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ABSTRACT
We employ a new construction to show that if gy < g» and if there exists a TD{k, g, ) and (k,g-), then

there exists a TTDof type (g,g,)*m* forany 0 =m = [j—jgf. As a corollary, we obtain a new lower

bound on the number of mutually orthogonal idempotent Latin squares of side g:if g1 < g.and there
exist r, MOLS of side g, and ¥ + 1 MOLS of side g5, then N{19:82) = r,
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INTRODUCTION

In this article we give some explanation about pair wise balance designs and Latin squares. Also we bring
some definition about graph and triangle factors and prove there exist sub triangle graphs in complete
graph K3, and triangle factors.

Also, we give an upper and lower bound for maximal sets of triangle factors. In addition, show that how
to partition blocks of transversal designs to m equivalence classes.

Preliminaries

Let X is a set with v elements. A block of family of sub set with k members is called block design if,
every t members subset of distinct elements of X appear exactly A times in blocks.

A block design shown with & — (w, k, 4) and the number of blocks shown with b and the number of
point’s repetition with r.

Let A,v be two non-negative integer and K be a set of non-negative integer. A pair wise balance design is
pairs (X, B) such that X is the set of points and B is a family of subset of X which is called block and has
the following condition:

The number of elements of X is equal to v;

The number of elements of each block is a member of K;

Each subset of distinct elements of X with two elements exactly appears in A blocks. This pair wise
balance design shown with PED (v, K, ). A block design with parameters 2 — (v, 3,1) is called Steiner

triple system and shown with ST5(v).

Let A, 7 be two non-negative integer number and K, M be set of positive integer number. A group
divisible design that shown with GDD is a triple (X, G, B).

Such that X is a set of points and & = {Gy, G4, ... } is a partition of X to groups and B is a family of subset
of X with following conditions:

The number of elements of X is equal to v;

The number of elements of each group is a member of M;

The number of elements of each block is a member of K;

Each subset {X,y} such that x,y are in distinct groups exactly appearance in A blocks;

Each subset {x,y} such that X,y are in one group don’t appearance in any blocks.

This group divisible design is shown with GD (K, 4, M,v).

A group divisible design is called from type g1™ g.™..g:.™= if there exists 1 groups with size g:.
Consider GD(K,M,v) of type g* such thatv = k. g. This group divisible design is called transversal

design and show with TD (K, g).
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An s x n? array over n number with s row and nZcolumn is called orthogonal array, if each row include

all number 1 to n and in each column there isn’t  duplicate pair. This group divisible design is shown
with 0A({s,n).

Theorem 1.1.18 the following are equivalents:

i) TD(K, g) is exist

i) DA(k g)is exist,

iii) There exists k-2 mutually orthogonal Latin square.

Proof.

i)— ii) Let there exist TD(K, g) and consider groups TD(K, g) as follow

G =112 ..,9L6G ={g+1,g+2 .29, G ={(k—1Vg+1,.., kg

We know that TD{K, g) has g2 blocks. By using above groups make blocks TD{&, g) and column
writing this to obtain an k x g* array. Now reduce (j —1)g of row j. Then the element of each row are
1 to g. now claim this array is orthogonal array. Consider pair (a,b) in row i and column j . then a is equal
toa+ (i —1) €G; and b is equal to b + (j — 1) € G; in the first k x g2 array and since each pair of

distinct group appear in a one block, then in both arbitrary row in Column position each pairs are
appeared exactly one times.
ii)—= i) let 0A(k, g) is exist. We claim that TD(K, g) is exist. For this purpose,

We add (i — 1)g to i-th row. Consider the column of new array as the block of transversal design. So the
orthogonal array has g column. As regards,

The components of first row are elements of {1,2, ..., g},

The components of second row are elements of {g + 1,g + 2, ...,2g},

The components of k-th row are elements of {(k —1)g + 1,(k— 1)g + 2,..., kg}.

So for creation group divisible design it’s enough to put the components of i-th row in i-th group.
Consider two arbitrary elements a,b of X such that a € &;, b € G;. hence, a is in i-th row and b is in j-th
row in the new array. So these are equivalent with a —{i—1)g,b—(j —1)g in the orthogonal
array 0A(k, g). Then there exist pair {a— (i —1)g,b—(j—1)g) in th column position which is

equivalent with (a,b) in one of the blocks of transversal design.
ii)— iif) let OA(k,g) is exist. We consider this orthogonal array such that the first two rows are as

follow:

111.. 1222 .2 . 94848 . 4
123 .. g123 .. g9 ..123 . g

Now we construct Latin square 2-i’th of i-th row of orthogonal array this means that put the first g
component in the first row of g = g array and put the second g component in the second row. This

process will continue until the end of the same. Claim that this array is a Latin square. Let there exist the
repetitive element t in j-th matrix in r, s-th row. So the pair (j,t) repeated in orthogonal array which is

contradiction with definition of orthogonal array. Now we claim that the two Latin square i, j are

orthogonal. As regards, when the two squares on the draw there isn’t repeated pair, then these two squares
are orthogonal. So create & — 2 mutually orthogonal Latin square of order g.

iii)— if) let there exists k-2 mutually orthogonal Latin square of order g. Claim that
0A(k, g) is existing. For this purpose, set

111.. 1222 .2 .98 .4

123.g9g123 . g ..123..g
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We put the 1 to g — th rows of Latin square in the i + 2 — th row of array. So is created the k x g°

array. We claim that this array is orthogonal array. Consider the first row with the i-th row of array.
J — th entries in the first row represents the j — th row of the j — th Latin square and with the fact that all

numbers have appeared in this row, therefore, all pairs (j,1), (j, 2),..., (7, g) appear in a column. Now

consider the second and i-th row. Since in j-th column all numbers without repeating appear, therefore, all
pairs (j,1),(j, 2),...,(j,g) appear. Now consider two rows i,j such thati,j # 1,2. These two lines are

represented two Latin square i — th and j — th and are orthogonal. So the two rows have duplicate pairs

and all pairs appear.
Structure3.1.1: For make TD(k, g), such that g is a prime number, first we define X = {1,2,...,k} x Z,

as points set; it is obvious points of set number are equal k. Now For every 1 = x = k transversal design
groups are defined G.. = {x} X Z; and we put group’s sets in setG. Therefore elements of set & partition
points set of X. For make blocks, first define set A = Z, x Z,,, then for every pair (i, /) € A, define blocks
b;; as below:

bi; = {(xix + j) 1=x =kl

We must note that ix + j calculated moduleg. Now we put blocks set b; ; in set B. Set A has g elements,

since blocks index TD(k, g) are Elected from set A, therefore number of elements set A is equal to

number of elements set E. Since 1 = x = k&, hence size of blocks are equal to k& and ordered pairs with

distinct first component are not in same block. Now we claim every each binary which elected from two
different groups, appear in same block. We consider ordered pair {m,x) of group G,, and {(m,v) of

group G,,. We must show exist (i, ) in set 4 such that (m,x), (n,y) € b;;. it is sufficient solve below
system for find i, j.
{x-g;;m +j

yEin +j
Therefore triple (X, G, B) form transversal design TD (k, g).
Lemma 3.1.3: TD(k,m) is Partible if and only if exists TD (k + 1,m).
Proof: Let TD(k,m)is Partible, we want make TD(k + 1,m), Number of elements set component
TD(k,m) is km, where number of elements set TD{k + 1,m) will be km +m. Hence must be added m
unit to points set TD(k,m). We add m elements to elements set as a disjoint set {ay, @s,..., @} Since
TD(k,m)is Partible, hence it has m equivalence classes from blocks. We add @; component to all i’th
equivalence classes. Since all elements appear one time in every equivalence class, hence by adding a; to
all blocks of i’th equivalence class, a; appear by all the points. Since one element has added to all blocks,
therefore length of block is equal k + 1, hence TD{(k + 1,m]) formed.
Inverse: Let existsTD(k + 1,m), since k < k + 1, therefore existsTD(k,m) by Lemma 2.1.3.
We claim TD(k,m) is partible. According Lemma 2.1.3, for make TD{k,m) fromTD(k + 1,m), must
omit all elements one of groups TD{k + 1,m) and so omit these elements from blocks, therefore length

of blocks reduced one unit.
Let element a; belong to omitted group, since element a;, must appear by all elements, hence by omit a;,

union all blocks which contains element a;, forms an equivalence class from blocks. Therefore by omit m

elements from above group, generated transversal design contain mequivalence class from blocks,
therefore it is partible.
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CONSTRUCTION 3.2.2. Let TD(K, g1) be exists and TD(K, g, ) be a transversal design with s number,
g1 —parallel class of blocks. Then there exist the transversal design TD(K, g1g2) with sgf number,

parallel class of blocks.
Consider TD(K, g-Jand X as a set number, the set of groups & and the set of blocksB. Let this

transversal design hass, gy -parallel class of blocks. So TD(K, g1g-) has one, (g2 —sg4) -parallel class

of blocks.
Consider TD(K, g;g2) with set number X" = {(5, D)|1 =i =k, h € Z4}, groups G;" = {(i, x)|x € L4}

and the set of blocksE".

First consider the set of number as X' = X x Z,,. Considering that, X is a set with kgz elements, then
X'has kg4 9+ elements. Also construct TD(K, g1g:)asG’ = G; Lz4. We build the blocks as follows:
For each 1 =j = s, put g, -parallel class of blocks in a set P;. So F; has g1 blocks. Now for each
x; € X define a one to one correspondence ¢ (x1x3 ... x; ..x) € Lzq. We build sets Pj’ and E'as
follows:

P_;.'f = E{(xli 4"1._(5}): (—'X"::@"xz(b}): ---(xkiqu;;(b})}Fb EFx € Gf}’

B’ = {{{xi, B (B) + 1y, (2, By (B) + ig), . (X102, (0)) 5 € Py 0, € Gi}.
We repeat this operation for all P;. So (sg,g.)g; block from the gig3blocks are made such that
(x4, h), (x;,h") are in a one block if and only if x;x; put in a one block of blocks P. Hence, the number of
parallel class of partial transversal design TD(K, g1g2) are exactly sg;.
To build the rest of the blocks, consider all blocks of TD(K, g1) and blocks of TD(K, g2} which applies
up b & P;. For example consider block b = {x1x3 ... %]
Of TD(K,g;) and block b" = {(y, h ) (y2,ho) . (Vishi)}  of  TD(K,gy). So
b" = {(xy,hy)(x5,ho) ... (x, hy )} is a block of TD(K, g19-). Then every blocks which is applies up
b & P; replace with block g5. So g7 (g3 — 5g19-) block are made. Hence the number of all blocks is
9193 — (59192)9; + (sg192)97 = 9395
Therefore TD(K, g,g9-) is a transversal design with sgf number and parallel class of blocks and one
number, (g, g, — sgi) —parallel class.
Example. Let k = 3,9, = 2, g = 3 and consider TD(3,3) with blocks and groups as follow:
X, =1{1,2,3,4,56,7,8,9},

G =1{1,23},67 ={456},G = {7,89].
bl=1{147},bf ={268},b] ={359)

bf=1{158},b; ={249},bf ={367)

b/ ={169},bf={348},b)={2571.
Consider a 2-parallel class of above blocks as follow

r= f147,268,359,158,249,367.
Now we makw TD(2,3). the set of number and blocks are as follow

X, ={(1,1),(1,2),(2,1),(2,2), (3,1), (3,2},
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Gy ={(1L1), (1.0} 63 ={(21),2,2},62 ={(31),(32)},

by ={(1,1),(2,1),(3,0},b3 = {(1,1),(2,2), (3,2)},
b2 ={(1,2),(21), 3.2}, b; ={(1,2),(2,2), (3,10},
Now we construct the blocks of TD(3,6) on the points of X3 = X; ® Z, as follow

X3 ={(1,1),(1,2),(2,1),(2,2), (3,1), (32), (4,1), (4,2),(5,1),
(5,2),(6,1),(6,2),(7,1),(7,2),(8,1),(8,2),(9,1),(3,2)}.

63 = {(1,1),(1,2),(21),(2,2), (31), (3.2)}

-

Gy = {(41),(4,2),(5,1),(5,2).(6,1),(6,2)}

W,

G3 ={(7,1),(7,2),(8,1),(8,2),(9,1),(9,2)}.

Now for every x € X define a one to one correspondence ¢, such that each block consists of x
corresponding to the element of Z,.

$,(147) =1,0,(268) =1,¢3(359) = 1,¢,(147) =1,¢:(359) =1
ﬁﬁﬁﬁzL $-(147)=1, ps(268) =1, ¢p3(359) =1
$:(158) =2,¢,(249) =2,¢3(367) = 2,¢,(249) =2,¢:(158) =2
P(367)=2,¢,(367)=2,¢5(158) =2,¢5(249) =2

And set P’ is

P = E{(xlj be._(b})J(xg@'xz(b})J (xa,qus(b})};b = {xqx031 EP,x; Gi}.

So the elements of F are as follow

P' = {{(11),(41),(7,1},{(2,1),(6,1),(8,1)},{(3,1),(51),(9,1)3},
{(1,2),(5,2),(8,2)}3,{(2,2),(4,2),(9,2)},{(3,2), (6,2), (7.2)}.}.

Now we construct the blocks of TD{3,6) as follow

bl’ = {{(xll qu_(b} + hj_}; (:X‘-EJ d}xz(b} + h:}:(xﬂi qusfb} + hﬂ}}rb = {xlxzxa}J (i; h’i}EB”} be E B"
Also
by = {(1,2)(4,2)(7,2)}, b3 = {(1,2)(4,D(7,D}, b3 = {(1,1D(4,2)(7, 1D},

bs = {(1,1)(4,1)(7,2)}, b3 = {(2,2)(6,2)(8,2)}, b5 = {(2,2)(6,1)(8,1)},
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b ={(2,1)(6,2)(8,1)}, 67 = {(2,1)(6,1)(8,2)}, b3 = {(3,2)(5,2)(9,2)},

b3® = {(3,2)(5,1) (5,103, b3* = {(3,1)(5,2)(9,1)3, b3* = {(3,1)(5,1)(5,2)3},
b3® = {(1L, 15,1 (8,13, b3* = {(1,1)(5,2)(8,2)}, b3 = {(1,2)(5,1)(8,2)3},
b3® = {(1,2)(5,2)(8,1)}, 3" = {(2,1)(4,1)(9, 1)}, b3® = {(2,1)(4,2)(9,2)},
b3® = {(2,2)(4,1)(9,2)3,b3° = {(2,2)(4,2)(9,1)}, 53" = {(3,)(6,1)(7, 1D},
b3* = {(3,1)(6,2)(7,2)}, b3* = {(3,2)(6,1)(7,2)}, b3* = {(3,2) (6,2)(7, 1)},
So we have a partial transversal design and the parallel class C; are as follow

¢, = {{(1,2)(4,2)(7,2)},{(2,2)(6,2)(8,2)},{(3,2)(5,2)(9,2)},
{161 EDL{IDE) (DL D(61)(7,1)])

{(1,1(5,2) (8,21 {(2,0(4,2) (9,204 {E31(6,2)(7.20)1

Cz = {(1L,D(42)(7,03, {(2D(6,2)(8 D}, {(3,(52)(3, )},
{(1,2)(5,1)(8,2)},{(2,2)(4,1)(9,2)}3,{(3,2)(6,1)(7,2)}}

Cs = {(L,D&1(7,2)}, {(20(6,1)(82)}, {(3,1(51)(9,2)},
{(1,2)(5,2)(8,1)},{(2,2)(4.2) (9,1)},{(3,2)(6,2)(7.1)}}.

Then the 2-parallel class created from the blocks in TD(3,6). the rest of blocks to be created as follow
b3® = {(1,1)(6,1(5,1)}, b3* = {(1,1)(6,2)(9,2)}, 57" = {(1,2)(6,1)(9,2)},
b3® = {(1,2)(6,2)(9,103, b3° = {(3,1)(4,1)(8,1)},b3° = {(3,1)(4,2) (8,2)},
b3t = {(3,2)(4,1)(8,2)}, b3* = {(3,2)(4,2)(8,1)}, b3® = {(2,1) (5,1)(7,1)},
b3* = {(2,1)(5,2)(7,2)}, b3 = {(2,2)(5,1)(7,2)}, b3* = {(2,2)(5,2)(7,1)},

Theorem .3.2.3 let g1 < g2 and suppose there exists TD(k, g1), TD{k + 1, g»). then there are TTD of
order (g, g,)*m! foreach 0 =m = E—j.

Proof. Considering that there exists TD{k + 1, g,), by lemma 3.1.3. there exists TD{k, g;) such that is
resolvable and has g. parallel class of blocks. Since g1 < g., TD{k,gs) has exactly s= E—j,

g1 —parallel classes. Now by construction 3.2.2, . there exists TD(k,g1g2) such that has sgi parallel
class of blocks. Now we add a group {4, @3, ..., @} to set of groups. Now we add a; to all blocks of first
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class, az to all blocks of second class and similarlya,, to all blocks of m —th class. Thus by
3.2.2.structure, 0 =m = sg7 . hence we have a {k,k+ 1} —GDD of type (g,g,)*m? such that is

truncated transversal design.
Theorem .3.3: let g3 < gz and there exist ¥ mutually orthogonal latin square of order g; and r +1

mutually orthogonal latin square of order g;. Suppose g1 = o = gyg-, & is a divisor of g1g- and there
exist r mutually orthogonal latin square of order . Then N{gy g, &) = r + 1.

Proof. As regards, there exist r mutually orthogonal latin square of order gy and r+ 1 mutually
orthogonal latin square of order g2, by theorem 1.1.18 there exist TD{r + 2, g, ), TD{r + 3, g2). Also for
each @ such that @ = g, there are TD(r + 2, g1g-) that is & —resolvable. According to the assumption
there exist ¥ mutually orthogonal Latin square of order @. Hence by theorem 1.1.18. there exist
TD(r +2,a). Suppose that gy = @, g; = g1G2,5 = 9":‘ . Now by 3.2.2 construction, there are

TD(r + 2, g192) with Q‘Tf'“a: = ag,9,. Now we add an arbitrary element &; to all the blocks of first

parallel classes, an arbitrary element &z to all the blocks of second parallel classes and similarly add an
arbitrary element 8;,,. to all the blocks of @gqigs-th parallel classes which is equivalent with

TD(r + 3, @g, g2). Now by theorem 1.1.18, N(g g, @) = r + 1.
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