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ABSTRACT

Pathway parameter and pathway model are introduced by Mathai (2005). The object of this paper is to
derive the pathway model associated with the Aleph function

Whena — 1 , then main results can be reduced to Laplace transform. The results are derived in a closed

and compact form. Some special cases are also discussed. A result given by Nair (2009) is deduced as a
special case
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INTRODUCTION
Let f(x)eL(a,b),a €C ,R(a)>0, then left sided Riemann-Liouville fractional integral operator as
defined as

1 X _
('8+f)(x)=r(a)é‘x‘“a 't @ dt e

Where R (a)>a.

Saigo hypergeometric fractional integral is defined as [See Kiryakova (1994), Saigo (1978). Samko,
Kilbas & Marichev (1953)]

x “F 3 - t
)I(X—t) 2F1(a+,8,—17;a ;1—¥)f(t)dt R(a)>0 ...(2)
0

(1527 D0 =1

Two results associated with The Mathai pathway model are investigated in this paper,

DEFINITION1 Letf(x)eL (a,b),n e C,R (n)>0,a >0 and let us take a “pathway
parameter” oL < 1. Then the pathway fractional integration operator is defined by Mathai (2005)

pire) 00" | o P IO

0 X
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For more details which is an extension of the operator defined by (1) of pathway model and its application
Mathai and Haubold (2007), (2008). For ER(OL) , the pathway model for scalar random variables is
represented by the following probability density function (p.d.f.)

B
f(x)=c \X\H [1—a(1—oc)\x\8 ]1“* (4

~®o <X<», &§>0, p>20,1-al-a)|x|>0,y >0, wherecisthe

normalizing constant and a. is the pathway parameter. For real o, the normalizing constant is as follows :

o S[a(l—oc)]%l“{g+l_ﬁa+l} . o 5
=3 ” - B » , a . ... (5)
il ot
4
= B
s[a(a -1)]s r[ }
_1 a-1 , for L—1>0,oz>1. ... (6)
2 F[V}F[ﬁ_?/} 1-a 6
o a-1 o6
Y
o
=%Mfor oa—1. ...(7)

It may be observed that for ot < 1 it is a finite range density with 1—a (1—a) |x|5 > 0 and (4) remains

in the extended generalized type-1 beta family. The pathway density in (4) , for a <1, includes the
extended type-1 beta density, the triangular density, the uniform density and many other p.d.f.

For oo > 1 ,writingl— o :—(oc —1) we have

(Pgl’ a) fj (x)=x" ;0“"‘(“‘1) [1+M}(0? T t() at .. (®)
f(x):c|x|y_1[1+a(a—1)|x|8}_% .. (9)
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— o <X< oo, &>0, =0, o >1, whichistheextended generalized

type-2 beta model for real x. It includes the type-2 beta density, the F density the Student-t density. the
Cauchy density.

Here we consider the case of pathway parameter for oo < 1. For o0 — 1 both (4) and (9) take the
exponential form, since

n
lim ¢ x| [1- al-oa)|x|® |7 = Li_rﬂc|x|yfl[1+a(a—1)|x|5 "o
- 1 —an
=lim c|x['""e ... (10)
a—1

When a=0,a=1, n isreplacedby n —1 in (3), it yields

n —LX —t)"
(|0+f)(x)—r(n)£(x RO RN

and reduces to the left-sided Riemann-Liouville fractional integral in (1)

LEMMA Ll LetneC,%(n)>0,8eCand a <1 If m(ﬂ)>o,m[l’7 j>—1,then
04

there holds the result:

(NP TE)T [1+ _”a}

1

[a(l_a)]ﬁr[ﬁ+ﬁ+1} ... (12)

pg],a)[xﬁ_l} _

+

Aleph-function is discussed to Sudland, Baumann & Nonnenmacher (1998), (2001) and Saxena &
Pogany (2010) , this function is defined in the following manner in terms of the Mellin-Barnes type
integrals: [See Srivastava & Tomovski (2004)]

(a.,A.j ..... [r(a. AH
J Jl,n ) J n+1’Pi

n
jQp_q_T_.r(s)z
(b.,B.j [r(bBH 2o LA
J J1,m n Jm+1,qi

forall z#0, w=+-1 and

-S

m,n
N[Z] =N plg v | Z ds ... (13
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]ﬂ[r(bj + Bjs).f[r(l—aj - A;s)

Pl Q| i (S) r j:lqi = n e (14)
Yo [1T(a-b;-B;s). [ ] T(a;+A;s)
=l j=m+l j=n+1

The integration path L=L,  ,y € R extends fromy —ico to y +ico, and is such that the poles of
1"(1—aj - Ajs), j =1,n do not coincide with the poles of 1"(bj + Bjs), ] =1,m. The parameters p;, 0
are non-negative integers satisfying the condition 0<n<p, 1<m<gq,r >0 for izl,_r. The

parameters A;,B;,A;,B;>0 and a;,b;,a;,b;e C. An empty product in (14) is interpreted as
unity. The existence conditions for the defining integral (13) are given below

@ >0, |arg(z)|<%goI I=Lr; (15)

@, >0, |arg(z)|<£qo, and R{¢ }+1<0, (16)

where ¢, = ZA +ZB —T|£Z A+ Z B J (17)
j=n+1 j=m+1

Zb Za +r,[2b Za} —q) I=Lr. (18)

j=m+1 j=n+1

For 7,=7,=..=7,=1, in (13) the definition of following I-function defined by Saxena (1982) is
obtained [Saxena & Pogany (2010), p.982, eqn.(7)],

2rw YL piGiLr

m,n (a-,A-)n """ (a-,A-)m_ ' ) 1 m,n s
| .gioe [z]= Npqlr[z] Np.q,lr|: J,?l’ H l’p'} =1 Q (S)Z ds (19

where the kernel FITi]:gi 1r (S) is defined in (14). The existence conditions for the integral in (19) are

the same as given in (15) - (18) with 7, =1, i=Lr [(see Saxena, Ram & Chauhan (2002)]
If we set r = 1, then (19) reduces to the familiar H- function [Saxena & Pogéany (2010), p.982, eqn.(8)],

ap,A
( P p) 1 m,n —s
H[z] =xT == ' . d
2] pI qIT rlzl= pl ql Tl (bq,BQ) 2w | pi’qi’Ti’r(s)Z > - (20)

where the kernel m’ra 11 (3) is defined in (14) ,which itself is a generalization of Meijer’s G-
i 1 i =

function [Erdélyi, Magnus, Oberhettinger & Tricomi.(1953) p. 207] to which it reduces for

A =...=A,=1=B, =...=B,. Adetailed and comprehensive account of the H-function is available

from the monographs written by Srivastava, Gupta & Goyal (1982) , Kilbas & Saigo (2004) and Mathai,
Saxena & Haubold (2010).
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In what follow, the Aleph function will be represented by the contracted notations N pmr:q ot [Z] or
(RO A

N [Z].

Note : A detailed and comprehensive account of the H-function is available from the monographs Erdélyi,

Magnus, Oberhettinger & Tricomi.(1953).

Theorem 1. Let n,peC ,ER(B)>O,SR[1+1LJ>O,iR(p)>0and a<1,beR. Then for the
—a

pathway fractional integral PO(E ) the following formula holds:

0 rfae ) b
1-a m,n+1 bx

[al-a)P pi+lﬂi+lﬁ;raaaﬁs(%’BLL,m’[plna’ﬁ)'.”{rj(%’BJ}m+Lqi ...

Proof :- Uning equation (3) and (13), we have

|_X,,j[a<1“>}tp{1_M}[”] L _[Qrgi”nqi’f_;r(s)(btﬁ)_s ds dt

0 X 2 H (0] i
X
a(l-a) (1) [177 ]
1 m,n -S p—ps-1 a(l-a)t |-«
X! S TTe IJ_ Q i 7 ’r(s)(b) ds [ t [1 < dt
a(l—a)t : : : N
Put = V and interchange the order of integration and evaluate the inner integral by beta

.[1 Vp—ﬁS—l [1_\,]@

167



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)
An Online International Journal Available at http://www.cibtech.org/jpms.htm
2012 Vol. 2 (1) January-March, pp.163-172/Saxena et al.

Research Article

n 1 m.,n _3 X PP n
- 2Hw{QPi11qi'Ti;r(s)(b) * {a(l—a)} B{(p—BS);[l_a+lJ]
x' x m,n - X P rp-por j]OL +
:[a(ln—a)§9 Zrllwigpi:qi'fi?r(s)(b) @ L(l—a)} F[“lﬂ[jpﬁsjj
xNM+tPprf14 1 S
- [a(lganl;aj it %7y L(lb—f)ﬁ} r(ljffﬁﬁsj )
_Xn+p r[“lixj et 0B (1-p,p) (al Aljl,n ..... {rj (aj Alﬂml, ;
o RN o) (0] [y

Corollary 1.1  Let n,peC,‘R(B)>O,‘.R(1+1nj>0,‘.R(p)>0,oc<1,beR and ty=...=t,=1 then
-

theorem (1) reduces to

CENRRERICE)]
P(()n,oc) tp—lxm,n . st 1,n n+1,pi
SR L S S )
I Pl o m ') m+1,q,
_XH+P r(1+1—naj m,n+1 bixl3 t-e.B) (aj ’Ajjl, n’ “"[(aj ’Ajﬂ n+1, P
a(-a)P Pi Lo LT a1 o)f (bj,Bjjl,m,(—p—lix,ﬁj ,,,,, [1’(bj’Bjﬂm+Lqi . (22)

where 1 (¢) is the I-function defined in Saxena (1982).
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Corollary 12 Let 1,p e C,R(B) >0, sn(1+1”]>o, R(p) >0, a<lbeR and
—Q

r =1 then corollary (1.1) redues to [8, p. 242]

ot oo o s

pi,qi,l,l J’Bj)l,m""’[l’ (b- B)]

n+p o
§ F(1+1_(J ymn+l bx? (ap’Ap) ’(1_p’B) (23

paap P 8| €8 (ot

l-a

where H () is the H-function defined in Mathai, Saxena & Haubold (2010).

—a
a=0, a=1and n =1 -1 then theorem (1) reduces to

Corollary 1.3 Let y p e C ,SR(B)>O,ER(1+1T] )>0,SR(p)>O,a<1,beR,

0+

|1 P -1y mon {btﬁ‘ (aj ’Aj)l,n’---’[Tj (aj ’Aj)]n+1,p_
Tl

p; .4

p+n-1 n-1 (1-p, ﬂ),(a. ,A.j ..... [r. (a. Aﬂ
X F[1+1_Oj — by J A, n UANE I VAT |::

[1(1_0)},0 p|+1,qi +1,Ti;r 1(1—0)ﬁ (bj ’Bjjl ’[_p_n_l’ﬂj’_”,[fj (b. Bjﬂ

1-0 I

=P~ L py) M0 B‘ (1_p’B)’(aj ’Aj)l' n “.’[Ti (aj ’Ajﬂ n+1,P

P+l +Llyr
e RO

... (24)

Theorem 2. Let ;) s c %(B)>0, m[l_ n j> 0,%(p)>0and a>1,beR. Then for the pathway fractional
a_

integral PO(E ) the following formula holds:
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p(n,Ot) tp—lxm,n btP J ’
:me r(lanlj . a (1p,ﬂ),(aj,Aj)Ln,..-,[fj(aj,Aj)}nu,pi
[a(e-1)” AT (e (bj’BJ)l,m’(anlp’ﬂj"“’[TJ(bJ’BJ)}m”'qi ..-(25)

Proof :- Uning equation (8) and (13), we have

X n s
_npmale ) ol ale=t]-(g-1) L [ om.n ( ﬁj_
O =x jO P 14 S [ ]Zle{Qpi’qi’Ti;r(S) bt ds dt
_xn famn (S)b) ™ ds ja(xal)]tplﬁs [1+—a(°‘_1)t}(2” dt
- 2[lw pi’qi’ri;r 0 X
-a(a-1)t | o o
Put = V and interchange the order of integration and evaluating the inner intergral by
X
beta function formula, it gives
. p - PBs
. m,n -3 X _ . n
Qa0 e [ B[(p ps) [_(a_l)ﬂﬂ
- _ n
S e T ) e | SRl ey,
Fa(@-1)] P 2o Pjgj. 7T —a(a-1) F(l_ n
o

) + p—BSj
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AR 1_£ - Y (1‘P'ﬂ)'(aj 'Aj)l,n’ ""[Ti(aj ’Ajﬂn+1,pi
P p. +1q. +Lzir| o \B
[-a(a-1)] AT el 'Bj)llm'(;_l‘p'ﬂj’” BRI M
Corollary 2.1 Let 4, peC,R(B)>0, gn(l_nl)> 0,%(p)>0,a>1ber and 1,=...=1,=1
o—
then theorem (2) yields
pire) tP —1 MmN 1|0t X ,Aj)l’n’m,[(aj ’Aj)] o
pifqiy 7r (bj ’Bj)l,m’...,[(bj’Bj):|m+l’qi
R N N B Ll
- ~ p.+l0 +1;r| _lﬂ .
[-a(a l)}p (N a(a-]) (bj ’Bj)l, m’(ﬁ-_p’ ﬂj '''' ij ’Bjﬂ m+1,q,

where 1 (¢) is the I-function defined in Saxena (1982).

Corollary 2.2 Let ) 5 C R(B)>0, 9%(1—11J>0 ,R(p)>0,a<lbeR andt,=...=t,=1 and we
a_

set r = 1 then corollary (1.1) reduce to

m,a) p-1., m,n
P t N _
0+ 1.1

pi'qi' ) —a(a—l)ﬂ

o F(l_ozj m,n-+1 bxP (a Ap) , (1-p,B)
- [_a(a—l)]pl Hp+1,q+1 ﬂ (bZ,Bq) ’(oifp’ﬁj (27

where H () is the H-function defined in Mathai, Saxena & Haubold (2010).
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