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ABSTRACT

In this paper we establish some more generalizations of Enestrom — Kakeya theorem a classical result in
the theory of distribution of zeros of polynomials .Besides many consequences our results considerably
improve the bounds in some cases as well. Mathematics subject classification (2000):30C10, 30C15.
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INTRODUCTION
The fallowing classical result known as Enestrom — Kakeya theorem Marden (1966); Rahman and
Scmeisser (2002) is famous in the theory of distribution of zeros of polynomials.
Theorem A:
If P (z) =27_pa,z" is a polynomial of degree n, such that
Ap>0ap 12..2a1 =ag>0

Then P (2) has all its zeros in the disk |z|[<I.
In the literature attempts have been made to extend and generalize the Enestrom - Kakeya theorem. Joyal,
Labelle and Rahman (1967) extended it to the polynomials with general monotonic coefficients by
showing that, if the coefficients of the polynomial satisfy the condition

apn=>0ap_12 .. =201 =0qy,
Then all the zeros of P (z) are contained in the disk

|Z|< an—ao+laol
B |anl
Aziz and zargar (1996) relaxed the hypothesis of Theorem A and proved:
Theorem B: If P (z) =Y.}~ a,-z" is a polynomial of degee n such that for some A > 1,
AMp>0p_ 120y =20y =2 a1 =0ag.
Then P (2) has all its zeros in the disk.
[z+A-1|< —m”_lg"rla"l

On the other hand Govil and Rahman (1968) extended this theorem to the polynomials with complex

coefficients, assuming that the moduli of coefficients are monotonic, and proved the following:

Theorem C: If P (z) =X*_, a,z" is a polynomial of degee n such that for some t > 0

lan | >tlap_q | >t |apn_z | = =t" ?|ay| = t" a, | =t ay |

Then all the zeros of P (2) lie in the disk|z| < % where k; is the greatest positive root of the equation
KM - 2K"+1=0.

In the same paper they also proved that, if P (z) =).7-, a,z"is a polynomial of degee n such that for

somep.

IArg ar—Blsasg; r=0,1,2...n
and
lan |Zlan-112.. 2 ]a; | 2 ]ao |,
Then all the zeros of P (2) lie in the disk

|z| < coso + sina 425

|aTL| ?20 |al |'

Recently as further generalizations of the Enestrom — Kakeya theorem Choo (2011) proved:
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Theorem D: let P (z) =)X7_, a,z"be a polynomial of degree n such that for some A# 1, 1<k <n and anx#
0,
An>Ap1> ... 2 Ape 41> My 2Ap——1 = ... > 0dg -
If ay_x—1 > an—k , then all the zeros of P (z) lie in the disk IzI < k; where k; is the greatest positive root
of the equation
Kk+1_81Kk _|,Yl|= 0,
Where

A-1)an—
1= ( )an—k and
an lan|

If ank > ank+1, then all the zeros of P (z) lie in the disk Izl < k,, where k; is the greatest positive root of the
equation

8= an+(A-1)an—g—ao+lao |

K - 8,K* Iy, = 0,
Where

- (1_1):n—k and 62= an+(1_7¥)‘|1;:|k_ao+|ao |
Motivated by his method of proof, we in this paper prove the fallowing results which include Theorem D
and some other generalizations of Enestrom - Kakeya theorem as special cases.
Theorem 1: Let P (z) =X7_, a,- z" be a polynomial of degree n such that for some real p and k, 1<k <n.
An>0an_ 1> ...2 0 41 > Wap_ > ap 1= ... 2 a9 >0.
If a,_x_1> an_k, then all the zeros of P (z) lie in the disk IzI < k; , where k; is the greatest positive root
of the equation

R (1+ £)RA- L=,

an n
If an«> ank+1, then all the zeros of P (2) lie in the disk Izl <k,, where k; is the greatest positive root of the
equation
RE- (1+ L )Rk L = g
an a

n

Remark 1: If we take pu= (A-1) any, such that A+#1, in Theorem 1, we get Theorem D. Also for pu=0 this
theorem reduces to Enestrom - Kakeya theorem. Further If we take k=0 in Theorem 1 and there by
assumes

Hta, >a,_q =...2 a; = ay>0,
Then we get the following:
Corollary 1: If P (z) is a polynomial of degree n such that for some p >0

Hta,>a,_1 =...=2a; =ag>0,
Then all the zeros of P (2) lie in

zi< 22 +1
an

Remark 2: If we take p= 0 in Corollary 1, we get Enestrom - Kakeya theorem. Whereas if we replace p
by a, (A-1) in Corollary 1 we get the following:
Corollary 2.If P (z) =)}~ a,-z" is a polynomial of degee n such that for some 2> 1,
Ap>ap1>0p_p ..=0ay =04 =ag>0,
Then all the zeros of P (2) lie in
|z|< 2A-1
We next prove
Theorem 2: Let P(z) =X*_, a, z" be a polynomial of degree n with Re(a;)= o, and Im (a;) = B r=
0,1,2,...,n and assume that for some p and k ,1<k<n
Op= Olp1 2 ... = Opke1 = ROk 2... = 0= Ol
Bn>PBr1= ... =2 P1> Po.
If oty _y—1 >0 then all the zeros of P (z) lie in the disk 1zI < k; where k; is the greatest positive root of
the equation
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kil Ontfpt iy ok el _

R ) lan|
If onk> anks1, then all the zeros of P (z) lie in the disk IzI < k,,where k; is the greatest positive root of the
equation

Kk ont Puth ok R Iul _ -0
lanl lanl
We also prove:
Theorem 3: Let P (z) = X7~ a,z" be a polynomial of degree n such that for some real
IArg a,-Bl < agg; r=0,1...n

And for some real p > 0.
|an|2 |an-l| =2 |an-k+1 |Z pt Ian-k|2|an-k-l|2...Z|aO|-
If |ank/<|an-k-1], then all the zeros of P (z) lie in the disk |z|< k1. Here k; is the greatest positive root of the
equation

Rk+l 8Rk | plo_ 0,
lan|

Where

§ = (lan|+Ip+an—kl)(cosa+sina)—(|an—g|+agl)cosa — (Jap—k—|ap|)sina +2 smonZl 0 |al|+|a0|

lan|
If |ank/>|ank+1| then all the zeros of P(z) lie in the disk |z|< k, Where k; is the greatest positive root of the
equation
R“- &R -I+=0

And

§i= (lanl—lan—g—pl+|an— k|-ag)Cosa—{(|an—k|+ao |- (lan—g—pl+lan| +2 Z:l o lail}sina+|ag)

1= .
|anl

Lemma

We need the following lemma which is due to Govil and Rahman (1968).
Lemma 1: Consider two complex numbers by and by, such that IbOl > Tbsl, if 1Arg b,-BI < « S;”; r=0, 1

then
[bo-b1|< (Jbo| — [bs[)cosa + ([bol+{b1[)sinc.
Proofs of Theorems
Proof of Theorem 1: For u=0, the result reduces to Enestrom- Kakeya theorem, therefore we suppose that
u# 0. Consider a polynomial

f(2) = (1-2) P(2)
= -, 2"+ (@n-an1)Z"+. .. + (Bnks1-ani) 27 @Ay g1 )27+ ..+ (a1-ag)z+ap -

If ank.1> ank then anw+ > ankand f (z) can be written as

f(z) = -an2"" pz"™+ (@nan-)2" ...+ (Anker-ani) 27 (U ank —ankr) 2T H @nde-Bnk2) 27
+ (a1-ag)z+ao.

Therefore for 1zl >1, we have

|f(Z)|> |anzn+l+uznk| IZI |(an an 1) +.. +(an k+1_an k )+ (H"'an —-k~an-k-— 1)+ +(a1 a0)+@

n-k+1,

zk zn
> 120" | a2 +pl-1Z1"{ | agangl + ...+ 2= k*; 1“" |4 | ErntCnckon |y +|“Zl o122
1zI™ | an2k+l+ul-lzl”{ - Ap1 Fana— Anot ... Anker-@nk TR Ak — Ank1 + ...+ ar-8gtag}
-Izl” K| a2l 1Z1"{ agtp}
>0,

If |zk+l+ai > (1+a—“) IzI*. This inequality holds if
kel Iul p k
2™ - > A ) 2l

Therefore in this case all the zeros of f (z) with modulus greater than one lie in the disk 1zl < ki, where k;
is the greatest positive root of the equation
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fitR)= R -1+ BR-H =0
Since a1 > an , therefore L > 0 and in this case f;(1) = - Z—”< 0. Hence k;>1.This shows that those
zeros of f (z) whose modulus is less than or equal to one are already contained in the disk Izl < k;. Hence
all the zeros of f (z) lie in 1zl < k; where k; is the greatest positive root of the equation
fitR)= R -1+ R -H=0
Again, if an¢> ank+1, then an«> ank.1and f(z) can be written as

f(2) = -anZ™ -z + (@n-ana) 2. . A (@nsea-AnictH) 27 @ns —anwa) 2T H(ag-a0)z+ao.
Now, for Izl >1,

If(2)| > 121" ¥ Jan 2+ |- 121" (an-ana) + ..+ (a""”;;af‘”“ Y (Bnk Za“ kel +(a1 %o +:—3 .

n—k+1 . _k n an-kr1=Gnotpl | I On-k=On-k-1) lai—ao| |a0|
> |zl |anz +U |- 1z1 {| An-ang I+ . = + B ..o+ = W }

|anz +U |- 1zZ1I™ap-anat .t A kg1 — Apok + LAk — Ap_g_q T ... — Ao + Ao}
lanZ+ 121" antp}

> |Z|n—k+1
- In -k+1
> :
I 2+ — > @+ B
This inequality holds if

Iz1k -l (1+- ™) 1zl

Hence all the zeros of f(z) with modulus greater than one lie in the disk Izl <k, where k; is the greatest
positive root of the equation

R¥— (1 + “)R“ -a—=o.

Now, as in the first case, it can be easily shown that k, >1. Therefore, the zeros of f(z) with modulus less
than or equal to one are already contained in the disk IzI < k,. Finally we note that every zero of P(z) is
also a zero of f(z) and the proof of Theorem 1 is complete.
Proof of Theorem 2: Consider the polynomial
f(z) = (1-2)P(z)
= -a,2"+ (@r-an1)Z ... (Anser-ani) 27 (Bnk-Apog—1 )27 +. . . H(ar-ag)z+ag,
= 02" (Ot 01 2™ . (ke 1-Onk) 2 Otk —Onke) 2 H (k1= ke2) 2. (- 0lo) Z+ 0l
+1{ (Br-Brt)Z"+.. +(Br-Bo)z+Bo}-
Now if ainx1> ok then o1 > ankand f(z) can be written as
f(2) = -an2"™" -1 2"+ (otn-0tn 1) ™. . AH(Otnsers= Otnk) 2™ (UF Otk —0n1e1)Z"H (Ol 1-Cn 2) Z
+(a-0)z+ap +i{ (Bn-Pr-1)Z™+.. . +(B1-Bo)z+ Pol-

Therefore for 1zl >1, we have
+
|f(Z)|> |anzn+l+uznk| IZI |(an Oy 1)+ +(O!n k+1 O!n k )+(H Ak Oln k— 1)+ +(a1 a

+ 84 (Bt L )

nkl

= 1™ |anzk”+u|—|z| (g | H=tt02 | = Rl e
131 130
--+| |+ Z2+Bo-Br-al . A= | =)
> |Z|n_k |anzk+l+u| |Z| {an Ol F0l-1 _Otn—2+---+ Olnk+1-Olpk THHOhk —Olnk1 T ... T0- Ot o + Bn' Bn—l

+...+B1-Bot Bo} = 12I™ | a2 M-Izl o+ B, +1}
> 0,

If 2 L) (%i"l”‘)w‘
But this inequality holds if
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L LS u+an+ﬁn 1z1%

|anl ( )
This shows that all the zeros of f(z) with modulus greater than one lie in the disk 1zl <k; where k; is the
greatest positive root of the equation

1z

k+1 u+on+48,
R —( lay, DR Ia =
As in the case of Theorem 1, It can be shown that k;>1. Hence all the zeros of f(z) with modulus less than
or equal to one already lie in the disk Izl <1 and the proof of the first part is complete.
Now suppose that &> X1, then o<, > 1, and f(z) can be written as
f(Z) =-anZ n+l 'ﬂzn-k+l+(°cn'°cn-l)zn+- Lt (ocn-k+l'°(n-k+H)Zn-k+l+(ocn-k' C>Cn-k-l)Zn-k_"- . .+((11-OLo)Z+OLo+

H{(BrBra)Z™...+(B1-Bo)Z +Po

If 1zI>1, then
If(Z)IE I anzn+1+/u Zn-k+1 |-|Z|n{| ;.6 l|+ + | On— k+Z1k Oin k+HI_._| Otn—k—ZZn—k—1 | +  +
| Doy gy, pr ] mhamiey By Aoy
= 1zI™™* la,z¢ +,u 1-1Z1" (ot +Bn + 1)
> 0
aon+p,+
If 12+ L > [zRiftFaty
an lay!

But this inequality holds if
|z]*- 2> nHfptr
|an laqy!
Hence all the zeros of f(z)with modulus greater than one lie in the disk 1zI < K,, where K; is the greatest
root of the equation

11t

= ontfytu RKL._ M —q
lay lay
Again it can be easily verified that k,>1 and therefore all the zeros of f(z) with modulus less than or equal
to one are already contained in the disk IzI<k,.Finally we note that every zero of P(z) is also a zero of
f(2), the proof of the Theorem 2 is complete.
Proof of Theorem 3: Consider the polynomial
f(z) = (1-2)P(z)
= -2,2" "+ (@n-8n1) 2™+ . F(@nke1m8n) 27 @nacBn k)2 H (@ner-Bnkez) 27 H(ar-0)Z+ A,
If |ank-1 [>[ank[then |an«+1 > |ank |and f(z) can be written as
f(z) = -anz"-Hz"™+ (@n-an1) 2. . H(@nker-ank) 27 H(UHEn K —Bnk1) 2T H(@nkam@nkr) 27
(a1-ap) z+ag

n-k+1,

For 1zl >1
If(z)|> |an2n+l+u2nk| 121" (ag-ans) + .. +(an k+1 an K )J_( p+an— k In-k) 4 +(a1 ao (le
> 10" fanZ +ul-1z1" | A | + ..t 'a" k+;i ek |""u+an Zkk Dok o+ 1‘11 =0 |+
Qo
|_
k+1

1ZI™ | an 2" +pf-121"] | an-analt ...+ |anse1-8nid HU+ank —anict] + ... + [ar-agl+]ao|

Using Iemma 1, this gives
f(2)|> 1zI™ | a2 ™ +p|-121"{ (la,l-lan.11)coso +(1aql +lan.)sina+(las:l —lasol)cosa +
(lap1l +lan2l) sina +.. . +(Tag 1| —lankl) cosa +(lank+1l +lankl) sino +(Ipu+ angl-1an,1l) cosa +
(Ip+ angl+lansal) sinot...+ (lagl-lagl) cosa + (lagl+1agl) sina} +agl
= 1zI™ a2 121" (1anl- 1ansd + 1P+ angd- laol) cosar +( lanl +2 X7, [ad- land+
Iu+ ankl+ lagl) sina+lagl

> 21" | a, 2" +pl-1z1"{ (lagl+ Ip+ and)( cosa + sina)-( land+ 1agl) coso-( 1anl- 1agl) sina+
2sina -, |ad+aol}
> 0,
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If
| 2 |> |z|*5

Where
5= (lan|+|p+an—kl)(coso+sina)—(|an—k|+|agl)cosa — (Jan—g—|aogl)sina +2 SInaZ”O |ai|+aq

lanl

This inequality holds if

|2+ > |2]%8
This shows that all the zeros of f(z)with modulus greater than one lie in the disk |z|< k4, where k, is the
greatest positive root of the equation

RE*! — 6R*-| =0

n
Also, it is easily seen that k; = 1,and therefore all the zeros of f(z) with modulus less than or equal to one
are already in the disk |z|<k,
Now consider the case |a,_k [>|@n—k+1 |, then |a,—k [>lan—k—1 | We have
f(2) = -an 2"z + (an-ana) 2™t .. H(ander-anictH) 27 @nk —anse1)Z" H @ndcr-anae) 27T+
(a1- @) Z+ag

For 1zl >1

|f(z)|z|anzn+l+uzn—k +1 |_ IZInl(an'an-l)+ __+(an—k+21k__aln—k+u) +(an -k Zan k+1)+ +(a1 Ao )+ Qo |
Z|anzn+l+“ Zn—k+l |_ IZIn{lan'an—l|+ __+| an—k+21;_aln—k+u |+| an-k Zin —Kk+1 I_._ ___+| azln_alo |+| | }
> 121" | anZ“Hl-121"{] n-an [+ =+ [Anae1-BnicHH] + Ani —anct] + -+ [az-aol+[aol}

This gives by lemma 1,
[f(2)[ 211" | anz*+|-121"{ (1ag]-1an11)coso +1anl +lag.1)sina+(lanl —lay.l)cosa +

(lap1l +lanoD)sina +...+(Tans1l —lank -)) cosa +(lan 1l +lank -pl) sino +(1 apkl-1ag«1l) cosa +
( Iankl+lan kal) sina+ +(Tagl-1ael) cosa +(lagl+lagl) sino} +agl,

1ZI™ | anZ*+pl- 1218,
> 0,
If |z¥ +ai|>51|z |k-1
n
Where
§i= (lanl-lan—g—pl+|an— k|—ag)Ccosa—{(|an—k|+ao = (lap—g—ul+lay| +2 Zl 0 |al|}5m0‘+a0
=

an
This above inequality holds if
e -1 61z 14

This shows that all the zeros of f(z) whose modulus greater than 1 lie in the disk |z|<k, where k,is the
greatest positive root of the equation,

R¥-6, R~ —| =0
Again it can be shown that k,>1and therefore those zeros of f(z) whose modulus is less than or equalto

lalso lie in the disk |z|<k, Finally we note that every zero of P(z) is also a zero of f(z), and the Theorem 3
is proved completely.
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