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ABSTRACT
A theorem on index summability factors of Fourier Series has been established.
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INTRODUCTION
Let Zan be a given infinite series with the sequence of partial sums {Sn}. Let {p.} be a
sequence of positive numbers such that

(1.1) P,=>p, o> asn->ow(P,=p,;=0izx1).
v=0
The sequence-to-sequence transformation
l n
(1-2) tn = _Z PnoyS,
Pn v=0

defines the sequence of the (N, p,)mean of the sequence {S,}generated by the sequence of

coefficients{ p, } .

The series Z a, is said to besummable‘N , P, ) Jk>1 | if
P k-1
% k
(1.3) Z [ - ) t, - tn—1‘ <o
n=1 pn

When p, =1foralln and k=1,|N,p,| summability is same as [C,] summability.For
k=1,|N, p,|, summability is sameas |N, p, |- summability.

The series Z a, is said to be summable ‘N, pn;é‘k , k=1,6>0,if

(1.4) >

S k+k-1
( n J
n=1 pn

t

‘k

n_tn—l < ®© .

Whens = 0,a = 0,‘N , pn;5‘k -summability is the same as ‘N : pn\k -summability.

i3
P

The series Z a , is said to be summable ke >1 if

k
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15 f| - :
49 2 (m] (m]
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GIRE
In the case when f a | = ,
Py Py

‘N , pn;é‘k summability.

t, —t

n n-1

i3
Py

Let f(t) be a periodic function with period 27 and integrable in the sense of Lebesgue

k
<o

- summability is same as

k

over (—7[,7[). Without loss of generality, we may assume that the constant term in the Fourier series of
f (t) is zero, so that

(1.6) f(t)~ i (a,cosnt+b,sinnt) = i A, ()

Known Theorem:
Dealing with‘ﬁ, P,

theorem:
Theorem-A:

If {An} IS @ non-negative and non-increasing sequence such thatz p, A, < oo, where {pn} is a

o k >1, summability factors of Fourier series, Bor [1] proved the following

n
sequence of positive numbers such that P, — c as n — oo and z P, A, (t) = 0(P,). Then the factored

v=1

Fourier series ZAn (t) P, 4, is summable ‘N, p,|, k=1.

kl
We prove an analogue theorem on |N, pn|k - summability, k > 1, in the following form:

Main Theorem:
Let {pn} is a sequence of positive numbers as defined in (1.2) such that

P=p, +p,+...+p, >0 as n—oo and {An} IS & non-negative, non-increasing sequence such
that > p, 4, < oo .If

(3.1) M. P AM®=0F,)
- p k p k-1
. X Tn T pn—v—l _ pv 0
(3.2) (ii). Zl {f( o B (DJ (—Pnl J = o( P J as m—
and
(3.3) i) P, A4 =0(p, ., 4, )

then the series ZAn (t)P, A, issummable

e
Py

k
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Required Lemma:
We need the following Lemma for the proof of our theorem.

Lemma [1]:

If {An} IS & non-negative and non-increasing sequence such that Z P, A, <o, where {pn} is a
sequence of positive numbers such that P, ->casn—>ow then P, A, =0(1)asn—> o and
Z P, AL, <.

Proof of the Theorem:

Let t, (x) bethen-th (N, p,) mean of the series »_ A (X) P, 4,, then by definition

n=1
we have
ORI NCLES
Pn v=0
iZA(x) P2, Y P
Pn r=0 v=r
1 YAMXP P2, .
P, =
Then
n n-1
t, (X) -t (X) = Z I:)n—r I:)r j“r Ar (X) - Pi I:)n—r—l I:)r j“rAr (X)
r=0 n-1 r=0

Pn Pn71 r=1
= 1 |:nl A{(Pn—r Pn—l - Pn—rfl Pn )Ar}(i Pv A\/(X)J:| with pO = 0 .
Pn Pn—l r=1 ~
1 n-1
- P,P.; |:r=1 (pnfr Poa = P By )Ar P,

n-1
+ Z(pn—r—l P.-P._ pn) P, Aﬂ,r}
-1

=T+ T, + T3 +T,,,say.
In order to complete the proof of the theorem, using Minkowski’s inequality, it is sufficient to show that
k k-1
2 P P .
3 f(—”} (—J T, <o, fori=1234.
n=1 pn pn

n,i
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Now, we have

m+1 k k-1 m+1
SENG) S
n=2 pn pn n=2 pn

k 1

Il
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p—
> 3
LME
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N—
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=]
p=l
L

=0() Zm: p, 4, (Using 3.2)

v=1
=0(), as m— o0.

NgF:
3
A

IA

K [nzl Pnva (Pv j‘v k

p k p k-1
&)E)
pn pn n-1

v=1

m+1
)3
n=2
m+1 P k k-1 1 ot ( )k—l
= fl— . n-v v v v ﬂ‘v
2 [pj[pj P“;p B
n-1 m+1 P k P k-1 p .
= oY P, 4, || || | B
()VZ; ”;rl[ [pnjj [pnj [ Pn—l j

= O(l)ni P, A,, Using (3.2)

v=l
=0(@1),asm —>w,
Now,

1) &
r(Emere) (7

P, AP 2

v

S () () -8 (3] ()6
(e

v

[Z Poy

w}

1 o4 k-1
anvj

n v=l

)k—l
v

1 k
)k (anvl % vj
r]nl k-1
[Pnlgpnvlj
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m n-1 P k P k-1 Py
=0(1 P, AA fl| — _n Mova
ofn w8 () (5] (%)

= O(l)zm: P, AA, ,using (3.2)

v=1

=0@), m—> .
Finally,

m+1 o] k o] k-1 ‘ m+1 k o] k-1 p K /na “
fl T = fl - - —n P, P, , A4,
S5 () -SG5 (5] (8 v sn)

m+1 k k-1 n-1 “
<oy | f L ! X ( P pPoi Ay j , using (3.3)
n=2 P, P, (Pnfl) V-1

k k-1

m+1 P P 1 n-1 K 1 n-1

<o | fl—=|| |=~| =—> P —

< O( )n=2 pn pn Pn71 ~ pn—v—l( v ﬂ“v) (P pn—v—l J

n-1 v=1
m+1 P k P k=1 1 o
=O(1) fl — — - pnfv— I:)v j‘v
2 p.)) \p.) P 2, Poos

= 0(1), as m — oo, as above

This completes the proof of the theorem.
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