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ABSTRACT
We obtain infinitely many non-zero integer quintuples (X, Y, z,w, p) satisfying the Biquadratic equation

with five unknowns 2(x3+y3):(k2+352)(22—W2)p2. Various interesting relations between the

solutions and special numbers, namely, polygonal numbers, Pyramidal numbers, Star numbers, Stella
Octangular numbers, Octahedral numbers, Four Dimensional Figurative numbers, Centered polygonal
and pyramidal numbers are exhibited.

Key words: Biquadratic equation with four unknowns, Integral solutions, polygonal and pyramidal
numbers, Four Dimensional Figurative numbers, Centered polygonal and pyramidal numbers
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NOTATIONS:

Tm.n -Polygonal number of rank nwith size m

P Pyramidal number of rank n with size m

SO, -Stella octangular number of rank n

S|, -Star number of rank n

GNp, - Gnonomic number of rank n

OH,, - Octahedral number of rank n

Jp, -Jacobsthal number of rank n

Jn - Jacobsthal-Lucas number of rank n

KY), -keynea number of rank n

PR, - Pronic number of rank n .

F4.n 3 - Four Dimensional Figurative number of rank n whose generating polygon is a triangle
F4.n 4 - Four Dimensional Figurative number of rank n whose generating polygon is a square
CPn,3 - Centered Triangular pyramidal number of rank n
CPn,e - Centered hexagonal pyramidal number of rank n

CPn,7 - Centered heptogonal pyramidal number of rank n

CR, 10 - Centered decagonal pyramidal number of rank n
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INTRODUCTION

The theory of Diophantine equations offers a rich variety of fascinating problems. In particular
biquadratic Diophantine equations, homogeneous and non-homogeneous have aroused the interest of
numerous mathematicians since antiquity (Carmichael 1959, Dickson 1952, Mordell 1959, Telang 1996)
In this context one may refer Gopalan et al., (2009, 2010 a,b,c, 2012) for various problems on the
biquadratic diophantine equations with four variables. Gopalan and Kaligarani (2009) have discussed the
problem on biquadratic Diophantine equation with five unknowns. This paper concerns with yet another
problem of determining non-trivial integral solutions of the non-homogeneous biquadratic equation with

five unknowns given by 2(x3 + y3) = (k2 +352)(z2 —W2) p2 A few relations among the solutions are
presented.

MATERIALS AND METHODS
Method of Analysis

The Diophantine equation representing the biquadratic equation under consideration with five unknowns
is given by

2063+ y3) = (K% +352)(z2 —w?) p? (1)
Introducing the linear transformations
X=U+V,y=U-V,Z=U+l,w=u-1, @)
in (1) it simplifies to
u? +3v? = (k% +3s%) p? 3)
The above equation (3) is solved through different approaches and thus, one obtains distinct sets of
integer solutions to (1)
Casel: k?+3s? Is Not A Perfect Square
Approachl: Let p= a’ +3p° 4)
Substituting (4) in (3) and using the method of factorisation, define
(U+i3v) = (k +i/3s)(a+iv/3b)?
Equating real and imaginary parts, we have
u=k(a®—3b%)—6sab
v=s(a®—3b%) + 2kab
Substituting the values of u and v in (2), the non zero distinct integral solutions of (1) are given by
x =k(a? — 302 + 2ab) + s(a® — 3b% — 6ah)

y =k(a? —3b? - 2ab) — s(a® — 3b? + 6ab)

z=k(a® -3b%)—6sab+1 (5)
w=k(a? —3b%)—6sab-1
p=a’®+3b°

Approach2: (3) Can be written as
u? +3v2 :(k2+352)p2 x1 6)
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Write 1 as
1= ((1+ I\/§)2(l_ I\/§) (7)
2
Using (7) in (6) and employing the method of factorization, define
(u-iv80) = ) i a2 ®
Equating real and imaginary parts in (8) we get
u= %[{k(az —3b%)—6sab}—3{s(a® —3b?) + 2kab}]
9)

v =%[{k(a2 —3b%) —6sab}+{s(a® —3b?) + 2kab}]

Using (9) and (2), we get the integral solution of (1) as

x = 4(k —s)(a® —3b%) —8(3s + k)ab
y =—8s(a® —3b?) —16kab
z=2(k—3s)(a® —3b%)-12(s +k)ab+1 (10)
z=2(k—3s)(a® —3b%)-12(s +k)ab+1
p= 4(a2 +3b2)

The quintuple (X, Y, z,w, p) in (10) satisfies the following interesting properties:

1. x(a,a)+y(a,a)+z(a,a)+w(a,a)+ 64k(2P§’ —CP,6)=0
2. The following expressions are nasty numbers:
(@) 3x(a,a) - y(a,a) +z(a,a) —w(a,a) +32s(GN, —2CP; 3 +CP; 6)]

(b) s[y(a®,1) +16KT, 5 +85(6F4 5 4 —6P3 +T4 2)]
(©) 2[p(aa-+1),1) - 24P; +8T3 5)]

3. The following expressions are cubic integer:
(@) 24(x+ y)2 -3(z +W)2 —zw]
(b) 4(x—2w+Y)

4.8[2(x+y)+ w2 — 2wz —Ww] is a biquadratic integer.

5. p(a,)+2(a,1) —w(a,1) —6P; +CPy g + 4T3 5 =0(mod5)

6. X(8%,1) —4(K —S)[F o 3 —18Ps — 4T3, —6T4 5 +3T6 2] +8(3k +5)(2P5 —CP, ) =0
7. 1645 — P(22",22M) + 2(22", 22"y —w(22", 2°") = O(mod 14)

8. x(22",22M) + y(22",22M) — 4(3s — 4K)(KY,p, —3J 411:1) = 0(Mod 8)
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Approach3: Instead of (7), write 1 as

Lo i44/3)(1-i44/3)
= 2
Following the similar procedure as in approach2, the corresponding integer solution of (1) are as follows:

x = 7[(5k —11s)(a’ - 30%) — 4ab(k —3s)4ab]
y = —7[(3k +13s)(a® —3b?)]

z =7[(k —12s)(a® —3b?) + 2ab(k — 3s)] +1 (11)
w = 7[(k —12s)(a® —3b%) + 2ab(k — 3s)] -1
p=7%(a%+3b?)

Approach4: Suppose we write 1 as

| (13+i3y3)(13-i33)
142

(12)

Following the similar procedure as in approach2, the corresponding integer solution of (1) are as follows:
x =14[2(8K + 25)(a® —3b?) + 2ab(k — 3s)4ab]
y =14[2(5k —11s)(a® — 302) + 2ab(k — 3s)4ab]
7 =14[(13k —9s)(a® —3b?) + 2ab(k — 3s)] +1 (13)
w =14[(13k —9s)(a® —3b?) + 2ab(k — 3s)] -1
p=14%(a® +3b?)

Approach5: Suppose we write 1 as

L A+i153)(1-i15\3)

262
For this choice, the corresponding integer solutions are

x = 26[2(8k — 225)(a® —3b%) —8(11k +12s)ab]
y = 26[—(14k + 465)(a® —3b2) + 4(21s — 23k)ab]
2 = 26[(k — 45s)(a® —3b%) — 2ab(45k +3s)] +1 (14)
w = 26[(k — 45s)(a® —3b?) + 2ab(45k +3s)] -1
p=26°(a’ +30b%)
Approach6: Rewriting (3) we get,
u®—(kp)* =3 [(sp)* —Vv°] (15)
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Using the method of factorisation, writing (15) as a system of double equations, solving it by method of
cross ratio and using (2), we get the solution of (1) as

x = (k —s)a® + 382 (s—k) + 2aB(3s + k)
y = (k+5)a’ -38%(s+K) +2aB(3s - k)
z=k(a® -38%)+6safB +1 (16)
w=k(a? —38%) +6sa8 -1
p= o’ +3ﬂ2

The quintuple (X, Y, z,w, p) in (16) satisfies the following interesting properties:
1. The following expressions are nasty numbers:

(a) 12K[2KS,, +24T3 5 —12T, 5 +725(2CP, g — SO, —36k) —6x(a,1) —6Y(a,1)]
(b) 6(s—k)[x(a,a)—y(a,a) —2(k —s){CT, 4 —5CP, 5 +3CP; 10)]

(© sx(a(@+1),)-y(a(a+1),1) +2s(24F, 53— 24Pa3 +4T3 5) —4kPR;]
2. X(a,a)+y(a,a)+z(a,a)+w(a,a) +8(k +3s)[(3(OH,) —6Pafl +4T4 21=0

3. 216k2[2k(24F4 a3—350, —11GN,4 + 2T, 4 —2Tg 4
w ' ' is a cubic integer.

+125(2P% ~CP, ¢)—x(a2,1) - y(a2,1)]

4.8[p(2%",22M) +2(22",22") —w(2%",2%") — 4(KY,p, — jons1)] s a biquadratic integer
5.2(a%,1) ~w((a%,1) + p(a’,1) +6P; —6F4 5 g —T4 4 =0(mod5)

Approach7: Rewriting (3) as

u®—(kp)* =3 [(sp)” —Vv’] (17)
Let p =« . Using the method of factorisation, writing (15) as a system of double equations, solving it and
using (2) we get the solution of (1) as

X=4sx

y=2a(s+k)
z2=3sa+ka+1 (18)
w=3sa +ka -1

p=2«x

Case2: k? +3s? Is A Perfect Square
Approach8: Choose k and s such that

k®+3s®=d?. (19)
Substituting (19) in (3) we get
u® +3v® = (dp)® (20)

which is in the form of Pythagorean equation, whose solution is,
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u=3a’-p°v=2ap,dp=3c"+p*, a>p>0 (21)
Taking  =da, fF=df and using (2) we get the integral solutions (1) as

x=d°Ba’ - % +2ap)
y=d?(3a’ - f*-2ap)
z2=0d’Ba’ - p*)+1 (22)
w=d’Ba’ - %) -1
p=dBa’+p%)
Approach9: Assuming

u=du, v=adv (23)
in (20), we get, u®+3v® = p? (24)
which is in the form of Pythagorean equation, whose solution is,
u=3a’-p*v=2apB, p=3a’+5, a>B>0 (25)

Using (23), (21) and (2) we get the integral solutions (1) as
x=dBa’ - % +2ap)

y=d@a’ - f* - 2ap)

z=dBa’ - p*)+1 (26)
w=d@Ba’- %) -1
p=3a’+p°
Approachl10: Write (20) as
(dp)* -3v* =u’ (27)
Let u=a? —3pb? (28)
Substituting (27) in (28) and using the method of factorisation, define
(dp++/3v) = (a++/30)? (29)
Equating rational and irrational parts, we have

.2 2
dp=a“+3b (30)
v=2ab

Taking a=da, b=db and using (29), (28) and (2) we get the integral solutions (1) as
x =d?(a*—3b’ + 2ab)
y=d?(a’ —3b* —2ab)
z=d’(@*-30%)+1 (31)
w=d?*(@’-3b*)-1
p=d(a®+3b?%)

Rewrite (29) as

(dp++/3v) = (a++/3b)? x1
By using the procedure similar to that in approaches 2-5 we get 4 more patterns of solutions to (1).
Approachll1: Applying the linear transformation
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u=X+3T, v=X-T (32)

In (20), we get,

4X2 +12T2 = (dp)?

Substituting p = 2P, the above equation reduces to Pythagoreans form, whose solution is

X =3a® - T =20B,dP =3a*+ %, a>fF>0 (33)

Using (31), (32) & (2) and performing some algebra the corresponding integer solution is obtained as
follows:

x=2d%(3a’ - % +2ap)
y =8d%af

z7=d°Ba’ - p* +6ap)+1 (34)
w=d?@Ba’- % +6apf)-1
p=2d(3a’ + f?)

Note
Write (20) as

(dp)Z _u2 =3V2,

which is written as the system of double equations

dp+u=3v, dp—u=v (35)

Solving the above system (34) and using (2), the integral solution to (1) are obtained as
(2de,0,da+1,da—1,2a) and (0,2da,da+1,da -1, 2c)

Remark

If (X0, Yo:Zp,Wo, Pp) is a given solution to (1), then the quintuple (X, y1,3 Wy, pp) also satisfies (1),

where
_ 2 2\ 2
X1 = Yo + (K +3s%) pg (zg +Wp)

y1 = Xo — (k% +35%) pg (29 +Wp)

7= 20 +3(Xo + Yo)[Yo — X + (k% +35%) p§ (29 +wWp)]
wy =Wy —3(Xo + Yo)[Yo — Xo + (k% +352) p§ (29 +Wp)]
P1 = Po

CONCLUSION
In conclusion, one may search for different patterns of solutions to (1) and their corresponding properties.
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