
International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online) 
An Online International Journal Available at http://www.cibtech.org/jpms.htm  
2012 Vol. 2 (1) January-March, pp.163-172/Saxena et al. 
Research Article 

163 
 

FRACTIONAL INTEGRATION OF THE ALEPH FUNCTION 
V/A PATHWAY OPERATOR 

*R. K. Saxena, J. Ram, J. Daiya 
 Department of Mathematics and Statistics, Jai Narain Vyas University, Jodhpur 

*Author for Correspondence 
 

 
ABSTRACT 
Pathway parameter and pathway model are introduced by Mathai (2005). The object of this paper is to 
derive the pathway model associated with the Aleph function  
When 1  , then main results can be reduced to Laplace transform. The results are derived in a closed 
and compact form. Some special cases are also discussed. A result given by Nair (2009) is deduced as a 
special case 
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INTRODUCTION 
Let f (x) ( , ) , , ( ) 0 ,L a b C      then left sided Riemann-Liouville fractional integral operator as 
defined as         
 

( )
x1α α 1(I f ) ( ) x t f (t)0 Γ ( ) 0

dtx


                                …(1) 

Where  .)( a   
 
Saigo hypergeometric fractional integral is defined as [See Kiryakova (1994), Saigo (1978). Samko, 
Kilbas & Marichev (1953)]  
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Two results associated with The Mathai pathway model are investigated in this paper, 
 
DEFINITION 1   Let   0a,0)(,C,)b,a(Lxf   and let us take a “pathway 

parameter” 1 . Then the pathway fractional integration operator is defined by Mathai (2005) 

   
        

 
 






















 


1a
x

0

,
0 dttf

x
t1a1xxfP

1

              …(3) 

 



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online) 
An Online International Journal Available at http://www.cibtech.org/jpms.htm  
2012 Vol. 2 (1) January-March, pp.163-172/Saxena et al. 
Research Article 

164 
 

For more details which is an extension of the operator defined by (1) of pathway model and its application  
Mathai and Haubold (2007), (2008). For    , the pathway model for scalar random variables is 
represented by the following probability density function (p.d.f.) 
 
,    

                          


  11 x1a1xcxf                            …(4) 
 

where  c is the 
 

 normalizing constant and α is the pathway parameter. For real α , the normalizing constant is as follows : 
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It may be observed that for 1  it is a finite range density with   011 

 xa  and (4) remains 
in the extended generalized type-1 beta family. The pathway density in (4) , for 1 , includes the 
extended type-1 beta density, the triangular density, the uniform density and many other p.d.f.  
 
For 1  , writing  11   we have 
 

   

                      1x1a11xcxf 







                                     … (9) 

 

  ,0,011,0,0,   xax

      )8(...1a
x

0
dttf1

x
t1a1xxf

,
0P 

 






 








 










































International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online) 
An Online International Journal Available at http://www.cibtech.org/jpms.htm  
2012 Vol. 2 (1) January-March, pp.163-172/Saxena et al. 
Research Article 

165 
 

which is the extended generalized  
 

type-2 beta model for real x. It includes the type-2 beta density,  the F density the Student-t density. the 
Cauchy density. 
 
Here we consider the case of pathway parameter for 1 . For 1  both (4) and (9) take the 
exponential form, since 
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When  ,1,0  a   is replaced by 1  in (3), it yields 
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and reduces to the left-sided Riemann-Liouville fractional integral in (1) 
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Aleph-function is discussed to Südland, Baumann & Nonnenmacher (1998), (2001) and Saxena & 
Pogány (2010) , this function is defined in the following manner  in terms of the Mellin-Barnes type 
integrals: [See Srivastava & Tomovski (2004)] 
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The integration path  ,iL L     extends from i to i     , and is such that the poles of   
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For 1 2 ... 1r      , in (13) the definition of following  I-function defined by Saxena (1982) is 
obtained   [Saxena & Pogány (2010),  p.982, eqn.(7)], 
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the same as given in (15) - (18) with 1, 1,i i r    [(see Saxena, Ram & Chauhan (2002)] 
If we set r = 1, then (19) reduces to the familiar H- function  [Saxena & Pogány (2010),  p.982, eqn.(8)], 
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where the kernel  sn,m
1;1,iq,ip  is defined in (14) ,which itself is a generalization of Meijer’s G-

function [Erdélyi, Magnus, Oberhettinger & Tricomi.(1953) p. 207] to which it reduces for 
....1... 11 qp BBAA   A detailed and comprehensive account of the H-function is available 

from the monographs written by  Srivastava, Gupta & Goyal (1982) , Kilbas & Saigo (2004) and Mathai, 
Saxena & Haubold (2010). 
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In  what follow, the Aleph function will be represented by the contracted notations n,m
r;i,iq,ip   [Z]  or 

][Z . 
Note : A detailed and comprehensive account of the H-function is available from the monographs Erdélyi, 
Magnus, Oberhettinger & Tricomi.(1953). 
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Proof :-   Uning  equation (3) and (13), we have
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where  I (∙) is the I-function defined in Saxena (1982). 
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where  H (∙) is the H-function defined in Mathai, Saxena & Haubold (2010). 
 

Corollary 1.3  Let     ,Rb,1,0,0
1

1,0,C, 










  

1and1a,0   then theorem (1) reduces to 
  

    
     





























 
 

i

i

q,1mjjjm,1jj

P,1njjjn,1jj

0 B,b,...,B,b
A,a,...,A,a

tbI n,m
r,i,iq,ip

1t

 

 

 

 
 

 






























































iq,1mjB,jbi,...,,1,
m,1jB,jb

iP,1njA,jai,...,
n,1jA,ja,,1

xb1n,m
r;i,1iq,1ip

1x

. . . (24) 

 
Theorem 2. Let     .Rb,1and0,0

1
1,0,C, 











  Then for the pathway fractional 

integral  


,
0P  the following formula holds: 

   

 1 , , , , . . . , ,11 1 1, 1,1 0 , 1
1, 1, ; 11 1 01 1 0 , , , ,. . . , , 1,1 01,

a A a Aj j j j jx n n Pbxm n i
p q ri i i b B b Bj j j j j m qm i

   


  
  

                                                       



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online) 
An Online International Journal Available at http://www.cibtech.org/jpms.htm  
2012 Vol. 2 (1) January-March, pp.163-172/Saxena et al. 
Research Article 

170 
 

  

 





















































































iq,1mjB,jbj,...,
m,1jB,jb

ip,1njA,jaj,...,
n,1jA,ja

tbn,m
r,i,iq,ip

1t,
0P

 

 

   

     
   

1 , , , , . . . , ,1
1 , 1,1 , 1

1, 1, ;
11 , , , , . . . , ,

1,11 ,

a A a Ax j j j j jn n pb xm n i
p q r ai i ia b B b B

j j j j j m qim

    


     


  
  

 
   



            
               …(25) 

Proof :-   Uning equation (8) and (13), we have
 

 

   
 

 
 





















































1

0
,

;,,2
11111Ω  





 a
x

dtds
s

bt
L

snm
riiqipx

tatx
    

 

      
 




















 




 
1a

x

0

1s1

L

s dt
x

t1a1tdsb
2

1x sn,m
r;i,iq,ip

 
 

Put 
  V
x

t1-αa-
  and interchange the order of integration and evaluating the inner  intergral by 

beta function formula, it gives 
 

          
































 


 1
1

;β
1

,
;,,2

1








 s

s

a
xds

L

sbsnm
riiqipx

 

  
     

   







 































 







s
1

1

1
1

ss

1a
xds

L

sbsn,m
r;i,iq,ip2

1

1a

xx

 

 

  
 

 
 

ds
s

1
1

s
s

1a

xb

L
sn,m

r;i,iq,ip2
1

1a

1
1x







 


























 


















 

 



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online) 
An Online International Journal Available at http://www.cibtech.org/jpms.htm  
2012 Vol. 2 (1) January-March, pp.163-172/Saxena et al. 
Research Article 

171 
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where  I (∙) is the I-function defined in Saxena (1982). 
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where  H (∙) is the H-function defined in Mathai, Saxena & Haubold (2010). 
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