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ABSTRACT 
In this paper we have considered the general heat equation to study heat transform for a suitable 
݂ with the help of source solution. The inversion of the integral equation (3.4), and then deduced 
the inversion of the heat transform (3.1). Finally operational calculus is developed and some 
special cases are studied. 
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1. INTRODUCTION: The general heat equation is defined as  

                                                               డ
మ௨

డ௫మ
+  ସ௔

௫
 డ௨
డ௫
− ௗమ

௫మ
ݑ  = డ௨

డ௫
                                                    (1.1)                                                

Or 

∆௫ݑ =  
ݑ߲
ݐ߲   ,∆௫  ≡  

߲ଶ

ଶݔ߲ +
4ܽ
ݔ  

߲
ݔ߲ −  

݀ଶ

 ଶݔ

 

where 2ܽ is a fixed positive number and ݀ is a fixed number. If 2ܽ = ݀ = 0, then (1.1) reduces 

to the ordinary heat equation 

߲ଶݑ
ଶݔ߲ =  

ݑ߲
ݐ߲      , 

where ݔ)ݑ,  in an infinite insulated rod ,ݐ at time ݔ is regarded as the temperature at a point (ݐ

extended along the ݔ −axis in the ݐݔ −plane . If we set ܽ = ଵ
ସ
 then (1.1) becomes 

߲ଶܨ
ଶݔ߲ +  

߲ଶܨ
ଶݕ߲ =  

ܨ߲
ݐ߲     , 

the heat equation in two dimensions, where the solutions are of the type 

,ݔ)ܨ ,ݕ (ݐ = ,ݎ)ݑ  ߠ݀݊݅ݏ(ݐ

in polar coordinates ; and represents the temperature in a plane sector of angle ߨ ݀.⁄  
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Further, if we put ܽ = ଵ
ଶ
 and ݀ଶ = ݊(݊ + 1), then (1.1), yields the heat equation in three 

dimensions 

߲ଶܨ
ଶݔ߲ +  

߲ଶܨ
ଶݕ߲ +

߲ଶܨ
ଶݖ߲ =  

ܨ߲
ݐ߲  

where the solutions are of the form 

,ݔ)ܨ ,ݕ ;ݖ (ݐ = ,ݎ)ݑ ௡ܲ (ݐ  (cos߶) 

in spherical coordinates representing the temperature in a cone of angle ߶. Here ௡ܲ(ܼ) are the 

Legendre polynomials. Consequently the heat equation (1.1) can be regarded as representing a 

general situation for the flow of heat. 

 The object of this paper is to study the analytic consequences of the general heat 

equation. We shall devote our main effort towards establishing some properties of the source 

solution and an algorithm for the inversion of the heat transform. The case ݀ = 0 has been dealt 

with thoroughly in ܥ ݀݊ܽ ݋݉݅ܽܪℎ[1966]݅݇ݏ݊݅ݓ݈݁݋. 

2. THE SOURCE SOLUTION:  

Consider the temperature at ݔ = ݐ as instantaneously enormous at ,݌ = 0ା but leveling off 

rapidly. Thus there is a source at ݔ =  and the temperature function is now defined as the ;݌

source solution. To find the source solution ݔ,݌)ݑ,  of (1.1), we consider the equation (ݐ

                                             డ
మ௨

డ௫మ
+  ସ௔

௫
 డ௨
డ௫
−  ௗ

మ

௫మ
ݑ = డ௨

డ௧
− ݔ)ߜ  −  (2.1)                                       (ݐ)ߜ (݌

where ߜ is the Dirac delta function. If 

ݑ =  න ,ݔ)ݑ ௦௧ି݁ (ݐ ,ݐ݀ 
ஶ

଴

 

then (2.1) gives, 

߲ଶݑ
ଶݔ߲ +  

4ܽ
ݔ  
ݑ߲
ݔ߲ −

݀ଶ

ଶݔ ݑ  = ݑݏ + ݔ)ߜ −  .(݌

The solution is  

ݑ =  ቊ
ଷ௔ା௕݌ ఈିఉܭ (௔ି௕)ିݔ   ൫ݏఈାఉ݌൯ ܫఈିఉ൫ݏఈାఉݔ൯,   ݔ < ݌
ଷ௔ା௕݌ ఈିఉܫ(௔ି௕)ିݔ   ൫ݏఈାఉ݌൯ܭఈିఉ൫ݏఈାఉݔ൯,   ݔ > ݌

 

and by the inverse Laplace transform, 1954]ܮܣܶܧ ݅ݕ݈݁݀ݎܧ, .݌ 284], 

                                                 ܷ ≡ ,ݔ,݌)ܷ (ݐ = ;ݔ,݌) ఈିఉܩ ସ௔݌   (2.2)                                         ,(ݐ
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where 

,݌) ఈିఉܩ ;ݔ (ݐ =  
1
ݐ2 ൫௣మା௫మ൯ି݁ (௔ି௕)ି(ݔ݌)  ସ௧⁄ ఈିఉܫ  ቀ

ݔ݌
ቁݐ2 = ;ݔ,݌)ܩ  ,(ݐ

say, and  

ߙ) − ଶ(ߚ =  (ܽ − ܾ)ଶ + ݀ଶ, ߙ) − (ߚ > −1, ݐ > 0. 

We shall call the function ܷ to be the source solution of the general heat equation (1.1) and for 

the simplicity we shall say that 

,݌)ܷ                                                                          ;ݔ (ݐ  ∈  (2.3)                                                           .ܪ

Further we shall discuss some of the more interesting properties of the source solution and in 

particular, the so-called Green’s function ݌)ܩ, ;ݔ  We note that .(ݐ

,݌)ܩ ;ݔ (ݐ = (௔ି௕)ି(ݔ݌)   න ௧௨మି݁ ݑ ,ݑ݀ (ݑݔ)ఈିఉܬ (ݑ݌)ఈିఉܬ 
ஶ

଴

 

where (ߙ − (ߚ > −1, ݐ > 0,  Erdelyi ET AL[1954,݌. 51].  As a direct result of the definition of 

the function ܷ(݌, ;ݔ  .we have the following theorem ,(ݐ

Theorem 2.1: Let ܷ(݌, ;ݔ  be defined as above. Then (ݐ

(i) ܷ(݌, ;ݔ (ݐ > ,݌     ,0 ݔ > 0, 

(ii) ܷ(݌ߣ, ;ݔߣ (ݐଶߣ  = ,݌)ܷ ;ݔ  ,(ݐ

(iii)ݔଶ(௔ି௕)ାଵ ܷ(݌, ;ݔ (ݐ = ;݌,ݔ)ܷ ଶ(௔ି௕)ାଵ݌   .(ݐ

Theorem 2.2: Let ܷ(݌, ;ݔ  be as defined above. Then (ݐ

(i) ∫ ௞݌ ,݌)ܷ  ;ݔ ݌݀ (ݐ = ௞   ,ஶݔ 
଴   

(ii)|ܷ(݌, ;ݏ |(ݐ  ≤ ௔ି௕ା|݌|(ఈାఉ)ି(ݐ2)ܣ
భ
మ (ߪଶ + ߬ଶ)ି௔ ݁ି൫(ఙି௣)మା௧మ൯ ସ௧⁄  ,                                 (2.4) 

where ݏ = ߪ + ݅߬, ߪ > 0  , −∞ < ߬ < ∞, 

(iii) ቚ డ
డ௦

,݌)ܷ  ;ݏ ቚ(ݐ  ≤ ௔ି௕ା|݌| ଵିݐ ܤ
భ
మ (ߪଶ + ߬ଶ)ି௔ ݁ି൛(ఙି௣)మାఛమ ସ௧⁄  ൬௕ି௔ାఈିఉ

√ఙమାఛమ
+  √ఙ

మାఛమ

ଶ௧
+  ௣

ଶ௧
൰,     (2.5) 

(iv) ቚ డ
డ௧

;ݔ,ߦ)ܷ  ቚ(ݐ  ≤ ଷିݐ ܥ ଶ⁄  ቀ௣
௫
ቁ
௔ି௕ାభమ  ݁ି(௣ି௫)మ ସ௧⁄  ቀ– ߙ) + (ߚ3 + (௣ି௫)మ

ସ௧
ቁ.                         (2.6) 

Proof: Conclusion (i) follows by direct computation. From the definition given in (2.2) and the 

asymptotic behavior 

௔ି௕ାభమܫ
൫1~ (ݖ)  ⁄ݖߨ2√ ൯ ݁௭  , we have 



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online) 
An Online International Journal Available at http://www.cibtech.org/jpms.htm  
2012 Vol. 2 (1) January-March, pp.193-205/Waphare 
Research Article 

196 
 

,݌)ܷ ;ݏ (ݐ =  
ଶ(௔ି௕)ାଵ݌

ݐ2 ൫௣మା௦మ൯ି݁ (௔ି௕)ି(ݏ݌)  ସ௧⁄ ఈିఉܫ  ቀ
ݏ݌
 ,ቁݐ2

and it follows that 

,݌)ܷ| ;ݏ |(ݐ  ≤ ଵି(ݐ2)ܣ ଶ⁄ ௔ି௕ା|݌| 
ଵ
ଶ (ߪଶ + ߬ଶ)ି௔ ݁ି൛(ఙି௣)మାఛమ ସ௧⁄ .  

Also, 

                  
߲
ݏ߲ ,݌)ܷ  ;ݏ (ݐ =  

߲
ݏ߲  ቊ

ଶ(௔ି௕)ାଵ݌

ݐ2 ൫௣మା௦మ൯ି݁ (௔ି௕)ି(ݏ݌)  ସ௧⁄ ఈିఉܫ  ቀ
ݏ݌
 ቁቋݐ2

                                          =  
ଷ௔ା௕ାఈିఉ݌

ଷఈାఉ(ݐ2)  ݁ି௣మ ସ௧⁄  
߲
ݏ߲  ቊିݏ(௔ି௕)ାఈିఉ ݁ି௦మ ସ௧⁄ ቀ

ݏ݌
ቁݐ2

ି(ఈିఉ)
ఈିఉܫ  ቀ

ݏ݌
 ቁቋݐ2

                                          =  ଵ
ଶ௧

ଷ௔ା௕݌   ݁ି൫௣మା௦మ൯ ସ௧⁄ ቄ(ߙ − ߚ − ܽ + ఈିఉܫ(ଷ௔ା௕)ିݏ (ܾ  ቀ௣௦
ଶ௧
ቁ −

   ݐ2ݏ݌ ߚ+ߙ3ܫ ܾ−ܽ−ݏ ݐ2݌ +ݐ2ݏ݌ ߚ−ߙܫ ݐ3ܾ2+ܽݏ                                               

                        ~ 
1

(ݐ2)
భ
మ

 ቀ
݌
ቁݏ

௔ି௕ାଵଶ  ݁ି(௣ି௦) ସ௧⁄  ൤(ߙ − ߚ − ܽ + ܾ) 
1
ݏ +

ݏ
ݐ2 +

݌
 ൨ݐ2

Thus 

ቚ డ
డ௦

,݌)ܷ  ;ݏ ቚ(ݐ  ≤  |௣|ೌష್శ
భ
మ

(ଶ௧)
భ
మ

ଶߪ)  + ߬ଶ)ି௔ ݁ି൫(ఙିఘ)మାఛమ൯ ସ௧⁄  ൤ఈିఉି௔ା௕
√ఙమା௧మ

+  √ఙ
మା௧మ

ଶ௧
+  ௣

ଶ௧
൨ , 

proving the assertion (iii). To prove the assertion (iv), by direct computation, we have 

߲
ݐ߲ ;ݔ,݌)ܷ  (ݐ =  

1
ଶݐ4 ;ݔ,݌)ܷ  ଶݔ) (ݐ + ଶ݌ − ݐ4 + ߙ)4 − −(ଶݐ(ߚ

ݔ݌
ଶݐ2  ܷି(ఈାଷఉ)(݌, ;ݔ  (ݐ

hence 

ฬ
߲
ݐ߲ ;ݔ,݌)ܷ  ฬ(ݐ  ≤ ⊂ ିݐ 

ଷ
ଶ  ቀ

݌
ቁݔ

௔ି௕ାଵଶ  ݁ି(௣ି௫)మ ସ௧⁄  ቊ– ߙ) + (ߚ3 +  
݌) − ଶ(ݔ

ݐ4 ቋ   , 

as required 

Theorem 2.3: If 0 ≤ ݔ < ∞  , 0 ≤ ݕ < ∞  ܽ݊݀  0 < ଵݐ <  ଶ, thenݐ

(i)∫ ,݌)ܷ ;ݔ ,݌)ܩ (ݐ ;ݕ ݌݀ (ݐ = ,ݔ)ܩ ;ݕ ଵݐ  + ଶ) ,ஶݐ
଴  

(ii) ∫ ,݌)ܷ ;ݔ݅ ,݌݅)ܩ (ଵݐ  ;ݕ (ଶݐ  =  (−1)௞ ݔ)ܩ, ;ݕ ଶݐ  − ଵ)ஶݐ
଴   

where  

݇ = ߙ  − ߚ − (ܽ − ߙ) ݀݊ܽ (ܾ − (ߚ > −1. 



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online) 
An Online International Journal Available at http://www.cibtech.org/jpms.htm  
2012 Vol. 2 (1) January-March, pp.193-205/Waphare 
Research Article 

197 
 

Proof: By using the estimates derived in the last theorem it is easy to show that the integrals in 

the assertions (i) and (ii) above exist. Now by direct evaluation 1954]ܮܣ ܶܧ ݅ݕ݈݁݀ݎܧ, .݌ 197]. 

න ,݌)ܷ ;ݔ ;ݕ,݌)ܩ (ଵݐ  ݌݀(ଶݐ 
ஶ

଴

 

                          =  
(௔ି௕)ି(ݕݔ)

ଶݐ ଵݐ 4
 ݁ି൫௫మ ௧భା௬మ ௧మ⁄⁄ ൯ ସ⁄  න ఈିఉܫ  ൬

ݔ݌
ଵݐ2

൰ ఈିఉܫ   ൬
ݕ݌
ଶݐ2

൰  ݁ି௣
మቀ ଵ௧భ

ାଵ௧మ
ቁ ସൗ ݌݀݌ 

ஶ

଴

=  
1

ଵݐ)2 + ൫௫మା௬మ൯ି݁ (௔ି௕)ି(ݕݔ) (ଶݐ ସ (௧భା௧మ)⁄ ఈିఉܫ  ൬
ݕݔ

ଵݐ)2 +  ଶ)൰ݐ

                               = ,ݔ)ܩ ;ݕ ଵݐ  +  (ଶݐ

as required. Also, the assertion (ii) can similarly be established. Note that assertion (ii) can be 

considered as the inversion of the integral equation in (i). 

3. THE HEAT TRANSFORM: 

If we now consider the source solution ܷ as the Kernel, then for a suitable ݂, its heat transform F 

is defined by 

,ݔ)ܨ ௞ݔ                                                          (ݐ =  ∫ ,݌)ܷ ;ݔ ஶ݌݀(݌)௞݂݌ (ݐ
଴                                      (3.1) 

where ݇ = ߙ  − ߚ − (ܽ − ߙ)    ,(ܾ − ଶ(ߚ =  (ܽ − ܾ)ଶ + ݀ଶ ܽ݊݀ (ߙ − (ߚ > −1. 

Theorem 3.1: If ݂(ݔ) is bounded and continuous in 0 < ݔ < ∞, and has a heat transform 

,ݔ)ܨ ,ݔ)ܨ ௞ݔ then ,(ݐ (ݐ  ∈ ݐ   , ܪ > 0, where ݇ = ߙ  − ߚ − (ܽ − ܾ) , ߙ) − (ߚ > −1. 

Proof: From (3.1) above, 

,ݔ)ܨ ௞ݔ|                 |(ݐ  ≤ ∫ ܣ ,݌)ܷ ;ݔ ஶ݌݀ ௞݌ (ݐ
଴  

< ିݐܤ
ଵ
ଶ ିݔቀ௔ି௕ା

ଵ
ଶቁ  න ௔ି௕ା௞݌  ݁ି(௣ି௫)మ ସ௧⁄ ݌݀  < ∞,

ஶ

଴

 

using the estimate (2.4), where ܣ = .ݑ 0   ,(ݔ)݂.ܾ < ݔ < ∞.  Hence the integral defining the 

function F exists and is in fact absolutely convergent. Now 

∆௫ ,ݔ)ܨ ௞ݔ]  [(ݐ =  ∆௫  ൥න ;ݔ,݌)ܷ ݌݀ (݌)݂ ௞݌ (ݐ
ஶ

଴

൩ 

                            =  න ∆௫ ,݌)ܷ]  ;ݔ  [(ݐ
ஶ

଴

௞݌  ݌݀ (݌)݂ 
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                      =  න
߲
ݐ߲

ஶ

଴

;ݔ,݌)ܷ   ݌݀(݌)݂ ௞݌ (ݐ

                       =  
߲
ݐ߲  න ,݌) ܷ ;ݔ ௞݌ (ݐ

ஶ

଴

 ݌݀ (݌)݂ 

 =  
߲
ݐ߲ ,ݔ)ܨ ௞ݔ]   , [(ݐ

proving that ݔ௞ ݔ)ܨ, ,ݔ)ܨ ௞ݔ satisfies the heat equation (1.1), hence (ݐ (ݐ  ∈  provided one can ,ܪ

justify interchanging the operators ∆௫ and డ
డ௧

 with the integral sign. Now, using (2.6), we have 

න ∆௫ ;ݔ,݌)ܷ]  ௞݌ [(ݐ ݌݀ (݌)݂  =  න ฬ
߲
ݐ߲ ;ݔ,݌)ܷ]  ฬ(݌)݂ ௞݌ [(ݐ ݌݀ 

ஶ

଴

ஶ

଴

 

                                                                           ≤ ,ݔ) ܣ න (ݐ ௞ା௔ି௕ା݌
ଵ
ଶ

ஶ

଴

 ݁ି(௣ି௫)మ ସ௧⁄  ݌݀ |(݌)݂| 

                                                                              ≤ ,ݔ)ܤ න (ݐ ௞ା௔ି௕ା݌
ଵ
ଶ ݁ି௣మ ଼௧⁄ > ݌݀ |(݌)݂|  ∞,

ஶ

଴

 

for all ݔ > 0 and ݐ > 0, and making use of the fact that 

݌) − ଶ(ݔ  ≥  
1
ଶ݌ 2 −  ଶݔ

hence 

݁ି(௣ି௫)మ ସ௧⁄  ≤  ݁ି௣మ ଼௧ ା ௫మ ସ௧⁄⁄  , 

giving us the desired justification. 

Theorem 3.2: If ݂(ݔ) is bounded and continuous in 0 < ݔ < ∞, then 

(i) ݏ௞ ,ݏ)ܨ  (ݐ =  ∫ ,݌)ܷ ;ݏ ஶ, ݌݀ (݌)݂ ௞݌ (ݐ
଴                                                                                (3.2) 

ݏ                      = ߪ + ݅߬  , ߪ > 0 ,   −∞ < ߬ < ∞,   ܽ݊݀ 

(ii) ݏ௞ ,ݏ)ܨ  ݏܴ݁ is analytic in the complex half plane (ݐ > 0.   

Proof:  

௞ݏ| ,ݏ)ܨ  |(ݐ  ≤  න ,݌)ܷ| ;ݏ ݌݀ |(݌)݂ ௞݌ (ݐ
ஶ

଴
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                                                                     ≤ ,ߪ) ܣ ߬, න (ݐ ௞ା௔ି௕ା݌
ଵ
ଶ ݁ି(௣ିఙ)మ ସ௧⁄ > ݌݀|(݌)݂|   ∞,

ஶ

଴

 

due to (2.4). Hence the function ݏ௞ ,ݏ)ܨ   exists and is defined by a uniformly convergent(ݐ

integral for ߪ > 0 and t > 0.  

To prove that ݏ௞ ,ݏ)ܨ  ߪ is analytic in the complex half plane (ݐ > 0, we need to show that 

න
߲
ݏ߲ ,݌)ܷ  ;ݏ ௞݌ (ݐ

ஶ

଴

 ݌݀ (݌)݂ 

converges uniformly. Now, using (2.5) we have  

න ฬ
߲
ݏ߲ ,݌)ܷ  ;ݏ ฬ(݌)݂ ௞݌(ݐ ≥ ݌݀  ,ߪ)ܤ ߬, න (ݐ ௔ି௕ା݌

ଵ
ଶା௞ ݁ି(௣ିఙ)మ ସ௧⁄ ݌݀ |(݌)݂| 

ஶ

଴

ஶ

଴

 

which converges uniformly for all ߪ > 0 and t > 0 as seen above. 

Hence the theorem is proved. 

Corollary8:|ݏ௞ݏ)ܨ, |(ݐ  ≤ ଶߪ) ܥ  + ߬ଶ)௕ ݁ି൫ఙమାఛమ൯ ସ௧⁄  .                                                           (3.3) 

Theorem 3.3: Let ݔ)ܨ,  be as defined above. Then (ݐ

,ݔ)ܨ ௞ݔ                                             ݐ + (ଵݐ =  ∫ ,݌)ܷ ;ݔ ௞݌ (ݐ ,݌)ܨ  ஶ݌݀ (ଵݐ
଴                                 (3.4) 

for a fixed ݐଵ > 0. 

Proof: It is easy to see that the integral in (3.4) exists. 

Now, 

න ,݌)ܷ ;ݔ ,݌)ܨ ௞݌ (ݐ ݌݀ (ଵݐ =  න ;ݔ,݌)ܷ න ݌݀(ݐ ;݌,ݕ)ܷ ݕ݀(ݕ)݂ ௞ݕ (ଵݐ
ஶ

଴

ஶ

଴

ஶ

଴

 

                                                   =  න න ݕ݀(ݕ)݂ ௞ݕ ,݌)ܷ ;ݔ ,ݕ)ܷ (ݐ ;݌ ݌݀ (ଵݐ
ஶ

଴

ஶ

଴

 

                                                                       =  න න ݕ݀ (ݕ)݂ ௞ାଶ(௔ି௕)ାଵݕ ;ݔ,݌) ܷ ܩ (ݐ
ஶ

଴

ஶ

଴

,ݕ) ;݌  ݌݀ (ଵݐ

                                             =  න ;ݕ,ݔ)ܩ (ݕ)݂ ௞ାଶ(௔ି௕)ାଵݕ ݐ + ݕ݀(ଵݐ
ஶ

଴
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                            =  න ,ݕ) ܷ ;ݔ ݐ + ݕ݀(ݕ)݂ ௞ݕ (ଵݐ
ஶ

଴

 

   = ,ݔ)ܨ ௞ݔ  ݐ +  ,(ଵݐ

making use of the result of Theorem 2.3 and the equation (3.1). 

The change of order of integration in the above analysis is justified due to absolute convergence. 

Thus equation (3.4) is proved. 

Corollary: If ݐଵ → 0, then (3.4) yields the heat transform (3.1), formally. 

4. The inversion:  

In this section we shall find the inversion of the integral equation (3.4), and then deduce the 

inversion of the heat transform (3.1). 

Theorem 4.1: Let ݔ)ܨ,  be defined as above. If (ݐ

,ݔ)ܨ ௞ݔ ݐ + (ଵݐ =  න ;ݔ,݌)ܷ ,݌)ܨ ௞݌ (ݐ ,݌݀ (ଵݐ
ஶ

଴

 

then 

,ݔ)ܨ ௞ݔ                                          (ଵݐ =  ∫ ,݌)ܷ ;ݔ݅ ቀ௣ (ݐ
௧
ቁ
௞

,݌݅)ܨ  ݐ + ஶ݌݀(ଵݐ
଴                             (4.1) 

where ݐ, ଵݐ > 0, ܽ − ܾ > 0 − ଵ
ଶ

ߙ)   ,      − (ߚ > −1  ܽ݊݀  ݇ = ߙ − ߚ − (ܽ − ܾ). 

Proof: Now form (3.4), 

,ݔ݅)ܨ ௞(ݔ݅) ݐ + (ଵݐ =  න ,݌)ܷ ;ݔ݅ ,݌)ܨ ௞݌ (ݐ ,݌݀ (ଵݐ
ஶ

଴

 

or simplifying, 

ܽ௔ି௕ା௞ݔ݅)ܨ, ݐ + (ଵݐ =  
1
ݐ2  න ଷ௔ା௕ା௞݌  ݁ି൫௣మି௫మ൯ ସ௧⁄ ఈିఉܬ  ቀ

ݔ݌
ቁݐ2 ,݌)ܨ  .݌݀ (ଵݐ

ஶ

଴

 

If we put ݔ =  ,then above equation gives ,ݕݐ2

௞ା௔ି௕ାݕ ௞ାଷ௔ା௕(ݐ2)                                   
భ
మ ݁ି௬మ௧ ݕݐ2݅)ܨ, ݐ +  (ଵݐ

=  න(ݕ݌)ఈାఉ (ݕ݌)ఈିఉܬ 
ஶ

଴

௞ା௔ି௕ା݌ 
ଵ
ଶ ݌)ܨ, ଵ) ݁ି௣మݐ ସ௧⁄  ݌݀  ݁ 

which is the usual form of the Hankel type transform, and therefore on inverting gives 
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௞ା௔ି௕ାݕ                           
ଵ
ଶ ݁ି௬మ ସ௧⁄ ,ݕ)ܨ  (ଵݐ  

=  න(ݕ݌)ఈାఉ ܬఈିఉ(ݕ݌) (ݐ2)௞ାଷ௔ା௕ ݁ି௣మ௧ ݌ݐ2݅)ܨ, ݐ + ௞ା௔ି௕ା݌ (ଵݐ
ଵ
ଶ ݀݌.

ஶ

଴

 

Again, let ݒ =  and simplify to get ,݌ݐ2

,ݕ)ܨ ௞ݕ (ଵݐ =  න ,ݒ)ܷ ;ݕ݅ ቀ (ݐ
ݒ
ቁݐ

௞
,ݒ݅)ܨ  ݐ + .ݒ݀ (ଵݐ

ஶ

଴

 

 

Corollary 1: (3.4) can alternatively be written as                                                                     (4.2) 

,ݕ)ܨ ௞ݕ (ଵݐ =  න ,ݔ)ܷ ,ݔ)ܨ ௞ݔ (ݐ−;ݕ ݐ + ݔ݀ (ଵݐ
௜ஶ

଴

 

Corollary 2: Let ݐଵ → 0. Then 

lim
௧భ→଴

,ݔ)ܨ (ଵݐ =  (ݔ)݂

and the pair of heat transforms (3.4) and (3.5) reduce to respectively, 

,ݔ)ܨ ௞ݔ                                                     (ݐ =  ∫ ,݌)ܷ ;ݔ ஶ݌݀ (݌)݂ ௞݌ (ݐ
଴                                        (4.3) 

and  

(ݔ)݂ ௞ݔ                                                 =  ∫ ,݌)ܷ ;ݔ݅ ቀ௣ (ݐ
௜
ቁ
௞

,ݔ݅)ܨ  ஶ݌݀ (ݐ
଴                                    (4.4) 

formally. 

5. Operational calculus: 

By Taylor series expansion, we have  

,ݔ)ܨ ௞ݔ ݐ + (ଵݐ = ௞ݔ   ෍
௡ݐ

݊!  ൬
߲
൰ݑ߲

௡

௨ୀ௧భ[(ݑ,ݔ)ܨ]

ஶ

௡ୀ଴

 

                            =  ෍
௡ݐ

݊!  ൬
߲
൰ݑ߲

௡

௨ୀ௧భ[(ݑ,ݔ)ܨ ௞ݔ] 

ஶ

௡ୀ଴

. 

Since ݔ௞ ݔ)ܨ, (ݐ  ∈  that is ,ܪ

∆௫ [ݔ௞ ݔ)ܨ, [(ݐ =  డ
డ௧

,ݔ)ܨ ௞ݔ]  ,[(ݐ ∆௫  ≡  డ
మ

డ௫మ
+ ସ௔

௫
 డ
డ௫
− ௗమ

௫మ
. 

Thus from above, we have 
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,ݔ)ܨ௞ݔ ݐ + (ଵݐ =  ෍
௡ݐ

݊!  (∆௫)௡ ,ݔ)ܨ ௞ݔ]  [(ଵݐ
ஶ

௡ୀ଴

 

                                                                           =  ݁௧ ∆ೣ ൣ௫ೖ ி(௫,௧భ)൧. 

The heat transform (3.4), can now be written symbolically as,  

                                                       ݁௧∆ೣ[ݔ௞ ݔ)ܨ, [(ଵݐ = ,ݔ)ܨ ௞ݔ  ݐ +  ଵ),                                        (5.1)ݐ

where  

݁௧∆ೣ [(ݔ)߶]   ≡  න ,݌)ܷ ;ݔ .݌݀(݌)߶ (ݐ
ஶ

଴

 

Therefore the inversion of (5.1) is then 

,ݔ)ܨ ௞ݔ                                                   (ଵݐ =  ݁ି௧∆ೣ[ݔ௞ ݔ)ܨ, ݐ +  ଵ)],                                          (5.2)ݐ

where from (4.2), 

݁ି௧∆ೣ [(ݔ)߰]   ≡ න .݌݀(݌)߰ (ݐ−;ݔ,݌)ܷ
௜ஶ

଴

 

In particular if we let ݐଵ → 0, then formally, (5.1) and (5.2) reduce to the pair 

                                                           ݁௧∆ೣ[ݔ௞݂(ݔ)] = ,ݔ)ܨ ௞ݔ   (5.3)                                               (ݐ

and  

(ݔ)݂ ௞ݔ                                                           =  ݁ି௧∆ೣ ,ݔ)ܨ ௞ݔ]   (5.4)                                           ,[(ݐ

respectively, giving us a pair of heat transforms in operator form. 

Example 1: Let  

(ݔ)݂ =  .(ݔ)ఈିఉܫ ௞ି(௔ି௕)ିݔ 

Then its heat transform is (݌ܹܽ ݁݁ݏℎܽ[2012]݁ݎ), 

,ݔ)ܨ (ݐ =  ݁௧ ିݔ(௔ି௕)ି௞ ܫఈିఉ(ݔ)    , ߙ) − (ߚ > −1. 

Now, 

݁ି௧∆ೣ[ݔ௞ ݔ)ܨ, [(ݐ =  ݁ି௧∆ೣ  ൣ݁௧ ିݔ(௔ି௕) ܫఈିఉ(ݔ)൧ 

                                 =  ݁௧  ݁ି௧∆ೣ  ൧(ݔ)ఈିఉܫ (௔ି௕)ିݔൣ 

                                                       =  ݁௧  ෍
௡(ݐ−)

݊!

ஶ

௡ୀ଴

 (∆௫)௡  .൧(ݔ)ఈିఉܫ (௔ି௕)ିݔൣ 

But  
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∆௫ ൧(ݔ) ఈିఉܫ (௔ି௕)ିݔൣ  =  ,(ݔ)ఈିఉܫ (௔ି௕)ିݔ 

hence  

(∆௫)௡ ൧(ݔ)ఈିఉܫ(௔ି௕)ିݔൣ  = ,(ݔ)ఈିఉܫ (௔ି௕)ିݔ  ݊ = 0,1,2, …. 

and   

݁ି௧∆ೣ ,ݔ)ܨ ௞ݔ]  [(ݐ =  ݁௧  ෍
௡(ݐ−)

݊!

ஶ

௡ୀ଴

 (ݔ)ఈିఉܫ (௔ି௕)ିݔ 

where                                                               = (ݔ)ఈିఉܫ (௔ି௕)ିݔ  =  ,say (ݔ)݂ ௞ݔ

(ݔ)݂     =  , (ݔ)ఈିఉܫ ௞ି(௔ି௕)ିݔ 

as required. 

 

Example 2: Let  

,ݔ)ܨ (ݐ = 1. 

Then 

(ݔ)݂ ௞ݔ =  ݁ି௧∆ೣ [௞ݔ]  =  ෍
௡(ݐ−)

݊!

ஶ

௡ୀ଴

 (∆௫)௡   .    [௞ݔ] 

 

Now,  

∆௫ [௞ݔ]  =  ቆ
߲ଶ

ଶݔ߲ +  
4ܽ
ݔ  

߲
ݔ߲ −

݀ଶ

ଶቇݔ  [௞ݔ] 

                 =  (݇(݇ − 1) + 4ܽ݇ − ݀ଶ) ݔ௞ିଶ 

                                                                   = 0, 

since ݇ = ߙ − ߚ − (ܽ − ߙ) ݀݊ܽ (ܾ − ଶ(ߚ =  (ܽ − ܾ)ଶ + ݀ଶ. Therefore 

(∆௫)௡ [௞ݔ]  = 0  , ݊ = 1,2,3, … … …. 

and  

(ݔ)݂ ௞ݔ =  , ௞ݔ 

so that 

(ݔ)݂ = 1. 

Thus ݂(ݔ) = ,ݔ)ܨ  ݀݊ܽ  1 (ݐ = 1 gives us a pair of heat transforms which can be verified by 

evaluating the integrals (4.3) and (4.4).  
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6. Special Cases:  

Let ݀ = 0. The general heat equation (1.1) reduces to  

߲ଶݑ
ଶݔ߲ +  

4ܽ
ݔ  
ݑ߲
ݔ߲ =  

ݑ߲
ݐ߲       , 

which has the solution, from (2.3) as 

,݌)ܷ ;ݔ (ݐ = ,݌) ௔ି௕ܩ ଶ(௔ି௕)ାଵ݌  ;ݔ  .(ݐ

The heat transform (3.1) is then 

,ݔ)ܨ (ݐ =  න ସ௔݌ ,݌) ௔ି௕ܩ  ;ݔ ,݌݀ (݌)݂ (ݐ
ஶ

଴

 

called the Poisson-Hankel transform, and its inversion is given by  

(ݔ)݂ =  ∫ ସ௔݌ ௔ି௕ܩ  ,݌)  ;ݔ݅ ,݌݅)ܨ (ݐ ஶ,݌݀(ݐ
଴   (ܵ݁݁ [5]). 

If we let ݀ = ܽ − ܾ + ଵ
ଶ

= ߙ   ,0 − ߚ = − ଵ
ଶ
  then (1.1) reduces to  

߲ଶݑ
ଶݔ߲ =  

ݑ߲
ݐ߲    , 

the ordinary heat equation, whose source solution is  

;ݔ,݌)ܷ (ݐ = భమିܩ 
;ݔ,݌) (ݐ =  −

1
ݐߨ√

 ݁ି൫௣మା௫మ൯ ସ௧⁄ cosh ቀ
ݔ݌
ቁݐ2 . 

Also form (4.3) and (4.4), we have 

,ݔ)ܨ (ݐ =  
1
ݐߨ√

 න ݁ି൫௣మା௫మ൯ ସ௧⁄  
ஶ

଴

cosh ቀ
ݔ݌
ቁݐ2  ,  ݌݀ (݌)݂ 

and  

(ݔ)݂ =  
1
ݐߨ√

 න ݁൫௣మା௫మ൯ ସ௧⁄ cosh ቀ
ݔ݌
ቁݐ2 ,݌)ܨ  .݌݀(ݐ

௜ஶ

଴

 

Simbolically, the operator 

∆௫=  
߲ଶ

ଶݔ߲ =  ,    ଶܦ 

then (5.3) and (5.4) yield  

,ݔ)ܨ (ݐ =  ݁௧஽మ[݂(ݔ)] 

(ݔ)݂ =  ݁ି௧஽మ ,ݔ)ܨ]   [(ݐ
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which gives the Eddington solution of the ordinary heat equation (݌,4] ݊݋݀݀݁݊ܵ ݁݁ݏ. 85]). 
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