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ABSTRACT

This paper presents an entropic fuzzy economic order quantity with imperfect quality items in a fuzzy
situation by employing the type of fuzzy numbers which are triangular. The objective is to determine the
optimal order lotsize to maximize the total profit. We first propose a model with fuzzy annual demand is
presented. For this case, we employ the signed distance, a ranking method for fuzzy numbers, to find the
estimate of total profit per unit time in the fuzzy sense, and then derive the corresponding optimal lot size.
Numerical examples are provided to illustrate the results of proposed models.
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INTRODUCTION

The economic order model is perhaps the most celebrated one in the inventory management literature. It
has been widely used and accepted by practitioners and academicians alike. Despite its popularity it has
been criticized. Sometimestrongly, because its assumption are too simplistic and subsequently its results
are far from reality. Jamal et al., (2009) developed models for the optimal production lotsize problem
with provision for rework for defective items. Two policies were considered i) defective items generated
in a given cycle are reworked in that cycle, and ii) defective items are accumulated and reworked after
several production cycle. Cardenas Barron (2009) corrected solutions to two numerical examples
presented by Jamal et al., and later Cardenas Barron (2009) presented an algebraic procedure to determine
the optimal solution for two inventory policies that were proposed by Jamal et al. Sarker et al., (2009)
extended the single stage model of Jamal et al., (2009) to consider multiple stages, where some of their
mathematical expression were corrected by Cardenas Barron (2009) who also presented a closed form
expression for the total inventory cost function of Sarker et al. In a later paper Cardenas Barron developed
an EPQ inventory model with planned backorders for a single-stage manufacturing process with defective
items that are reworked in the same cycle in which they were generated. This paper revisits a corrected
version of the work of Salameh and Jaber (2000) i.e.of Maddah and Jaber (2000), and models it using the
thermodynamic approach suggested by Jaber (2000).

In recent years, several researchers have applied the fuzzy sets theory and technique to develop and solve
the production inventory problems. For example Park (1989) and Vujosevic et al., (1996) extended the
classical EOQ model by introducing the fuzziness of ordering cost and holding cost. Chen and Wang
(1996) fuzzified the demand, ordering cost, and backorder cost into trapezoidal fuzzy number sin EOQ
model with backorder. Roy and Maiti presented a fuzzy EOQ model with demand-dependent unit cost
under limited storage capacity. Chang et al., (1998) presented a fuzzy model for inventory with backorder
where the backorder quantity was fuzzified as the Triangular Fuzzy Number. Yao et al., (2000) proposed
the EOQ model in the fuzzy sense, where both order quantity and total demand were fuzzified as the
triangular fuzzy numbers. Ouyang and Yao (2002) presented a mixture inventory model with variable
lead-time, where the annual demand was fuzzified as a triangular fuzzy number and as the statistic fuzzy
number.

In section 2, some basic concepts of fuzzy sets, fuzzy numbers and signed distance method are
introduced. In section 3, an entropic fuzzy EOQ for items with imperfect quality is discussed. Section 4
provides numerical examples to illustrate the results of the proposed models.
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2. PRELIMINARIES
Before presenting the fuzzy inventory models, we introduce some definitions and properties about fuzzy
numbers with relevant operations.

Definition 1. For 0 < o < 1, the fuzzy set &, defined on R = (-0, ) is called an o-level fuzzy point if the
membership function of &, is given by

o, X = a,

Mg, x) = { .. (22)

0, x # a.

Definition 2. The fuzzy set A = (a, b, c), where a < b < ¢ and defined on R, is called the triangular fuzzy
number, if the membership function of A is given by
(x-a)/(b-a), a<x<Db,

Hi(x) = q(c-x)(c-b), b <x <, .. (22)
0, otherwise.

Remark 1.
0] When o = 1, the membership function of the 1-level fuzzy point a, becomes the characteristic
function, ie., p; (x) = lif x =aand p, (x) = 0if x = a. In this case, the real number a R is the
same as the fuzzy point &, except for their representations.
(i) If ¢ = b = a, then the triangular fuzzy number A = (a, b, c) is identical to the 1-level fuzzy point
a.

Definition 3. For 0 < a < 1, the fuzzy set (a,, b,) defined on R is called an a-level fuzzy interval if the
membership function of (a,, b,) is given by
o, a<x<bhb

= .. (23
Hasco (%) {0, otherwise. (&5

Definition 4. Let B bea fuzzy seton R, and 0 < a < 1. The a-cut B(a) B consists of points x such that
Hg(X) 2o, thatis, B(a) = {X|p; (X) =a}.

Decomposition Principle. Let B bea fuzzy set on R, and 0 < o < 1. Suppose the a-cut of B to be
closed interval (B.(a), Bu()), that is, B(a) = (BL(a), Bu(a)). Then, we have (see, (16))

B = U oB(a) ... (2.4)
0<ac<l
or
Ha(x) = Os\ufS I(XCB(Q)(X) ... (25)
where
0] aB(a) is a fuzzy set with membership function
®) o, a<x<bh
X =
Mo 0, otherwise.
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(i) Cg(o(X) is a characteristic function B(a), that is

1, X € B(a)
Cew(X) =
0, X ¢ B(a).
Remark 2. From the Decomposition Principle and (5), we obtain
B= {J oBo) = |J [B.(®., By(®,] ... (26)
0<ac<l 0<ac<l
or
Mg(x) = OSYS IaCB(a) (X) = Hg(x) OSYS IM[BL(Q)WBU(Q)u](X) T (27)

Foranya, b, c,d, k € R, a<band c < d the interval operations are as follows (16) :

(i) (a,b)(+) (c,d)=(a+c,b+d)

(i) @b)(-)(c,d) =(@-c,b-d) ... (2.8)
T 0 - [ka, kb], k>0,

(iii) (-)(@b)= [kb, ka], k<0,

further, fora>0ancd > 0.

(iv)  (ab) () (c, d)=(ac, bd)

W @D D= E 9}
c

Next, as in Yao and Wu (15), we introduce the concept of the signed distance of fuzzy set. We first
consider the signed distance on R.

Definition 5. For any a and 0 € R, define the signed distance from a to 0 as dy(a, 0) = a. If a> 0, the
distance froma to 0 is a = do(a, 0) ; if a < O, the distance from a to 0 is —a = -dy(a, 0). Hence, do(a, 0) = a is
called the signed distance from a to 0.

Let Q be the family of all fuzzy sets B defined on R with which the a-cut
B(a) = [B,_ (o), BU(a)a] exists for every a e (0, 1), and both B, (o) and By(a) are continuous function

ona e (0, 1). Then, for any B Q, from (8) we have

B= U [B.(@), By(®),] . 9)
0<a<l
From Definition 5, the signed distance of two end points, B (o) and By(a), of the a-cut
B(o) = [B_(a), By(a)] of B to the origin 0 us do(BL(cr), 0) = Bi(ar) and do(Bu(a), 0) = By(a),
[BL(O') + By (OL)]

respectively. The average, >

In addition, for every o € (0, 1), there is a one-to-one mapping between the a-level fuzzy interval
[B,(a), By(a)] and the real interval [B, (), B, ()], that is, the following correspondence one-to-one
mapping.

[BL(®),, By(@),] <> [B. (), By(w)] ... (210)

Also, the I-level fuzzy point 61 is mapping to the real number 0. Hence, the signed distance of
[B.(®),, By(a),] to 0, can be defined as

d([B, (@),. B,(@),], §,) = d([B(@), By(®)], 0) = (BL(a),ZBU(a))_
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Moreover, Be Q, since the above function is continuous on 0 < o < 1, we can use the integration to
obtain the mean value of the signed distance as follows :

jd([B (@),> By(@),], 0,) dx = —j (B, () + By (a)) dx ... (2.11)
Then, from (11) and (13) we have the foIIowmg definition.

Definition 6. For B e Q, define the signed distance of B to f)l (ie. y-axis) as

d(B,0,) = 'l[d([BL(a)a, By (@), ], 0,) dx = %T(BL(aH By (a)) dx ... (2.12)
According toODefinition 6, we obtain the following Broperty.

Property 1. For the triangular fuzzy number A = (a, b, ¢), the a-cut of A is [A (o), Ay(@)],a € (0,
1), where A () = a + (b — a)o and Ay(c) = ¢ - (¢ — b)a. The signed distance of A to f)l is

d(A0,) = %(a+2b+c) ... (213)

Furthermore, for two fuzzy sets B,G € Q, whee B = | J [B («),., By(®),] and

G= | [G.(®,, Gy(@),], andk e R, using (10) and (12), we have T

(i) 0 éa(]+)é = O<U<I[BL(a)a+GL<u)a, By (@), + Gy (@), ]

(i BEG= U [BL@,~Gi(@),, By(@),- Gu(@),] L (2.14)
U [kB, (®),, kB, (a),], k>0,

(i) k, (B = U [kBy (), kB (), ], k>0,

6;, k=0.
From the above and Definition 6, we obtain the following property.

Property 2. For two fuzzy sets B, G e Q andk e R,
d(B,0,) = Id(B(a)a,B(a)] ) dx = —jB(a)+B(a)) X.
@ d(B d(
i d(B(Q)GO,)=d(B0) -d(G0,) ... (2.15)
i) d(k ()B,0,)= kd(B,0,)

Notations
P is selling price of a good quality item ($/unit).
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Cs is the salvage price of an imperfect quality ($/unit).

h is the holding cost per unit per unit of time (($/unit/year).

y is the lotsize quantity (units/lot).

d demand rate (unit/year).

X is the screening rate (unit/year) where x > d.

C is the unit purchase price ($/unit) C > C..

Y is the unit inspection / screening cost ($/unit).

A is the order / setup cost (($/lot).

P is a random variable, which follows uniform distribution and represents the percentage of
imperfect quality items in a lot of size y and it isboundas0<a<p<b<1land

T cycle time, where T = (1 - p)y/d and its expected value of is E(T) = (1 — E(P))y/d.

The additional notations that will be used in developing the entropic version of the model of Salameh and
Jaber (2000) and subsequently Maddah and Jaber (2000), are

Po is selling price of a good quality item of a competitor brand in the market ($/unit) where P, > P

Oo is quality index of an item of a competitor brand (1/unit) where 0 < go < 1.

g is quality index of an item (1/unit) where 0 < g < 1.

d(p,g) demand rate (unit/year) as a function of p and g, where p/g > P,/ go and

K elasticity (unit/year/$) if a demand function d(p,g) and Cj,, is the investment required to increase

quality g by % (p/%/year).

The model of Salameh and Jaber (2000)

Salameh and Jaber (2000) modified the EOQ/EPQ model by assuming that each shipment contains a
random percentage of imperfect quality items. Upon replenishing the inventory instantaneously the
received lot is subject to a 100% screening process. Items that do not confirm to quality are withdrawn
from the inventory and sold at a discounted price as a single batch, this perhaps why Salameh and Jaber
(2000) used the term “imperfect quality” rather that “defective” items. The cycle is then duplicated
indefinitely. The other assumptions remain to be the same as for the EOQ/EPQ model which are constant
demand rate, no shortages, zero-lead time, etc.
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Fig. 1. The behaviour of inventory over time [15].
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The per unit time profit function of the model of Salameh and Jaber (2000) is given as :

1_ 2
x py(l-p)+Csyp-A-Cy-vy-h(¥+pl

TPU(y) = j which Salameh and Jaber

y(1-p) X
(2000) chose to rewrite after rearrange its term as
TPU(y):d[p-CS+MJ+d[ S'M'C'V'éj 1 _hy@-p) (@)
X X y)l-p 2

The optimal solution for equation (1) is
y = \/ 2Ad[1/(1 - p)] L
h(1 - p-2(d/x)(1 - (1/(1 - p))

Equation (2) is the corrected version of that of Salameh and Jaber (2000), where the 2’ in the
denominator was missing from the term, which was later added by Cardenas Barron who also noted that
this minor error did not affect the main idea and the remainder of the paper of Salameh and Jaber (2000).
Goyal and Cardenas Barron provided a simplified and a very reasonable approximation of the model of
Salameh and Jaber (2000). Finally Maddah and Jaber (2000) corrected a flaw in the work of Salameh and
Jaber (2000) by applying the renewal theory, that is by dividing the profit per cycle by the cycle length.
The per unit time profit function and the optimal lotsize are given respectively from Maddah and Jaber

(2000) as
(P -p)+Cpp -c-y)-(Ad th (1-29) +h}’:pj
TPU(y) = d Y
1-p
- 2Ad
o \/h(l-p)2 + 2hp(d/x) ... (3

This approach of Maddah and Jaber (2000) will be used in this paper where a thermodynamic version of
the model will be developed.

The Thermodynamic version of the model of Salameh and Jaber (2000)
In this section we modify the model in Equation (3) by replacing the constant d with d(p, g) and

subtracting the entropy cost per unit of time expressions and the investment cost from Equation (3) which
becomes

(L-p) , pd(p, g
2 X

d(p,g){p(l -p)+Cep - ? -C- v}—hy(

1-p

TPUe(y) =

. 4(pg) { PR, , _CC } ¢ (9-9) @
(1-py| Pg -Fg  Cug -Cg, &
2d(p,g)(A-P PP, - csc:C j
YE* _ 9o - M9 9o - L0, ..(5

h[(@-py]+ 2hd(‘)’(’g) p
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3. AN ENTROPIC FUZZY ECONOMIC ORDER QUANTITY FOR ITEMS WITH IMPERFECT
QUALITY

Model with fuzzy demand rate :
A 1 - p)? d(p,
d(p,g){p(l-p)+csp -5 -c_y}_hy[( P’ . pd g)]

2 X
TPUE(y) =

1-p
, d(p.g) { PP, , CC }C @-9,)
(1-py[Pg, -Pg  Cg, -Cg g

In this section, we modify the crisp demand rate d(p, g) in (4) by incorporating the fuzziness of
the demand rate. Then, we defuzzify demand rate to be a triangular fuzzy number

d(p,9) = (d(p,g) - A, d(p,g), d(p,g) + A, ) where A, and A, are determined by decision makers and
should satisfy the conditions 0 < A; < d(p, g) and 0 < A..

a(p’g){p(l-p)JrCSp - '3/‘ -c-y}_hy[(l 'ZP) 4 Pd(, g)j

~ X
TPUE(Y) =

1-p

, d(p.g) { PP, , _CC } ¢ (9-9)
(1-p)y| Pgy -Pg  Cog, - Cg, g

Now we defuzzify TI5UE(y) using the signed distance method. The signed distance of TPU(y)

to 0, is given by

d(d(p.9). 6, ){p(1-p) + Cop- 2 -C-y [~hy Aoy, pde.9) g,
y 2 X

d(TPU.(y). 0, ) =

d(d(p.g), 61){ PP,
+ +
(1-py |Pg -Pg Cg,-Cg

where d(a(p,g), f)l) is measured as follows.

1-p
c.C }C (9-90)

2o

The signed distance of fuzzy number d(p,g) to 0, is

4(80.9).0.) = 5(d.0)- 4, +20(,9)+ dp, ) + )

1
=dp.9) + (A4, - 4)

We have

TPUL(y) = d(TPU.(¥),0,)
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PP @+ 4 (8-4,)

X

1 A 1-p)?
d(p, g)+4(A2-A1){p(1-p)+Csp-y-C-v}—hy( 2p) +
1-p

1
d(p,g)+4(Az-Al){ PP, , GCC }-C.w(g'%)

7% ... (6)
1-py Pg, -Pg (g, -Cg 2

TPUL(y) is regarded as the estimate of the total profit per unit time in the fuzzy sense. The objective of

the problem is to find he optimal lot size quantity y;. Such that TPUL(y) has a maximum value. We

take the first partial derivative of TPUL(y) with respect by
A

1 1-p)° h 1
8(TPU;(y)) d(p, g)+Z(A2_Al)?_ h(zp) + %d(p, g) + Z(AZ_Al)

oy 1-p

1
1-p)y? Pg, -Pg  Cg, -Cg,
&*(TPUL(Y))
oy’

<0 is TPU_(y) is concave in 'y and hence the maximum value of TPUL(y) will
d(TPU"(y))
dy

1
- 1 d(p, 9) + Z(Az' Al) [A ] PP, C.C }
y? 1-p Pg,-Pg  C.g, - Cg,

occur at the point satisfies

1-p)? h 1
) +%d(p,g)+Z(A2-Al)

2 _ 0

1-p

1 1
FZ(d(p, ) + Z(Az- Al)j{A- 5

PR, ,_ CC }
9 - Pog ngo - Cgs

2ph 1
h(1-p)* + %d(p, 9+ 4(4,-4)

1 PP c.C
2{dlp. o)+ (2, j{A o4 C }
_ G Pg, -P,g  C.g, - Cg,

2oh 1
h(1 - p)* + %d(p, g) + Z(Az-Al)
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1 PP C.C
Z(d(p, g+ —(A,-A j{A 0 + s }
4( ? 1) Pgo -Fg ngo - Cgs

2ph 1
h(1-p)® + %d(p, 9+, (A-4)

*

Ye =

(@)

Remark :
If A;=A;=A. Then d(a(p,g), f)l) =d(p,g) when A;= A,= A — 0. The estimate of the total profit per

unit time in the fuzzy sense (6) is identical to the crisp case (4). Hence the crisp demand rate model is a
special case of the fuzzy model present here. By taking A — 0. We then have

PP Cc.C
2d(p, 9)[A- o+ : }
Pgo - Fg ngo - Cgs
h(l _ p)2 + 2phd(pa g)
X

*

Ye =

which is classical EOQ formula.
4. NUMERICAL EXAMPLE

To illustrate the results of the proposed model we consider on inventory system with the data :
P =50, C =25 A=100, h=5,x=175200, C, = 20, ¢ = 50000, y = 0.5, p = 0.02, g = 0.7, K = 7000,
gs = 0.6, gg = 0.7, Ciny = $10000. A; = 500, A2 = 350.

ye = 5340.21 TPU(ye ) = 1192005.58

CONCLUSION

This paper proposed an entropic fuzzy EOQ model for item with imperfect quality using fuzzy
parameters. In this model with demand rate is represented by a fuzzy number while the lotsize quantity is
treated as a fixed constant. For this fuzzy model, a method of defuzzification, namely the signed distance,
is employed to find the estimate of total profit per unit time in the fuzzy sense, and then the corresponding
optimal lotsize is derived to maximize the total profit. Numerical examples are carried out to investigate
the behavior of our proposed models and the results are compared with those obtained from the crisp
model.
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