X — A) = X —strongly g*s—cl(A).
Proof. Obvious from Definition 5.1.
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Lemma 5.2. If A is a subset of a space (X,7), then x e strongly g*s —int (A) if and only if there
exists a strongly g s -open set W such that xeW < A .

Proof. The necessity. Let x e strongly g*s —int (A). Then, xe| Jw,,w, is strongly g*s -open,W, c A.

i=1
Therefore there exists at least W contains x such that x eW ¢ UWi = strongly g *—int(A) < A. Hence,
xeW cA. -
The sufficiency. Assume that there exists a strongly g“s- open set W such thatx ¢ W< A. Then,
X-AcX-W. By Lemma 51, xgX-strongly g's-cl (X-A) . Hence, by Lemma 5.1,
X g strongly g's—int(A). Therefore, X  strongly g*s—int (A).
Lemma 5.3. If A is a subset of a space (X,7), then xe strongly g*s—cl(A) if and only if for each
Ge strongly G*SO(X,7) containing x, G(1A = ¢ .
Proof. The necessity. Let x ¢ strongly g's—cl (A). Then, x e X —strongly g’s—cl(A), hence by Lemma
5.1, xestrongly g*s—int(X — A). Then, by Lemma 5.2, there exists a strongly g"s -open set G such
thatxeGc X—A.So, ANNG=¢.
The sufficiency. Assume that there exists a strongly g*s - open set G containing x such that A (1G=¢ .
Then, A < X -G which is a stronglyg“s-closed set. Therefore, by Proposition
51, Acstronglyg's—cl (A)c X -G, but x & X — G .Hence,
x ¢ strongly g“s—cl (A).
Remark 5.1. For a space (X,7), if Ac X, we have:
int(A) cs-int(A) < strongly g*s—int (A) cAc s—cl,(A)cs—cl"(A) < strongly g's—cl (A)
c s-cl(A) < cl(A).

The converse of the above remark is not true as is shown by (Crossly and Hildebrand, 1971; Maki et
al., 1996) and the following example.

Example 5.1. Let X = {a,b,c,d} with topologies 77 = { X, ¢ , {c,d}}, T> ={X, ¢ {a}.{b.c}.{ab,c}}.
(i) If A={b,c} of X on 7y, then s-cl(A)=X but strongly g“s-cl(A) = {a,b,c}. Therefore, s-cl(A)
& strongly g*s -cl(A).
(ii) Also, if B= {b} of X on 7, , then s—cl*(B)=B but strongly g*s-cl (B) = {b, c}. Therefore,
strongly g*s-cl (B)z s —cl " (B).
(iii) Further, if C={c} of X on 7, then s-int (C)= ¢ but strongly- g s -int(C)=C. Therefore, strongly-
g’s-int(C) & s-int (C).
Definition 5.2. Let (X,7) be a space and A< X. Then, the strongly generalized star semi-boundary of A
(briefly, strongly g*s —b(A)) is defined by
strongly g*s—b(A)=strongly g*s—cl (A)Nstrongly g*s—cl (X — A).
Theorem 5.1. In a space (X, 7), if A and B are two subsets of X, then the following statements are hold:
(i) strongly g"s—b(A) = strongly g"s—b(X — A),
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(i) strongly g*s—b(A)=strongly g“s—cl (A) —strongly g*s —int(A),

(iii) strongly g*s—b(A)strongly g*s—int(A)=4¢,

(iv) strongly g*s—b(A)Ustrongly g*s —int (A) =strongly g*s—cl(A).

Definition 5.3. If (X,7) is a space and Ac X, then the set X —strongly g*s—cl(A) is called the
strongly generalized star semi-exterior of A and is denoted by strongly g*s —ext(A).

Each point P e X is called a strongly g *s -exterior point of A, if it is strongly g *s -interior point of X—A.
Theorem 5.2. For a space (X,7) and A be a subset of X, the following statements are hold:

(i) strongly g*s—ext(A)= strongly g*s —ext(X — A),

(i) strongly g*s—ext(A) N strongly g*s—b(A)= ¢,

(iii) strongly g*s—ext(A) U strongly g*s—b(A)=strongly g"s —cl (X — A).

Proof. (i) By Definition 5.3, strongly g*s —ext (A)=X —strongly g*s —cl (A),hence by Lemma
5.1, strongly g“s —ext (A)= strongly g*s—int(X — A).

(i) Obvious.

Since, strongly g*s —ext(A) U strongly g*s—b(A)=

strongly g*s —int(X — A)Ustrongly g*s —b(X — A) =strongly g*s —cl(X — A).

STRONGLY SEMI STAR T% SPACES
2

Definition 6.1. A topological space X is said to be:

(1) strongly semi -star-T}/ (briefly, st.semi” —T}/) if every strongly g*s -closed set in X is semi -
2 2

closed,

(2) strongly semi- star-TIO (briefly, st.semi’ —Tp) if every strongly g*s -closed set in X is closed.

Example 6.1. Let X ={a, b, c}with topologies 7; ={X,¢,{a}} andr, ={X,¢{a}{a,b}{a,c}}. Then

(X,7,) is stsemi” —T}/2 and ( X,7,) is stsemi —Tp.

Lemma 6.1. For aspace (X,7), the following are hold:

(1) Everystsemi —T, (resp. semi-T, ,semi-T,, T ) spaceis st.semi” —T}/.
2

*
(2) Every T, -spaceisstsemi —T.
Proof. (1) Let A be a strongly g“s -closed subset of X. Since, (X,7)is st.semi —Tp . then A'is closed.

Therefore, A is semi-closed. Hence (X,7) is st.semi” —T}/ .
2

(2) Let A be a strongly §*S -closed subset of X. Then, A is gs-closed. Since, (X,‘L’) is T, then Ais

*
closed. Hence, (X,z) is stsemi -T,.

The converses of the above theorem need not be true as may be seen by the following example.
Example 6.2. Let X ={a,b,c} with the following topologies:
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D =, ={Xg¢{a}{ab}},
2  z={X,¢{ab}{c}}.

*
Then, from Example 6.1, (X,z,)is a st.semi~ —T, space but it is not stsemi ~ T (resp. semi-T, , T,).
2

x .
Further, (X,z,) is stsemi’ —T, butitis not semi-Ty . Also, (X,z3)is a st.semi” — T, - space but it is not
2

T, .

Remark 6.1. (1) st. semi- T, and st.semi*—Tp spaces are independent,
2

(2) semi— T, and stsemi - T, spaces are independent,
2

*
(3) stsemi —T, and T 4 spaces are independent,
2

(4) st. semi- T; and st.semi* _T; spaces are independent.
2 2

Example 6.3 Let X ={a,b,c} with the following topologies:
(1) T4 = {X ) ¢! {a}!{b}!{a!b}}’

(2 =5 ={X.#{a,b}}. Then (1) From Example 6.2, (X,z;)is a st.semi*—Tp space but it is not st.

*
semi- T, and (X,z,)is st. semi- T, but itis not stsemi - T
2 2

(2) Also, from Example 6.2, (X,z,)is st.semi*—Tp but it is not semi —Tl and (X,z,) is semi — T1
2 2

. x
but it is not st.semi — Tp .

(3) Further, from Example 6.2, (X,7, ) is st.semi —T,butitisnot T 4 and (X;z5) is T 4 but it is not

2
*
stsemi —T,.
2
*x
(4) Furthermore, from Example 6.2, (X,z;) is St.semi —T, but it is not st. semi- T, and (X;z5) is
2 2

: . *
st.semi- T, butitis notst.semi —T,.
2 2

Remark 6.2. We can summarize the following diagram by using (Devi, 1994; EI-Maghrabi and Nasef,
2008; Levine, 1970; Veera Kumar, 2001) and the above results.
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"

o st.semi —T

* r

Ti space <—|—>Ta;--5pace +«—— T,-space

¥

T,- space —»st. semi- T]. , SEMi- T

I ~I— AI» sr.semz'* -T
T, - space l—l—b semi- I, +—— semi-T, /

Theorem 6.1. For a topological space (X, 7), the following statements are equivalent:
() (X,7)is st.semi’ —Ty ,
2

[

(]|

(if)  Every singleton of X is either gs-closed or semi -open .
Proof .(i)—(ii) . Let x € X and {x} be not gs- closed. Then by Theorem 3.3, X —{x} is stronglyg"s -
closed. Hence by hypothesis, X —{x} is semi - closed. Therefore, {x} is semi - open.

(i))—(i). Let Ac X be a strongly g”s -closed set and x € s—cl(A), we need to show that x € A. For

consider the following two cases:
case (1) . The set {x} is gs- closed. Then, if x ¢ A, there exists a gs- closed set in (s —cl (A)) — A. So, by

Corollary 3.1, x € A.
case (2) . The set {x} is semi - open. Since, xes-cl (A), then{X}( VA= ¢. Thus, x € A. Hence, in both

cases , X € A. This show that s-cl (A) — A. So, A is semi -closed.
Theorem 6.2. For a topological space (X,7) , the following statements are equivalent:

(i) (X,7)is st.semi —T%,

(i)  Every residual singleton of X is gs- closed.

(iii)

Proof. (i) — (ii). By Theorem 6.1, every singleton set of X is semi - open or gs- closed and since , a non
void residual set can not be semi - open at the same time ,then every residual singleton set of X is gs-
closed.

(i) — (i). Since, every singleton set is either semi-open or residual, then by hypothesis, every singleton

set of X is either semi-open or gs- closed. Hence by Theorem 6.1, X is st.semi” —T}/ :
2

Theorem 6.3. A space (X,7)is st .semi*—Ty
2

Proof. Necessity. Let (X,7) be a St.Semi*—T}/space and Aestrongly G"SO(X,7). Then, X — A
2

if and only if SO (X,z) =strongly G*SO (X,7).

is stronglyg“s -closed. Hence by hypothesis, X — A is semi -closed. Hence, A € SO(X,7).
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Therefore, strongly G*SO (X, 7) < SO(X,7). Also, By Remark 4.2,
SO(X,7)=strongly G"SO(X, 7).

Sufficiency. Let SO(X,7)=strongly G"SO(X,z) and A be a stronglyg’s-closed set. Then
X — A € strongly G*SO(X,7),hence by hypothesis, X — A e SO(X,z). Therefore, A is semi-
closed.

Corollary 6.1. A space (X,7) is st.semi’ —T, ifand only if 7 = strongly G"SO(X, 7).

Definition 6.2. A mapping f (X,7) —(Y,0) is said to be:

(1) strongly generalized star semi -continuous ( briefly , strongly g*s- continuous) if f *(V)is
strongly g s -closed in (X, 7), for every closed set V of (Y,0),

(2) strongly generalized star semi-irresolute (briefly, strongly g°s-irresolute) if f (V) s
strongly g*s - closed in (X, 7), for every strongly g*s -closed V of (Y,0).

Theorem 6.4. Let T (X,7) —(Y,o) be strongly g*s - continuous. Then, fis semi - continuous,
if (X,7) is st.semi” —Ty.

2

-1 . . .
Proof. Let VcY be a closed set. Then f (V) is stronglyg s- closed in X. But

) - 1 . . . .
(X,7)is st.seml —T}/, hence, f (V) is semi - closed. Therefore, f is semi-continuous.
2

Theorem 6.5. Let T : (X,7) —(Y,o) bestrongly g*s -irresolute . Then, f is irresolute, if (X,7) is
stsemi” —T,, .
be:

2
Proof. Obvious.

Theorem 6.6. Let f : (X,7) —(Y,o0) be onto , pre semi - closed and strongly g*s -irresolute

mappings . Then (Y, o) is st.semi” —Ty Jif (X,7) isst.semi” —Ty ,
2 2

-1
Proof. Let V <Y be a strongly g”s -closed set. Then f (V) is strongly g”s -closed in X. But (X,7)
o -1 _
is st.semi —T}/ , hence f (V) is semi-closed. Therefore f (f l(\/)) =V is semi - closed in Y.
2

Corollary 6.2. Let f : (X,7) —(Y,0) be onto, closed and strongly g s -irresolute mappings. Then

(Y,o)is stsemi” —T_if (X,7) is stsemi” —T, .
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