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ABSTRACT
In this paper we give improvement to the result of [3] concerning absolute summability of infinite series.
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INTRODUCTION
Let T be a lower triangular matrix, (s ) a sequence, and

Ztm v (1.1)

A series Y_a, is said to be summable |T|k, k >1, if

S AT, [ < o, (1.2)
n=1

— N

Given any lower triangular matrix T one can associate the matrices T and T, with entries defined
by
—_— n ~ —_— —_—
=>ty, ni=012., t,=f,-f,,

i=v

respectively. With s :z al

—0 1"
n

t Zn:tnvsv Ztnvza _Zn:aiﬂ“izn;tnv = Z ni =i |' (13)

v=0 i=0

Y _t _t Ztnl 17 nz llalﬂ'l Ztnl 177 as fn—l,n :0' (14)
i=0

Wecall T atriangle if T is lower triangular and t_, = O forall n.
We assume that (pn) is a sequence of positive real numbers such that
P,=p,+pP,+...+ p, >0 as n—>oo.

In the special case when t, = p, /P,, summability [T| reduces to

Rhoads and Savas (2005) proved the following result

Theorem 1.1. Let A beatriangle with nonnegative entries satisfying
(i) a,=1 n=01..,

(i a,,, =a, fornzv+]

(i) na, =0(), 1=0(na,,),
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V) 2B =0 (@)
If (X n) is a positive monotonic nondecreasing sequence such that
W) |4[X, =0(@),

(vi) Y. nX,|A’A,
ek 1
vi) D a,ft,[ =0(X,), where t, = n+1k2=;kak,

then the series »"a, 4, is summable |A , k >1.

a‘n,v+l

=0(D),

The object of this paper is to give two improvements to theorem 1.1 as follows
1. By weakening the condition (v) ,
2. By weakening the condition (vii),

Main Result
In what follows we prove the following

Theorem 2.1. Let A be atriangle with nonnegative entries satisfying
(i) a,=1 n=01..,
(i a,,, =a, fornzv+]
(i) na, =0(), 1=0(na,,),
V) D 2w[8n]=0@).
m+1 k-1 k_
v) Zn:wln o O(l)
If (X n) IS a positive monotonic nondecreasing sequence and if (An ) IS a sequence of constants satisfying
(i) 4,=0(1),
(vii) " nX |A’A,

a‘n,v

A

an,v+l

=0(D),

m nnin| _Ln
(i) D oTE =0(X,,), where t”_n+1kz=;‘kak’

then the series »_a, A, issummable |A , k >1.

It may be mentioned as well that whenever X  — oo, condition (viii) of theorem 2.1 is weaker than

condition (vii) of theorem 1.1. For if (viii) of theorem 1.1 is satisfied, then X & — oo implies that

A, =0, while if A, =0, then by choosing
ﬂ’n _ n—l/Z, Xn _ ne+(1/2), e> 0,

we obtain |4, X, = O0(n%) = O(1).

87



International Journal of Physics and Mathematical Sciences ISSN: 2277-2111 (Online)
An Online International Journal Available at http://www.cibtech.org/jpms.htm
2011 Vol. 1 (1) October-December, pp.86-92/Sulaiman

Research Article

Although we add conditions (v), but this condition with (vi) caused for no losing powers via the proof.
As an example in the proof of theorem 1.1, |}Ln|k71 has been replaced by O(1), and this is not the case in
theorem 2.1.

Lemma 2.2. Condition (viii) of theorem 2.1 is weaker than (vii) of theorem 1.1

Proof. If (viii) holds, then we have

n At (1 )&
55 ol g Bt ot
while if (vii) is satisfied then,
m m ann
D ault = D
n=1 n=1Xn
_ n k
S5 o [$ 2 s
n=1\{ v=1 n=1
=o(1)m§x |+ 0(X, )X
n=1
= 0(X, )3 (X2 - x!) + O (x2)
n=1
= 0(X, )(XEE =X, )+ 0(x¥)
= o(xf )¢0(x ), for k >1.

Lemma 2.3. Conditions (vi)-(vii) of theorem 2.1 implies

nX,|AZ, |= O(@), (2.1)

anIMn|< ®, (2.2)
and (2.2) implies "

A, X, =0(). (2.3)

Proof. Since A, — 0, then AA, — 0, and hence

X, [A, | = aniA|AAV| -0Q) nxniwz

pIIVEE Z(Zx jA|AA | +(Zx jm |

n=1 \ v=

= 0().

O@ZM
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N2, | +O@)mX ,[A2,|= O ()

m-1
=0(1)> nX,
n=1
As A, =0,

[X, = X, A4 =0 S X,[a4] =0@).

Lemma 2.4. Under the conditions of theorem 1.2,

n-1
A4, =0(a,,), (2.4)
v=0

m+1
Y A4, =0(@,). (2.5)
n=v+1

m+1

2

n=v+1

- 0(). (2.6)

a‘n,v+1

For the proof see [3].

Proof of Theorem 1.2.

Let Y, denote the nth term of A-transform of the series Z a, 4, , then

A

Yn:=zn:é Aa :Zn:vaVaL/IV

v=0 v=1 \Y
n-1/ v é‘_ ﬂ. n a ﬂ.
V=1 \r=1 v V=1 n
nt 1 . 1 ~ 1 . n+1
= Z(V +1) tv anvﬂ“v + Avanvﬂ“v + an v+1Aﬂ“v + tnannﬂ“n
—rl v(v+1) v+1 v+1l 7 n
LY A R R n+1
= _tvanvlv + tvAvanvj“v +tvan v+lAle + _tnannln
2 \V ' n

vV
=Y, +Y, +Y s +Y,,.

In order to prove the Theorem, by Minkowski's inequality, we have to show that

k1 k .
DYl <o, j=1234.
n=1
By Holder's inequality,
m Kt K m Kt n-1 1 " k
z n |Yn1| = z n _tvanvj‘v
n=2 n=2 V=
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n=v+1

[

omZW”m«xmw

V

“ow% b

rr C aVVth
0(1)ZA|/1 |§_1: |k| +0( [4,| 2%

= 0(1)Z|A,1V| X, + O|4,| X,
—0Q).
in view of (iv), (2.2) ,(2.3) and (2.6) .

k

VTV TVt

DL

n=2 n=2
o 1 k-1

<3 ;Hmku[zmmﬂ

['e]

-0 (ra ) S 1 du )

=2

=0 1A > nd,)

n=v+1

- 0wyl la
v=1

=0(Q),
as inthe case of Y, .
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nkf 1| | Xlk

V.

3

M

<

n v+l

- k-1
“Iaa, [z X, |Aiv|j

(a4,

||
N
Il
JuN

n
m

o) Z 1Z|t | X la

= 0(1)Z|t X[, an I

n=v+1

0(1)2 W| | v|AZ,|

n V+1

3

n,v+1

_o(1)zA(v|M )y x|k| + O mAL, |Z W| |

r=1 r v

= 0(1)ZXV|MV| + O(l)Zv X, |A?
_oQ). N

in view of (2.1), (2.2), (v), and (viii) .

k
n+1t a i

n=nn®n

DZ“WVaMI

= 0(1)Zam|tn| 4. =0,

as in the case of Y,

This completes the proof of the Theorem .

Corollary 2.5. Let

() np, =0(R,), B,=0(np,),

k
(i) Z;"zmn“(Pij J =o(/r)).

n' n-1

If (X n) IS a positive nondecreasing sequence and the sequence (An) is satisfying conditions (vi)-(vii)
of theorem 2.1, and

m pn tn ‘
s P >|<k|1 =0(X,,), @2.7)
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then the series Zanin is summable ‘N, P,

, k>1.
k
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