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ABSTRACT 
Pathway parameter and pathway model are introduced by Mathai (2005). The object of this paper is to 
derive the pathway model associated with the Aleph function  
When 1  , then main results can be reduced to Laplace transform. The results are derived in a closed 
and compact form. Some special cases are also discussed. A result given by Nair (2009) is deduced as a 
special case 
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INTRODUCTION 
Let f (x) ( , ) , , ( ) 0 ,L a b C      then left sided Riemann-Liouville fractional integral operator as 
defined as         
 

( )
x1α α 1(I f ) ( ) x t f (t)0 Γ ( ) 0

dtx


                                …(1) 

Where  .)( a   
 
Saigo hypergeometric fractional integral is defined as [See Kiryakova (1994), Saigo (1978). Samko, 
Kilbas & Marichev (1953)]  
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Two results associated with The Mathai pathway model are investigated in this paper, 
 
DEFINITION 1   Let   0a,0)(,C,)b,a(Lxf   and let us take a “pathway 

parameter” 1 . Then the pathway fractional integration operator is defined by Mathai (2005) 
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For more details which is an extension of the operator defined by (1) of pathway model and its application  
Mathai and Haubold (2007), (2008). For    , the pathway model for scalar random variables is 
represented by the following probability density function (p.d.f.) 
 
,    

                          


  11 x1a1xcxf                            …(4) 
 

where  c is the 
 

 normalizing constant and α is the pathway parameter. For real α , the normalizing constant is as follows : 
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It may be observed that for 1  it is a finite range density with   011 

 xa  and (4) remains 
in the extended generalized type-1 beta family. The pathway density in (4) , for 1 , includes the 
extended type-1 beta density, the triangular density, the uniform density and many other p.d.f.  
 
For 1  , writing  11   we have 
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which is the extended generalized  
 

type-2 beta model for real x. It includes the type-2 beta density,  the F density the Student-t density. the 
Cauchy density. 
 
Here we consider the case of pathway parameter for 1 . For 1  both (4) and (9) take the 
exponential form, since 
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When  ,1,0  a   is replaced by 1  in (3), it yields 
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and reduces to the left-sided Riemann-Liouville fractional integral in (1) 
 

LEMMA 1. Let     ,1
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 IfandCC  then 

there holds the result: 
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Aleph-function is discussed to Südland, Baumann & Nonnenmacher (1998), (2001) and Saxena & 
Pogány (2010) , this function is defined in the following manner  in terms of the Mellin-Barnes type 
integrals: [See Srivastava & Tomovski (2004)] 
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The integration path  ,iL L     extends from i to i     , and is such that the poles of   

 1 , 1,j ja A s j n     do not coincide with the poles of   , 1,j jb B s j m   . The parameters ,i ip q  

are non-negative integers satisfying the condition 0 ,  in p  1 , 0  i im q for  1,i r . The 
parameters , , , 0 , , ,j j ji ji j j ji jiA B A B and a b a b C  . An empty product in (14) is interpreted as 
unity. The existence conditions for the defining integral (13) are given below  

0, arg( ) 1, ;
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For 1 2 ... 1r      , in (13) the definition of following  I-function defined by Saxena (1982) is 
obtained   [Saxena & Pogány (2010),  p.982, eqn.(7)], 
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where the kernel   ,
, ,1;

m n
p q ri i

s  is defined in (14). The existence conditions for the integral in (19) are 

the same as given in (15) - (18) with 1, 1,i i r    [(see Saxena, Ram & Chauhan (2002)] 
If we set r = 1, then (19) reduces to the familiar H- function  [Saxena & Pogány (2010),  p.982, eqn.(8)], 
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where the kernel  sn,m
1;1,iq,ip  is defined in (14) ,which itself is a generalization of Meijer’s G-

function [Erdélyi, Magnus, Oberhettinger & Tricomi.(1953) p. 207] to which it reduces for 
....1... 11 qp BBAA   A detailed and comprehensive account of the H-function is available 

from the monographs written by  Srivastava, Gupta & Goyal (1982) , Kilbas & Saigo (2004) and Mathai, 
Saxena & Haubold (2010). 
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In  what follow, the Aleph function will be represented by the contracted notations n,m
r;i,iq,ip   [Z]  or 

][Z . 
Note : A detailed and comprehensive account of the H-function is available from the monographs Erdélyi, 
Magnus, Oberhettinger & Tricomi.(1953). 

Theorem 1. Let     .Rb,1and0,0
1

1,0,C, 










  Then for the 

pathway fractional integral  
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0P  the following formula holds: 
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Proof :-   Uning  equation (3) and (13), we have
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 and interchange the order of integration and evaluate the inner integral by beta 

function formula, it gives 
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Corollary 1.1  Let     1...andRb,1,0,0
1

1,0,C, r1 
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where  I (∙) is the I-function defined in Saxena (1982). 
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Corollary 1.2  Let     Rb,1,0,0
1

1,0,C, 










  and  

 r = 1 then corollary (1.1) redues to [8, p. 242] 
  

      
     


























 

i

i

q,1mjjm,1jj

P,1njjn,1jj,
0 B,b,1,...,B,b

A,a,1,...,A,a
tbP n,m

1,1,iq,ip
1t

 

 

    
 

   23...
,

1
,

,1,

)qB,qb(

)pA,pa(

1a

xb1n,m
1q,1pH

1a

1
1x














































 

where  H (∙) is the H-function defined in Mathai, Saxena & Haubold (2010). 
 

Corollary 1.3  Let     ,Rb,1,0,0
1
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Theorem 2. Let     .Rb,1and0,0
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  Then for the pathway fractional 

integral  
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Proof :-   Uning equation (8) and (13), we have
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where  I (∙) is the I-function defined in Saxena (1982). 
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where  H (∙) is the H-function defined in Mathai, Saxena & Haubold (2010). 
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